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1.1.

1.2.

Instruction to the user

This Teacher’s Guide is developed to help the teacher and
learners to use the Advanced Mathematics Learner’s Book
Senior 6. Generally, this Teacher’s Guide provides:

Content map.

Sample lesson plan.

All lessons to be taught for each unit, recommended

periods to each lesson and development of each lesson.

Generic competence and cross-cutting issues to be

addressed for each lesson.

Summary for each lesson.

Guidance on how to do each activity.

Solutions to all activities.

Answers (final answers) to all exercises.

otice

Number of lessons given is a proposal, the teacher can

combine two or more lessons depending on students’

level of understanding or number of periods a class has

per day.

® The teacher must do exercises or activities instead of
copying answers given in this book.

® This book is a guide, the teacher must prepare and

use her/his innovation based on the guidance provided

herein.

@ Z99P9O® @ @9eO@

General introduction to the new curriculum

The curriculum for Rwandan schools at primary and secondary
levels has been changed from knowledge and content based
to competence based. The overall objective is to raise the
standards of education through providing all the knowledge,
skills, attitudes and values that constitute the competencies
that are relevant to real life, enabling them to succeed in the
world of work and of further learning.
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1.3. Competences to be developed

Competence is defined as ability to use appropriate
combination of knowledge, skills, attitudes and values in
order to accomplish a particular task successfully. That
is, the ability to apply learning with confidence in a range
of situations. There are basic competences and generic
competences

Basic competences

These are essential competences highlighted in national
policy documents. Their descriptors give an orientation
about priority subjects to be taught, and the kind of learner
envisaged at the end of every cycle. These are:

Literacy

Numeracy

ICT and digital

Citizenship and nationality identity
Entrepreneurship and business development

CONNC IO IC I IC )

Science and technology
Generic competence

Generic competences apply across the curriculum and can
be developed in all subjects. They are transferrable and
applicable to a range of situations including employment.
These are;

® Critical thinking: Helps learners become capable of
critical and open-minded questioning and reasoning.

® Communication: Through group discussion, learners
develop their communication skills. Also through
presentation, learners communicate and convey
information and ideas through speaking when they are
presenting their work.

® Self confidence: Learners will gain self confidence
competence when they are presenting their work.

® Cooperation, interpersonal management and life skills:
Through group discussion, learners will learn how to




®

Introduction

work with others, participate and collaborate. It gives
them the opportunity to debate their opinions, take
turns, and work together towards a common goal.

Research: Learners will gain the knowledge of using
the internet. They will also learn how to do a research.

1.4. Techniques to develop competences

The following are some techniques that will be used to
develop competences:

1.5.

®

®

Group work: Learners form groups of at least 5 learners.
They discuss something in groups and report back on
what the group discussed. In this way, they learn from
each other, and how to work together as a group to
address or solve a problem.

Pairing: Learners work in pairs (two learners). They
exchange ideas and write down results.

Practical work: Learners form groups and do the activity
practically such as curve sketching, drawing figures and
then present their results.

Research work: Learners form groups and do research
either by reading textbooks or using the internet.

Cross cutting issues to be addressed

Cross cutting issues are the link between what is taught
in school and real life. The following are integrated in
Mathematics subject:

®

Peace and values education: By offering learners the
chance of working in groups, they develop peace and
value education by the fact of being convinced without
fighting.

Inclusive education: The lesson covers all categories of
learners.

Gender education: Both girls and boys have equal
opportunity to study mathematics.

Financial education: Learners will be able to use
mathematics to solve problems in finance.

Xi
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1.6.

1.7.

Equipments needed for the subject

Learners will need geometric instruments for sketching curves
and scientific calculators for some calculations.

General guidance on activities and exercises

In Core mathematics-Learners Book Six, there are nine units.
There are many activities to be done by learners before a
new lesson. Some activities will be done in pairs (exactly
two learners) and others in groups (more than two learners;
at least five learners). This will help learners to understand
well the lesson. For each activity, there is an icon to show the
teacher what kind the activity is.

At the end of the lesson, there is a series of exercises which
summarise the lesson taught. As a teacher, let learners do
those exercises and correct them on the chalkboard. Also
at the end of each unit, there is a series of exercises which
summarise the whole unit.

Icons
The icons used in this book are as follows:

Practical Activity icon
The hand indicates a practical activity such as curve

sketching, draw figures and then presents the results or
comments. The activity is done in groups.

Group Work icon
Group work means that learners are expected to discuss

xii

something in groups and report back on what their group
discussed. In this way, they learn from each other and
also learn how to work together as a group to address or
solve a problem.

Pairing Activity icon
This means that they are required to do the activity in
pairs, exchange ideas and write down the results.
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Research Activity icon
Some activities require you to do research either by
reading textbooks or using the internet.

When organising groups or pairs:

®

®

Kind of activity: Depending on the icon shown for the
activity.

If the activity is a pairing activity, request learners to
form groups of exactly two learners each.

If the activity is a group work, practical or research
activity, request learners to form groups of at least five
learners each.

For each lesson, we provided the topics (prerequisites)
that learners have to recall before studying the lesson or
doing the activity. So, as teacher help learners, especially
time takers, to recall those topics.

Decide who will be working together: Learners who are
sitting together should sit face to face.

Give the learners roles; manager/leader, resource
collector, reporter, ...

Arrange a stop signal: Decide on a signal that tells
learners when you want them to stop talking and listen
to the teacher such as clapping rhythm/1, 2, 3 look at
me/ shaker/ b, 4, 3, 2, 1/ hands up/ mobile ringtone.
Make a noise monitor to show learners what level of
noise is OK.

Monitor the groups: Move around the classroom
monitoring the groups to check whether everyone is
working and intervene where necessary.

Choose some groups or learners to come and present the
result of their work.

Harmonise the answers given by learners.

xiii
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1.8. General guidance on assessment

Xiv

Assessment is regarded as those formal and informal
procedures that teachers and learners employ in gathering
information on learning and making judgment about what
learners know and can do.

Competence based assessment is an assessment process
in which a learner is confronted with a complex situation
relevant to his/her everyday life and asked to look for a
solution by applying what he/ she has learnt (knowledge,
skills, competences and attitudes). The purpose of this is to
evaluate what learners can do or what changes/ behavior they
should have. Evaluation is when facts from the assessment
are used to make a decision.

Types of assessment
® Formative or continuous assessment
® Summative assessment.

Formative assessment is commonly referred to as assessment
for learning, in which focus is on monitoring learner response
to and progress with instruction. Formative assessment
provides immediate feedback to both the teacher and the
learner regarding the learning process. Formative and
summative assessments contribute in different ways to the
larger goals of the assessment process.

Purpose of formative assessment

a) Determine the extent to which learning objectives and
competences are being achieved.

b) Diagnose or detect learning errors.

c) Decide on the next steps in terms of progression.
d) Keep records and measure progress.

e) Identify learners with extra learning abilities.

f)  Motivate learners to learn and succeed.

g) Check effectiveness of teaching methods (variety,
appropriateness, relevance or need for new approaches/
strategies).
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h) Provide feedback to learners, parents and teachers.
i) Guide learners to take control of their own learning.
Purpose of summative assessment

a) Mainly concerned with appraisal of work in terms of
units of work completed.

b) Comes at the end of the unit course or program.

c) Used for:
® Selection ® Guidance on future courses
@ Certification ® Promotion
® Curriculum control ® Accountability

When to assess

Assessment should be clearly visible in lesson, unit, term
and yearly plans.

® Before learning (diagnostic): At the beginning of a new
lesson, find out what learners already know and can do,
and check whether they are at the same level.

® During learning (formative/continuous): When learners
appear to be having difficulty in some of the work; by
using on-going assessment (continuous). The assessment
aims at giving learners support and feedback.

® After learning (summative): At the end of a section of
work or a learning unit, you have to assess the learners.
This is also known as assessment of learning to
establish and record overall progress of learners towards
full achievement.

What to assess

The assessment should focus on correctness of answers,
coherence of ideals, logical reasoning and understanding. It
should also focus on the learner’s approach to a situation,
appreciation of the task given, impression of a situation,
manipulation, reasoning, persistence and tolerance. Learners
should show evidence of the ability to perform and accomplish
a given task through aptitude, and/or use practical tests and
evaluation of the final outcome learning.

XV




XVi

Note that when assessing, if the assessment is a question
paper, the questions should be:

Clear, simple and straight forward.
Short and precise.

Free of bias.

Readable.

Original.

Indicate marks for each.

Follow order of difficulty.

@999 9@ @@

Contain a variety of action verbs.



Unit 1 Unit 2
Unit Title Complex numbers Logarithmic and exponential
functions
Number of 36 + homework 28 + homework
Periods
Key Unit Perform operations on Extend the concepts of
competence | complex numbers in different | functions to investigate fully
forms and use complex logarithmic and exponential
numbers to solve related functions, finding the
problems in Physics (voltage | domain of definition,
and current in alternating the limits, asymptotes,
current), computer Science variations, graphs , and
(fractals), Trigonometry model problems about
(Euler’s formula to transform | interest rates, population
trigonometric expressions). growth or decay, magnitude
of earthquake, etc
Equipment, Instruments of geometry and | Instruments of geometry
learning and | Scientific calculator and Scientific calculator
teaching
materials
required
List of e Critical thinking e Critical thinking
genetric e Communication e Communication
competence | Cooperation, * Cooperation,
p. interpersonal interpersonal
practiced management and life management and life
skills skills
* Research
Activities/ Group work, pairing, Group work, pairing,
Techniques practical, research practical, research
List of cross | « Peace and values e Peace and values
cutting education education
. to b * Inclusive education e Inclusive education
Issues to be * Financial education
addressed

XVvii
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Assessments | © Formative assessments * Formative assessments
the kev unit | Summative assessments | ¢ Summative assessments
y through exercises and through exercises and

competence end of unit assessments. end of unit assessments.
Unit 3 Unit 4

Unit Title Taylor and Maclaurin’s Integration
Expansions

Number of 14 + homework 42 + homework

Periods

Key Unit Use Taylor and Maclaurin’s Use integration as the

competence | expansion to solve problems | inverse of differentiation and
about approximations, limits, | as the limit of a sum, then
integration,... Extend the apply it to find area of plane
Maclaurin’s expansion to surfaces, volumes of solid of
Taylor series. revolution, lengths of curved

lines.

Equipment, | Instruments of geometry and | Instruments of geometry

learning and | Scientific calculator and Scientific calculator

teaching

materials

required

List of e Critical thinking e Critical thinking

generic . Commun_ication . Commun_ication

t e Cooperation, e Cooperation,
comp-e ence interpersonal interpersonal
practiced management and life management and life
skills skills
e Research

Activities/ Group work, pairing Group work, pairing,

Techniques practical

List of cross | « Peace and values e Peace and values

cutting education education

. e Inclusive education * Inclusive education

issues to be

addressed

Xviii
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Assessments | © Formative assessments Formative assessments
strategies of through activities through activities.
the kev unit e Summative assessments Summative assessments
y through exercises and through exercises and
competence end of unit assessments. end of unit assessments.
Unit 5 Unit 6
Unit Title Differential equations Intersection and Sum of
vector Subpaces
Number of 21 + homework 14 + homework
Periods
Key Unit Use ordinary differential Relate the sum and the
competence | equations of first and second | intersection of subspaces
order to model and solve of a vector space by the
related problems in Physics, | dimension formula.
Economics, Chemistry,
Biology.
Equipment, | Scientific calculator Scientific calculator
learning and
teaching
materials
required
List of e Critical thinking Critical thinking
genetric * Communication Communication
mpeten * Cooperation, Cooperation,
co p.e ence interpersonal interpersonal
practiced management and life management and life
skills skills
* Research
Activities/ Group work, pairing, research | Group work, pairing
Techniques
List of cross | » Peace and values Peace and values
cutting education education
. * Inclusive education Inclusive education
issues to be
addressed

Xix
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Assessments | © Formative assessments * Formative assessments
strategies of through activities. through activities.
the kev unit e Summative assessments | * Summative assessments
y through exercises and through exercises and
competence end of unit assessments. end of unit assessments.
Unit 7 Unit 8
Unit Title Transformation of Matrices Conics
Number of 29 + homework 35 + homework
Periods
Key Unit Transform matrices to an Determine the
competence | echelon form or to diagonal characteristics and the
matrix and use the results graph of a conic given by
to solve simultaneous linear | its Cartesian, parametric or
equations or to calculate the | polar equation.
nth power of a matrix. Find the Cartesian,
parametric and polar
equations of a conic from its
characteristics.
Equipment, | Scientific calculator Instrument of geometry,
learning and Scientific calculator
teaching
materials
required
List of e Critical thinking * Critical thinking
generic e Communication e Communication
competence | Cooperation, e Cooperation,
p' interpersonal interpersonal
practiced management and life management and life
skills skills
Activities/ Group work, pairing Group work, pairing,
Techniques practical, research
List of cross | « Peace and values e Peace and values
cutting education education
. * Inclusive education * Inclusive education
issues to be
addressed

XX
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Assessments | ¢ Formative assessments ¢ Formative assessments
strategies of through activities. through activities.
the key unit e Summative as_sessments e Summative as_sessments
through exercises and through exercises and
competence end of unit assessments. end of unit assessments.
Unit 9

Unit Title

Random variables

Number of Periods

33 + homework

Key Unit competence

Calculate and interpret the parameters of
a random variable (discrete or continuous)
including binomial and the Poisson
distributions.

Equipment, learning
and teaching materials
required

Instrument of geometry, Scientific calculator

List of generic competence
practiced

e Critical thinking

e Communication

e Cooperation, interpersonal management
and life skills

* Research

Activities/ Techniques

Group work, pairing, practical

List of cross cutting issues
to be addressed

e Peace and values education
¢ |nclusive education

Assessments strategies of
the key unit competence

e Formative assessments through activities.
* Summative assessments through exercises
and end of unit assessments.




Academic year: ...........

Teacher’'s name: ..................

Term | Date | Subject |Class Unit No | Lesson | Duration | Class
No size
1 Mathe- S6 MEG | 1 1 of 40 35
matics 27 minutes

Type of Special Educational Needs | ®
and number of learners

3 low vision learners: Give
them places where they are able
to see what is written on the
blackboard. Avoid making their
own group otherwise it can be
considered as segregation.

* 4 learners with extra abilities:
To encourage them to explain,
to each other and help their

classmates.

Unit title Complex numbers

Key Unit Perform operations on complex numbers in different forms

Competence: | and use complex numbers to solve related problems
in Physics (voltage and current in alternating current),
computer Science (fractals), Trigonometry (Euler’s formula
to transform trigonometric expressions).

Title of the Concepts of complex numbers

lesson

Instructional | Through examples, learners should be able to define a

objective complex number, show real part and imaginary part of a
complex number and show that two complex numbers are
equal or not equal accurately.

Plan for this | Location: Classroom

Class Learners are organised into groups

Learning Exercise book, pen, calculator, ruler

Materials

References Advanced Mathematics for Rwanda Schools, Learner’s

Book Senior 6
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Introduction

Timing for
each step

DESCRIPTION OF TEACHING AND
LEARNING ACTIVITY

In groups, learners will do activity 1.1 in
learner’s book page 2, make presentation of
group findings. In conclusion, learners will do
questions 1.a), 1.b), 2.a) and 2.b) of exercise
1.1 in the Learner’'s Book page 4 in their
respective groups and solve them on the
chalkboard. Learners will do questions 1.c)
and 2.c) of exercise 1.1 as individual quiz and
questions 1.d) and 2.d) will be an assignment.
At the end of the lesson, learners are also
given another assignment to be discussed as
an activity of the next lesson “Definition and
properties of the number i”.

Teacher’s activities Learners’ activities

Competences and
cross cutting issues
to be addressed

Introduction

5 minutes

Ask a question, on Questions

how to solve quadratic By using
equations in set of discriminant
real numbers using method, solve in
discriminant method R

(Including case where 1. ¥*+7x+10=0
the discriminant is 2. X’ +4x+4=0
negative). 3. X’ +x+4=0
Solution

1. X’ +7x+10=0

A=49-40=9

S ={-5-2}
2. X +4x+4=0

A=16-16=0
-4
X=X, =—=—
2
S={-2}
3. x> +x4+4=0
A=1-16=-15<0

No real solution

Students are
developing
communication
skills when they
are explaining and
sharing ideas.
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Development
of the lesson

5 minutes

10 minutes

Step 1:

Form groups

e Ask learners to
do activity 1.1 in
Learner’'s Book page
2 in their groups.

e Go round to check
the progress of the
discussion, and
intervene where
necessary.

e Guide learners with
special educational
needs on how to do
activity.

Step 2:
Ask groups to present

their work on the
chalkboard.

In their groups,
learners will do
activity 1.1. In
their exercise book
using the fact that
J-1=i, they will
find two numbers,
a and b, whose
sum is 6 and
whose product is
18.

Secretary presents
the work.

Learners interact
through questions
and comments.

Answers

Recall that a
quadratic equation
is written as

X' —sx+p=0,
where s and p

are the sum and
product of two
roots respectively.

Then, we need to
solve the equation

X' —6x+18=0

A=(-6)"-4(18)
=36-72
=-36

Cooperation and
interpersonal
management
developed through
working in groups.

Communication:
Learners
communicate and
convey information
and ideas through
speaking when they
are presenting their
work.

Self confidence:
Learners will gain
self confidence
competence when
they are presenting
their work.

In group activities,
the fact of being
convinced without
fighting, peace and
education values are
developed too.
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Introduction

6+/-36

: 2
and

6—+-36
T

Now, if x/—_lzi or
i> =—1, we have

g 6+/36xi’
2

b 6—+/36xi’
2

or
a=3+3i,b=3-3i

Conclusion

5 minutes

Ask learners to give
the main points of
the learned lesson in
summary.

Summarise the
learned lesson:

A complex number
is @ number that
can be put in the
form a+bi,
where a and b
are real numbers
and i = \/——1

(i being the first
letter of the word
“imaginary”).
The set of all
complex numbers
is denoted by C
and is defined as

z=a+bi:a,beR
(C: 2

and i- =-1
The number a
of the complex
number z=a+bi

is called the real
part of z and

Learners develop
critical thinking
through generating a
summary.

Through group
activities, cooperation
is developed.
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5 minutes

5 minutes

Request learners to do

questions 1.a) and 2.a)
of exercise 1.1 in their

respective groups.

Move around the class
checking the progress
of the discussion,

and intervene where

necessary.

Request some

learners to answer to
questions 1.b), and
2.b) of exercise 1.1 on
chalkboard.

Ensures that learners
understand the learned
lesson and decide
whether to repeat the

lesson or to start a new a

lesson next time.

denoted by Re(z)
or R(z); the
number b is called
the imaginary part
and denoted by
Im(z) or 3(z).
A complex number
whose real part is
zero, is said to be
purely imaginary,
whereas a complex
number whose
imaginary part is
zero, is said to be
a real number or
simply real.

Thus,
VxeR,xeC,
which gives that

Rc=C.

Learners will do
questions 1.a) and
2.a) of exercise
1.1, in Learner’s
Book page 4

in their respective
groups.

Learners will
present answers of
questions 1.b) and
2.b) of exercise
1.1, in Learner’s
Book page 4,

on chalkboard.

Through presentation
on chalkboard,
communication skills
are developed.
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5 minutes Give learners an Learners will do

individual evaluation questions 1.c) and
(quiz) and homework 2.c) of exercise

in regard to the learned 1.1, in Learner’s
lesson. Book page 4

Lead into next lesson: | @s individual

quiz; questions

Request learners to do
1.d) and 2.d) as

activity 1.2 at home.

assignment.
Teacher’s Even if the objective has been achieved, some learners don’t remember
self how to solve a quadratic equation using discriminant method.

evaluation The time management has been disturbed by revising how to use
discriminant method. For this reason, next time before any activity,
learners will be given a task of revising the topics related to the given
activity as homework.

General Methodology
Follow the following three steps when teaching any lesson.
a) Introduction

Review previous lesson through asking learners some
questions. If there is no previous lesson, ask them pre-
knowledge questions on the day lesson.

b) Body of the lesson

Give an activity to learners that will be done in groups or
pairs. Invite one or more groups/pairs for presentation of
their work to other groups/pairs. After activities, capture
the main points from the presentation of the learners,
summarise them and answer to their questions.

c) Conclusion

Ask learners what they learned in the day lesson.
Request them to do exercises in their respective groups
and to correct exercises on the chalkboard. Give them
individual evaluation. Remember to give homework to
learners. Give them two home works: one for the lesson
of the day and another which will be activity for the next
lesson.
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Section 4: Units description

XXViii

Unit 1 Complex Numbers

Unit 2 Logarithmic and Exponential Equations
Unit 3 Taylor and Maclaurin’s Expansions
Unit 4 Integration

Unit 5 Differential Equations

Unit 6 Intersection and Sum of Subspaces
Unit 7 Transformation of Matrices

Unit 8 Conics

Unit 9 Random Variables



Learner’s Book pages 1 - 79

Key unit competence

Perform operations on complex numbers in different forms
and use complex numbers to solve related problems in
Physics (voltage and current in alternating current),
Computer Science (fractals), Trigonometry (Euler’s
formulae to transform trigonometric expressions), ...

Vocabulary or key words concepts

Argand diagram: Plane representing complex plane where
x—axis 1S called real axis and y-—axis IS
called imaginary axis.

Affix: Coordinates of a complex number in Argand
diagram.

Modulus: The distance from origin to the affix of the
complex number.

Argument: Argument of complex number z is the

angle the segment oz makes with the
positive real x-axis.

Polar form: A way of expressing a complex number
using its modulus, its argument and basic
trigonometric ratios (sine and cosine).

Exponential form: A way of expressing a given complex
number using its modulus, its argument
and the number e.
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Guidance on the problem statement
The problem statement is “Solve in set of real number the
following equations x> +6x+8=0 and x*+4=0",

For first equation, we have solution in R but second equation
does not have solution in R . Therefore, the set R is not
sufficient to contain solutions of some equations.

Since the square root of —4 does not exist in set of real
number, for second equation we introduce new kind of
number i such that i* =—-1 and we write x> =—4=4xi’ so

that x=+v—4 =+/4xi =+2i.

List of lessons

No | Lesson title Number of periods

1 Concepts of complex numbers 1

2 Definition and properties of number i 1

3 Geometric representation of a complex 1
number

4 Modulus of a complex number 1

5 Loci related to distances 1

6 Equality of complex numbers 1

7 Addition and subtraction of complex 1
numbers

8 Conjugate and opposite of a complex 1
number

9 Multiplication of complex numbers 1

10 | Inverse and division of complex numbers | 1

11 | Square root of a complex number 1

12 | Linear equations in set of complex 1
numbers

13 | Quadratic equations in set of complex 1
numbers

14 | Polynomials in set of complex numbers 2

15 | Argument of a complex number 2

16 | Loci related to angles 1

17 | Polar form of a complex number 1




Complex Numbers

18 | Multiplication and division of complex 1
numbers in polar form
19 | Powers of complex number in polar form |1
20 | N roots of a complex number 2
21 | Graphical representation of nth roots of a | 2
complex number

22 | Construction of regular polygon 2

23 | Exponential form of a complex number 1

24 | Trigonometric number of a multiple of an | 2
angle

25 | Linearisation of trigonometric expressions | 2

Solving equation of the form
26 ) 2
acosx+bsinx=c

27 | Alternating current problem 2
Total periods 36

Lesson development

Lesson 1.1. Goncepts of complex numbers

Learning objectives

Through examples, learners should be able to define a
complex number, show real part and imaginary part of a
complex number and show that two complex numbers are

equal or not equal accurately.

Prerequisites

® Find the square root of a positive real number.

® The square root of a negative real number does not exist.
Teaching Aids

Exercise book, pen and calculator
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Activity 1.1 Learner’s Book page 2

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

1. Here, we need to solve the equation x> —6x+18=0
Calculating the discriminant for x> —6x+18=0, we

get

A=(-6)" -4(18)=36-72=-36

xl: :M and x2=b=#
2

As A<0, x*—6x+18=0 has no real solutions.
2. Now, if V=1=i or i*=-1, we get

a:6+\/%:6+ 36i° _6+6i _
2 2 2
6-~-36 636 6-6i _
2 2 2
3. aand b, are not elements of R or a,b¢R

SO ENE

As conclusion, a complex number is a number that
can be put in the form a+bi, where a and b are real
numbers and i= -1 (i being the first letter of the word
“imaginary”).

3+3i

and b= 3-3;,




Complex Numbers

Exercise 1.1 Learner’s Book page 4

1. a) Re(z):O, Im(z)=45 b) Re(z):—3, Im(z)zO
c) Re(z):—l, Im(z)=3 d) Re(z):—lo, Im(z):7

2. a) Real b) Purely imaginary
c) Purely imaginary
d) neither real nor purely imaginary

Lesson 1.2. Definition and properties of the
number ;i

Learning objectives
Given powers of the number i with natural exponents,
learners should be able to simplify them accurately.

Prerequisites
® Properties of powers in set of real numbers.

Teaching Aids
Exercise book, pen and calculator

Activity 1.2 Learner’s Book page 4

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Self confidence

Communication

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVREC NCNCNC)

Answers

. 2.1 . .
1. P=i'=—li=—i

it =% =(-1)x(-1)=1
P =P = (=) x(=1)xi=i
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i® =% =(-1)x(-1)x(-1)=-1
i’ =% = (=1)x(=1)x(=1)i=—i
i* =P = (1) x(-1)x(-1)x(-1) =1
i = = (—1)x(=1)x(-1)x(-1)i=i
2. In general;
it =1, i =0, i =1, M =i £=0,1,2,3,4,5,..

The imaginary unit, i, “cycles” through 4 different values
each time we multiply as it is illustrated in the following
figure .

Im(z)

¥

1 - Re(z)

Xy

The powers of imaginary unit can be generalised as
follows:

.4k Akl . 4k 443
it=10i"" = =1, M

I, 1 =—1

Exercise 1.2 Learner’s Book page 5

1. -1 2. i 3. 1
4. —i 5 i 6. —i
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Lesson 1.3. Geometric representation of
a complex number

Learning objectives

Given complex numbers and using a ruler, learners should be
able to represent those complex numbers in Argand diagram
accurately.

Prerequisites
® Remember how to represent a point (x,y) in Cartesian
plane.

Teaching Aids
Exercise book, pen, instruments of geometry

Activity 1.3 Learner’s Book page 5

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCYRENC NCNCNC)

Answers
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SO ENE

A complex number z =a+bi can be visually represented

as a pair of numbers (a,b) forming a vector from the
origin or point on a diagram called Argand diagram.

Exercise 1.3 Learner’s Book page 7

Ay
J
Nz, =4i
N z, =343i
S
) z =2+
1
z,=3 X‘
5 4 3 2 10 4
<t
73:—1—1
) 7, =2+2i
3
zg=-2-3i
4
Az =-50
=

Lesson 1.4. Modulus of a complex number

Learning objectives
Given a complex number, learners should be able to find its
modulus correctly.

Prerequisites
® Finding distance between two points in Cartesian plane.

Teaching Aids
Exercise book, pen and calculator
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Activity 1.4 Learner’s Book page 7

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

Curve:

1l

|
o
.
=

2 W A U & N ® ©

2

&

1. z=-8=(-8,0)

Distance from origin is (—8—0)2 +0=8
2. z=2i=(0,2)

Distance from origin is y/0+(2-0)" =2

3. z=-3+7i=(-3,7)

Distance from origin is \/(—3—0)2 +(7—0)2 =+/58
4. z=3-4i=(3,-4)

Distance from origin is \/(3—0)2 +(—4-0) =5
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SO ENE

As conclusion, the distance from the origin to point
(x,») corresponding to the complex number z=x+yi is
called the modulus of z and is denoted by |z| or |x+iy|:
r=lz|=yx*+)* .

Y

z=x+yi

%
/

0 X 7

Figure 1.1: Modulus of a complex number

Exercise 1.4 Learner’s Book page 9

1) 5 2) 5 3)1
4. g 5) 1 6) 55

Lesson 1.5. Loci related to distances on Argand

10

Learning objectives
Given a condition, learners should be able to determine the
locus on Argand plane precisely.

Prerequisites

® Finding modulus of a complex number.

® The general form of equation of a circle, a straight line, ...
in Cartesian plane.

Teaching Aids
Exercise book, pen, calculator and instrument of geometry




Complex Numbers

Activity 1.5 Learner’s Book page 9

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking
Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

@O @O @@

Answers

Let z=x+yi, we have

e+ yi—143i] =2 < |[x—1+i(y+3)|=2

<:>\/x 1 +(y+3) —2<:>(x—1)2+(y+3)2:22

which is the circle of centre (1,-3) or 1-3i and radius
R=2.
Curve

1l
=,

&—1 Z+(y+ )

S ENE

As conclusion, |z|=R represents a circle with centre P
and radius R, |z—z|=R represents a circle with centre
z, and radius R and |z—z,|=|z-z,| represents a straight
line, the perpendicular bisector (mediator) of the segment
joining the points z, and z,.

11
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Exercise 1.5 Learner’s Book page 12

1. Circle: 3x*>+3y> +4x+1=0, radius is I and centre
is (—g,oj
3
2. a) Circle: x> +3* =4 radius 2, centre at origin; (0,0)
b) Interior of the circle: x* +y* =4, radius 2, centre
at origin
c) Exterior of the circle: x* +y* =4, radius 2, centre
at origin
d) Circle: (X+1)2+y2 =1, radius 1, centre (-1,0)
e) Vertical line: z =-1, mediator of the line segment
joining points z,=-1 and z, =1

f) Circle: (;5_1)2 +(y+3)° =4, radius 2, centre

(1-3)

Lesson 1.6. Equality of two complex numbers

Learning objectives

Given two complex numbers, learners should be able to show
that they are equal or not and to use this concept to solve
some equation accurately.

Prerequisites

® Solving a linear equation with one unknown.

® Solving a system of two linear equations with two
unknown.

Teaching Aids
Exercise book, pen and calculator

12
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Activity 1.6 Learner’s Book page 12

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

1. 342i-1=3-142i=2+2i and 2+4i—-2i=2+2i.
Argand diagram

&1 24

The two complex numbers are represented by the
same point in Argand diagram.

From their real and imaginary parts, the two
quantities have equal real parts and equal imaginary
parts, so they are equal.

2. Combine like terms on the right:
x+2i =x+(2x-3)i. Since the imaginary parts

5
must be equal, 2=2x—3:>x=5.

3. This is interesting: we have only one equation, but
two variables; it doesn’t seem like there is enough
information to solve.

13
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But since we can break this into a real part and
an imaginary part, we can create two equations:
x =3y, y=2x-4. Doing substitution gives us

. . 12
y:6y—4:>y:§, which gives x=?_

SO ENE

As conclusion, if two complex numbers, say a+ bi
and c+di are equal, then their real parts are
equal and their imaginary parts are equal. That is,
a+bi=c+di <a=c and b=d.

Exercise 1.6 Learner’s Book page 13

1. x=4,y=-3 2. x=5y=6
3. x=3,y=3 4, x=-6,y=9
5. x=2,y=5 6. x=3,y=1
7. x=6,y=-6 8. x=8, y=14

Lesson 1.7. Addition and subtraction of
complex numbers

Learning objectives

Given two complex numbers, learners should be able to add

and subtract them correctly.

Prerequisites
® Simplification by combining like terms.

Teaching Aids
Exercise book, pen and calculator

Activity 1.7 Learner’s Book page 13

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

® Critical thinking

® Communication

® Self confidence

14
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® Cooperation, interpersonal management and life
skills

® Peace and values education

® Inclusive education

Answers

1. z,+2,=(2+3i)+(5-4i)=2+5+3i—4i=T—i
7 —2, =(2+3i)—(5-4i)=2-5+3i+4i=—3+7i

2. Re(z,+2,)=7, Im(z,+z,)=-1
Re(z,—z,)=-3, Im(z,-z,)=7

Synthesis

As conclusion, two complex numbers are added (or
subtracted) by adding (or subtracting) separately the two
real and the two imaginary parts.

Exercise 1.7 Learner’s Book page 14

z2+z,=-12, 2z, -z, =12+ 6i
z,+2,=16i, z,—z, =—-10+8i
z,+z,=5+3i,z,—z,=1+5i
z,+z,=-2-24i, z,—z, =—-44-4i
z,+z,=-2+8i, z,—z,=8+12i
z,+z,=-2-24i, z,—z, =-44 - 4i

z,+2,=35-13i, z, -z, =-9-15i

C T

z2+2,=4+9i, 2, —z,=2-11i

15




Advanced Mathematics for Rwanda Schools Teacher’s Book Six

Lesson 1.8. CGonjugate and opposite of a
complex number

Learning objectives
Given a complex number, learners should be able to find the
conjugate and opposite moderately.

Prerequisites
® Plot a complex number in Argand plane
® Adding two complex numbers

Teaching Aids
Exercise book, pen and instruments of geometry

Activity 1.8 Learner’s Book page 14

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRECNCNCNC)

Answers

1. Argand diagram of complex numbers
y

7,=—4-3i ) 2, =4-3i

16
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2. a) %(zl+zz)=%(4+3i+4—3i):4

1 1 : :
b) 2—i(zl—zz):2—i(4+3l—4+3l)=3

1
3. %(ZI+Z2)=R6(ZI) and ?(Zl—Zz):Im(Zl)

l
Synthesis

As conclusion, the conjugate of the complex number
z=x+Yyi, denoted by z or z*, is obtained by changing
the sign of the imaginary part. Hence, the complex
conjugate of z=x+yi is z=x—yi.

Exercise 1.8 Learner’s Book page 16

1. =76 2. 9i 3. 12+4i
4. 3-i 5. -8-10i 6. 3+i
7. 3+45i 8. —-5-5i

Lesson 1.9. Multiplication of complex numbers

Learning objectives
Given two complex numbers, learners should be able to
multiply them perfectly.

Prerequisites

@ Distributive property.

® Multiplication is distributive over addition.
® Relation i* =—1.

Teaching Aids
Exercise book, pen and calculator

17
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Activity 1.9 Learner’s Book page 17

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

1. zlx22:(2—3i)(3+2i)
=6+4i—9i—6i"
=6+6—5i
=12-5i

2. Re(zlxzz)=12, Im(zlxzz):—S

Synthesis

As conclusion, the multiplication of two complex
numbers z, =a+bi and z, =c+di is defined by the
following formula:
z,xz, =(a+bi)(c+di)

:(ac—bd)+(bc+ad)i

Exercise 1.9 Learner’s Book page 17

1. 9-36i 2. —73+40i 3. 10+5i
4. -3-10i 5. 10-41 6. -4-Ti

18
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Lesson 1.10. Inverse and division of
complex numbers

Learning objectives
Given complex numbers, learners should be able to find
the inverse of a complex number and divide two complex
numbers accurately.

Prerequisites
® Multiplication of complex numbers.

Teaching Aids
Exercise book, pen and calculator

Activity 1.10 Learner’s Book page 18 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education
Inclusive education

ONCRENCRORCRC)

Answers

1. z-z=(2+i)(2-i)=22-2i+2i+1> =22 +1 =5

Hence, if z=a+bi then, z=a-bi and z-z=a*+b*.

9. z.z=5=z=--=4_1
zZ, 5 z
Then,
1z 1z
—=d o —=—~-
z, 5 z, a +b
1 z
3. —=—_=4
z, a’+b’
Multiplying both sides by z,, we get % _ fz 212
z, a +b

19




Advanced Mathematics for Rwanda Schools Teacher’s Book Six

SO ENE

The inverse of z=a+bi isgivenby ;-1 -2 __ %

) 2
and the division of two complex z:.z a+b
numbers is 2L — 22, _a+bi —(ac+bdj+i(bc_adj

z z0z, c+di \G+d) \F+d

Exercise 1.10 Learner’s Book page 21

l_ i1 _ 4 i z_ 1 4

zz, 3z, 51 51z, 17 17

1 5 12,1 5 4.2z 23 80,
2. - +—1

+
z, 25 25 =z, 5
4. 1 23 14 .1 21 10 . z 343 524 .
e e e e s
zZ 725 725 z, 541 541 z,
r 1 3. 1 1 2. z 7 1.
I IR +
z, 10 10  z, 5 5 z 55
6 | 2 1.1 5 2.z 12 1,
. —_——— —_ l,—: 1
zZ 5 5 z 29 29 z, 29 29

i
541 541

1 1

—+—i
Z 2 2 2z, 2 2 z
1 1 3.1 1 10,z 118 32

B e - -

——i,—= i, =—===——r=——y
z, 74 37 z, 101 101 =z, 101 101

Lesson 1.11. Square root of a complex number

Learning objectives

Given a complex number, learners should be able to find its
square root accurately.

Prerequisites

® Solveasystemoftwolinearequations with two unknowns.

® Use of the identity (a+5)’ =a® +2ab+b".

20
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Teaching Aids

Exercise book, pen, calculator
Activity 1.11 Learner’s Book page 21 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONC RO RONCONC)

Answers

(x+yi)2 =8—6i
& xP =y +2xyi =8—6i
2 2
1Y =8
2xy=—6
Squaring both sides of each equation and adding two
equations, gives

4_222+ 4=64
@xzzxy Y
4x°y° =36

xt+2x°y* +y* =100
Using algebraic identity, gives
= (x*+)*) =100
=x"+y" =10
Now,

x2_y2:8
¥ +y*=10
2x*=18=x*=9 or x=43

But x>+ »* =10, then, y*=10-x>=10-9=1 or y =+l

Thus, the square root of z=8—-6i is 3—i or —3+i
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We take different sign (for x and y) since the product xy
is negative.

SO ENE

To get a square root of the complex number a+bi, we
let g+ bi be a square root of the complex number a+bi ,

and solve the simultaneous equation

(x+iy) =a+bi ¥ -y =a
5 =>2xy=>b
‘(x+iy) ‘:|a+bi|

@{x2+y2 =+a’+b’

2 2
X -y =a

and 2xy=»>b

Notice:
In writing square root of the complex number a + bi, that
is, x+iy, x and y must satisfy the condition 2xy=5.

Exercise 1.11 Learner’s Book page 23

1) £(v7+iV7) 2) £(-4-6)  3) £(-4-6i)
4) +(-3+10i) 5) +(3+2i) 6) £(—6+2i)
7) £(-6-2i) 8) +(-5-12i)

Lesson 1.12. Linear equations

Learning objectives

Given linear equations with complex coefficients, learners
will be able to solve them in the set of complex numbers
accurately.

Prerequisites
® Solving linear equations in set or real numbers.

Teaching Aids
Exercise book, pen and calculator
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Activity 1.12 Learner’s Book page 24

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCRENCORONCONC)

Answers

z4+3i-4=0=>z=4-3;
2. 4-i+iz=4z-3i=iz-4z=-3i-4+i

=z(i-4)=—4-2i

—4-2i
= ZzZ=
i—4
14 12
Z=—+4—]i
17 17

3. (I+i)(i+z)=di=>i+z—-1+iz=4i
= z(i+1)=4i+1-i

= z(i+1)=1+3i

Z:1+3l P
i+1
4, (l—i)Z=2+l':>Z=?+f 2:1231
—1i

SO ENE

As conclusion, in complex numbers also, we may need
to find the complex number z that satisfies the given
linear equation.

Exercise 1.12 Learner’s Book page 25

1. 2+2i 2. —4-2i
3. -7+6i 4. 2+§i
5 5
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Lesson 1.13. Quadratic equations

Learning objectives

Given quadratic equations, learners should be able to solve

them in the set of complex numbers correctly.

Prerequisites

® Discriminant method used to solve a quadratic equation.

® Relation i=\/——1.

Teaching Aids

Exercise book, pen and calculator

Activity 1.13 Learner’s Book page 25

In this lesson, the following generic competence and

cross-cutting issues are to be addressed:

® Critical thinking
® Communication
® Self confidence
® Cooperation, interpersonal management and life
skills
® Peace and values education
® Inclusive education
Answers
1. x*+2x+3=0
A=4-12=-8
. —2++/-8 _ —2+2i2 — 142
2 2
.= 2-v-8 _-2-2i2 ol
2 2
S={—1+i\/§,—1—i\/5}
2. xX*+2x+1+i=0

A=4-4(1+i)=4—4—4i=—4i
JA = -4
JA =N2-iN2 or =2 +i\2
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=—2+x/§—i\/§:—2+«/§_i£

. 2 2 2
x2=—2—\/§+i\/§=—2—\/5+,£
2 2 2
S:{—2+\/§_.£ —2—\/5+l.£}
2 27 2 2

Synthesis

In solving equation az® +bz+c=0 where a, b and c are
real numbers (a #0), we get either:

—b+\/Z and
2a

® Two real roots (if A>0); z =

_—b-+A

2a . b
® One double real root (if A=0); z, =z, =5 or
a

Zy

® Two conjugate complex roots ( if A<0):

:L V-A and z M
a

! 2 2a

2

Exercise 1.13 Learner’s Book page 27

. S_{zm/% 2-i\26

3 3

N S:{Lﬂ,-g_@l}

} 2. §={5+3i,5-3i}

2 2 2 2

Lesson 1.14. Polynomials in set of
complex numbers

Learning objectives

Given a polynomial with complex coefficients, learners should
be able to factorise completely it in set of complex numbers
accurately.

Prerequisites

® Finding zero of a polynomial.

® Use of synthetic division.
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Teaching Aids
Exercise book, pen and calculator

Activity 1.14 Learner’s Book page 28

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

99 @O

Answers

1. a)(z—2—3i)(z+3+i)zzz+3z+iz—22—6—2i—3zi—9i+3
=z +(1-2i)z-3-1li
b) (Z—i)(Z+3i)(Z—4i)=(22+3Zi—iZ+3)(Z—4i)
:(zz+2iz+3)(z—4i)
=2’ —4iz’ +2iz> +8z+3z-12i
=z’ -2z +11z-12i
2. P(z)=2"+(-2-i)z" +(2+2i)z—4 is divisible by
z+i if and only if P(—i)=0.

P(=i)= (=) +(-2—i) (=) +(2+2i) (i) -4

=i+2+i-2i+2-4

=0
Thus, P(z)=2z'+(-2-i)z* +(2+2i)z—4 is divisible
by z+i .
Now, using synthetic division
1 2-i 2+2i —4
—i —i 2i-2 4
1 2-2 4 0
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P(z):z3+(—2—i)zz+(2+2i)z—4
:(z+i)[zz+(—2—2i)z+4i]
Again, we factorise z* +(—2—2i)z+4i since
2 is a root, then
1 -2-2i 4i
2 2 —4i
‘ 1 -2 ‘ 0
22+(—2—2i)z+4i=(z—2)(z—2i)
Thus, P(Z)=(Z+i)(z—2)(z—2i)

L f P(z)=23—222+(7+2i)z—6(2—i)
2—i is a factor of —6(2—i),
P(2-i)=(2-i)’ -2(2-i)" +(7+2i)(2-i)-6(2-i)
=2-11i—-6+8+16—-3i—-12+6i
=0
Other values are: z=3i, z=-2i
All roots can be found as follows:
P(z):z3—222+(7+2i)z—12+6i
P(z)=0&2°-22" +(7+2i)z-12+6i=0
z=3i is a root since
P(3i)=(3i) —2(3i)" +(7+2i)(3i) - 12+ 6i
=-27i+18+21i—-6-12+6i
=0

Using Synthetic division, we have

1 -2 7+2i -12+6i
3i 3i —61 -9 —6i +12
1 -2+43i -2-4i ‘ 0

P(z)

z’ =27° +(7+2i)z—12+6i
=(z-3i)[ 2% +(-2+3i)z-2-4i |
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—2i is also a root

1 —2+3i —2—4j
-2 -2 4i+2
‘ 1 —2+1i ‘ 0

P(z)=z3—222+(7+2i)z—12+6i

:(z—3i)(z+2i)(z—2+i)
Then, z=3iorz=-2ior z=2—-i

Synthesis

As conclusion, the process of finding the roots of a polynomial
in set of complex numbers is similar to the case of real numbers
remembering that the square root of a negative real number
exist in set of complex numbers considering \/—_1 =i. The
methods used are synthetic division and factorisation.

Exercise 1.14 Learner’s Book page 31

1. a)P(z)=(z+2)(z-1+3i)(z-1-3i); {-2,1-3i,1+3}
b) O(z)=(z-2)(z-2+i)(z-2-i); {2,2—i,2+i}
€) R(2)=(2-2+31)(z-2-3i)(z+2-2)(z +2++2);
{2-31,2+3i,-2+2,-2-2]
d) M(z)=(z-3i)(z+2i)(z-2+i); {3i,-2i,2 i}
2. a=79, b=29
3. p(z)=-22°+8z"-18z+20

7.7
4, S=43-i,——+=i
{ 2 2}
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Lesson 1.15. Argument of a complex number

Learning objectives
Given a complex numbers, learners should be able to find its
argument moderately.

Prerequisites

® Concepts of trigonometry.

Teaching Aids

Exercise book, pen, scientific calculator and instruments of
geometry

Activity 1.15 Learner’s Book page 31

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

CONCNENCNCINCRC)

Answers

~

zs =1 z, =1+i
2

zy==1+i ™
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For z, =1+i ,tan0=%=1:9=arctan(1)=%. From the
figure, this is the needed angle.
T

For z, =1-1i, tal’l@:il:—l:}Hzarctan(_])z_z_

From the figure, this is the needed angle.

For z; =—1+1, tan9=T=—139=arctan(—1)=—%_

From the figure, this is not the needed angle. The

needed angle is 7+8=7-"2=3"
4 4
For z, =-1-1, taﬂ9=_—1=1:>9=arctan(1)=%_

From the figure, this is not the needed angle. The

needed angle is 9—nz£—nz—3—ﬂ.
4 4

For z, =i. From the figure, the needed angle is 6’=%

For z, =—i. From the figure, the needed angle is 8 = —%

Synthesis
Depending on the quadrant in which the argument of

complex number z=x+yi lies, we define arg(z) as
follows:

arctan 2 , if zliesin1" or 4" quadrant or on positive x — axis
X
7 + arctan Z, if zliesin2" quadrant or on negative x — axis
X
-+ arctanl, if zliesin3" quadrant
arg(z)= 5

2 if zlies on positive y — axis

T .. . . .
5 if zlies on negative y — axis

undefined, if x=0and y=0
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This is equivalent to

arctanZ, if x>0
X

7r+arctanX, if x<0and y>0
X

—7r+arctanl,ifx<0andy<0
X

arg(z)=
T
—,x=0,if y>0
5=y
b
-—,x=0,if y<O0
5o ify
undefined,if x=0and y =0
a
Y
z=x+4Y)i
¥ /
//
£
\
1 0\ X
' 0 x "

Figure 1.2: Argument of a complex number

Exercise 1.15 Learner’s Book page 34

1. _% . Z 3. %
6
4., % 5 _Z
3 6
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Lesson 1.16. Loci related to the angles

Learning objectives

Given an argument condition, learners should be able to
sketch on Argand diagram, the region satisfying that condition
accurately.

Prerequisites
® Drawing angle with a given size.

Teaching Aids
Exercise book, pencil and instruments of geometry

Activity 1.16 Learner’s Book page 34

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

9@ @O9OQ

Answers

1. arg(z)= % = arg(x + yi) =%
Here, we need all complex numbers lying on the half

line passing through (0,0) and makes an angle of %
with positive x—axis.

6 ky
5

4
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2. arg(z—4) =§:> arg(x+yi—4):%:> arg (x—4+ yi) :%
Here, we need all complex numbers lying on the half

line passing through (4,0) and makes an angle of %
with positive x —axis.
o by

5

4

Synthesis

As conclusion, arg(z)=6 represents the half line
through O inclined at an angle 6 to the positive direction
of x—axis .

Yy

Figure 1.3: Locus as a half line through O

arg(z—zl):e represents the half line through the point

z, inclined at an angle @ to the positive direction of
X —axis .
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P
8
A

Figure 1.4: Locus as a half line through any point

0 <arg(z—z )< B indicates that the angle between AP
and the positive x-axis lies between 6 and g, so that P
can lie on or within the two half lines as shown in
Figure 5.1.

y

Figure 1.5: Locus between two half lines

Exercise 1.16 Learner’s Book page 37

1. a)

6 Ry
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b)
6 Ry
- 0 ﬁl? .4
a) From the graph, we see that there is only one
point of intersection. Thus, there is only one
complex number satisfying both conditions.
b) Putting z=-7-4i, we have

|-7—4i+3+i]=|-4-3i|=V16+9 =5 also

arg(—7-4i+3) =arg(-4-4i)=-n +arctan(1) = —7r+% = —377[

Thus, z=-7-4i verifies both conditions.
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Lesson 1.17. Polar form of a complex number

Learning objectives
Given a complex number, learners should be able to express
it in polar form accurately.

Prerequisites

® Finding the modulus of s complex number.
® Finding argument of a complex number.
Teaching Aids

Exercise book, pen and scientific calculator

Activity 1.17 Learner’s Book page 38

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCNENCRORONC)

Answers

1. Graph

th
N

z=4+4i

(]

Py

v
th
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2. r=+16+16=4J2
3. l9=arctan(iJ=£
4) 4

4. cos«9=£:>x=rcos:9:>4=4\/zcos£
r

sin0=1:>y=rsin0:>4=4x/§sin%
r

From z=4+4i, we have
Z= 4\/§cos£+i4\/§sin£= 4\/5 cos£+isin£
4 4 4 4
SO ENE

As conclusion, if »and @ are the modulus and principal
argument of complex number z respectively, then the
polar form of zis z=r(cos@+isin6).

y

z=x+yi

Figure 1.6: Modulus and argument of a complex number

Exercise 1.17 Learner’s Book page 40

1. a) 4cis0 b) 2cis% c) 2cis(r)
d) 5015[—%) e) 2cis% f) Z@Cis(—gj
g) 2\/§Cis(—%j

Here, remember that the notation rcis@ is the same as
r(cos@+isinf).

37




Advanced Mathematics for Rwanda Schools Teacher’s Book Six

2. a) 1+i\3 b) x/i(—2+2i) c) 1-i
. 1 .
d) 3i e) —4 f) E(—\/E—z)
g 3-i

Lesson 1.18. Multiplication and division of
complex numbers in polar form

Learning objectives
Given two complex numbers, learners should be able to
multiply and divide them in polar form exactly.

Prerequisites
®@ Putting a complex number in polar form
® Addition formulae in trigonometry.

Teaching Aids
Exercise book, pen and scientific calculator

Activity 1.18 Learner’s Book page 41

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCRENCRORONC)

Answers

L. zgz, :(l_i)(\/g_i)
=B-i-iV3-1=v3-1-(v3+1)i

|le2|:\/(\/§ 1 +(B3+1) =3-23 4143+ 221 =B =22

arg(z,z,) = arctan( \}/__ IIJ o
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Then, zz, = 23/2 cis (_ls_zﬂj
2. z=1-i
2] =2, arg(z) = arctan(-1)=-Z = =ﬁcis(_%j
z = -i
|2,|=2, arg(z,) = arctan(—%
s e ()2l (] (5o
22 os{ 5 Jos 2 o 2 Jin 2 J s -2 Jeos 2 -sin( -5 Jin £
e e e e e e R

6

——
Il
|
N
N
[\
(@]
—
w2
|
I

5
|
[N

NI
|
[N

NG

= 2«/— cos

)
T

= 2\/— cos

[3e)
VY /—I‘\ VO
ENI N
+
|
[N
~—
S~
+
—
@,
5
|
ENE
+
|
R
~—
N~
~—
| S|
Loy
3
K
5y
S
3
03
3
S

= 2\/5 cos

3. The two results are the same

E

AL
(1=)(B3+1) VBei-ifie1 VBe1 143

a|_lal_ -1 _v2
2y |Zz| |\/§—i| 2
1-3
ar, 2 = arctan 4 =—£
s z, 1++/3 12
4
Then
a_V2 ls(_zj
z, 2 12
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|
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o

(=]
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|

|
N—
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2
/N

?
~—

|

Z

=

|

|
~—

o

[=]

g

|
&~y
~—

+

) N

N

2 N

?
N~

&,

=

|

[}
~—

+

@,

=
/N

|
\‘_/

=

=

|

|
N—

S |
o o (- (- s o - |

2x1

=

ol E( )

6. The two results are the same.

Synthesis

Given two complex numbers z =y (cos 6, +isin 6))
and z, =r,(cos 6, +isin 6,) then,

2,2, =K, (cos (6,+6,)+isin (6,+6, )) and

&

& _ i(cos(el —0,)+isin(6, - 6,)) with the provision

z

thzat 22ﬂ' may have to be added to, or substracted from
6,+0, (or -6,)if 6+86,(or 6 —-6,) is outside the
permitted range of the principal argument |-z, 7].
We note that;

Arg(zz,) = Arg(z,)+ Arg(z,) and

Argt_lj — Arg(z,)- Arg(z,)

2

40




Complex Numbers

Exercise 1.18 Learner’s Book page 45
1. a) zw:Zﬁcis(—Mj, i=£cis[ 7”j
12
. (T .
b) zw:4c1s[§j, =4cis(-7)

c) ZW=2\/§CiS(5”

= |n

AN D

—_n =
Ny BN

d) zw= 4\/€cis(

z 6 . 117z
, —=—CIS| ———
w 3 12

e) zw=\/§cis(” , i:—2cis(7—”j
w2 12

1

S|
~—

f) zw=2cis(7),

2. \/Ecis(—s—”j
12

= |n
1l

o

g
7\
oy
N—

Lesson 1.19. Powers of complex number in polar
form

Learning objectives
Given a complex number, learners should be able to find its
powers and use De Moivre’s theorem accurately.

Prerequisites
® Putting a complex number in polar form.

Teaching Aids
Exercise book, pen and scientific calculator

41




Advanced Mathematics for Rwanda Schools Teacher’s Book Six

Activity 1.19 Learner’s Book page 45

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCENCORONCONC)

Answers
1. z= x/§+i

|z| =2, arg(z) = arctan(

Z=2cis(gj
2. 2 <[V (VB +i)=(VB) 4205 +(if =3+ 205 -1-2+2045
|zz| =4+12 =4, arg(zz) :arctan(\/g):%

22=4cis(§J
3. 2 =(2+203)(V3+i) =23 +2i+6i-2\3 =8
|z3|:\/8_2:8, arg(z3)=%

z° =8cis (EJ
2

4. From 1 to 3, we see that

z? =4cis (Zj =27 ¢is (2—ﬂj
3 6
3 . (7 5 . (37
z> =8cis (—) =2"cis [—)
2 6

Hence, z" =r"cis(n8) where r is modulus and & is
argument of z.

-
Il
N
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Synthesis

The power of a complex number in polar form is given
by; z" =(r(cost9+isin«9))n =r"(cosnf+isinnb); ne’Z,
where » and 6 are modulus and argument of =
respectively.

Exercise 1.19 Learner’s Book page 46

1 ) )
1. a) E(—1—1\/5) b) —64 c) —32i
] , ~ ~
d) E(—1—1\/3) e) —1 f) =512
g) —128-128

2. m=6k, k=1,2,3,4,..

Lesson 1.20. " root of a complex number
Learning objectives
Given a complex number, learners should be able to find the
n" roots of that complex number accurately.
Prerequisites

@ Putting a complex number in polar form.
® Evaluating powers in polar form.

Teaching Aids
Exercise book, pen and scientific calculator

Activity 1.20 Learner’s Book page 46

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRC NCNCNC)
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Answers

1. |z|=4, arg(z)=arctan(0)=0 = z=4cis0
2. (z) =2

But (zk)4 =(r')4 cis 40’

Then (')’ cis40' = 4cis0

=1 g k7

(r')4:4 r=44=r=2
{40'=2kﬂ' 0'

Now, z, = V2 cis (%[]
If k=0, z, =~2cis0
If k=1, z, =\/§cis(%j
If k=2, 2z, =~2cisx
If k=3, z, =\/§cis(3—ﬂj Zﬁ"“(‘zj
2 2
Synthesis

To find n'" roots of a complex number z, you start by
expressing z in polar form z =rcis@, where r is modulus
of z and # argument of z.

Then, n'" roots of a complex number z is given by

z, =4/;cis(0+2kﬂj k=0,1,2,3,.n—1

n

Exercise 1.20 Learner’s Book page 50

(7 . (57 . s . 3z

1. z,=cis| = |, z; =cis| = |, z, =cis| —— |, z, =cis| ——
8 8 8 8

. (27 . (4r . 4rx ([ 2z

2. z,=1, z =cis| = |, z, =cis| — |, z,=cis| —— |, z, =cis| ——
5 5 5 5
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3. z=2, ZI=2cis[2—”),22=20is(4—”J, z3=20is[—4—ﬁj, z4=2cis(—2—”j
5 5 5 5

. z,=2cis| — |, z,=2cis| — |, z, =2cis| — |, z,=2cis| ———
4 =2l /4 =2 T . =2ci 11z =20 S
12 12 12 12

5 sl V10+245

5 4
Hint:

First, find cosz?ﬁ and then use the relation

. 27 , 27
sin—=,/l—cos”"—
5 5

Lesson 1.21. Graphical representation of nth roots
of a complex number

Learning objectives

Given a complex number and using a ruler, learners should
be able to represent »” roots of that complex number in
Argand plane correctly.

Prerequisites
® Finding n" roots of a complex number.

Teaching Aids
Exercise book, pencil, instruments of geometry and calculator

Activity 1.21 Learner’s Book page 50

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

@9 QOO @
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Answers

1. z=4, arg(z)=0
Zn =€/Zcisszﬂ 2 =§/Zcis4?ﬁ
ZO=€/ZCiSO=€/Z Z3=€/ZCiS6?”
zZ =§/Zcisz?ﬂ

Z, = Q/Zcisg?ﬁ
2. Representation of the obtained roots on Argand
diagram and joining the obtained points.

y
z, {/Zcis4/ﬂ-<
5
zy = Q/Zcisg

3. See diagram above.

Synthesis

As conclusion, if the complex number for which we are

z —Q/Zci;z—”

/ ’ N

/ZO{M’i

AN B /
\%isg—”
5

computing the n" roots is z=rcisf, the radius of the
circle will be R=%/r and the first root z, corresponding

0
to k£ =0 will be at an amplitude of ¢ =—. This root will be
n
followed by the n—1 remaining roots at equal distances
apart.
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Exercise 1.21 Learner’s Book page 53

1. z, =3cis(%j, z, =3cis(7), z, =3cis _ﬁ]

3
N
e 1 \\!\ZO
4 d 2 \\
/ N\
/ 1 \
z, .
i . 2 1 0 ‘-.___‘
\ =T S //
\\ 2 %, //
N X
SN a2

A
=y

2. % =\/§cis(£j, 4 =\/50is(3—7[], z, =\/Ecis(—3—ﬂ),
z3 =\/§cis(—%)
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3. z, =2cis(%], Z =2cis(5?”), Z, =2cis[—%)

y
e TSN
/ < \\
Z : \.Zc
A~ A
N v

R 2]
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Lesson 1.22. Gonstruction of regular polygon

Learning objectives

Using »™ roots of unity and geometric instruments, learners
should be able to construct a regular polygon in Argand plane
accurately.

Prerequisites

® Finding n" roots of unity

® Representation of n” roots of unity in Argand diagram.
Teaching Aids

Exercise book, pencil, instrument of geometry and calculato

Activity 1.22 Learner’s Book page 54

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRC NCNCNC)

Answers

1z, =cis2kT”, k=0,1,2

z,=cis0=1, z,=cis—, z, =Cls—
3

/’<
\ |

3. See the graph above.
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4. The obtained figure is an equilateral triangle.

S ENE

To draw a regular polygon with n sides follow the
following steps:

® Start by drawing a unit circle in Argand diagram. The
radius and the centre of this circle will be the radius
and centre of the regular polygon.

® Around the circle, place the points with affixes

. 2k .
z, =01s—ﬂ, k=0,1,2,....,n—1, Those points are

the verticgs of the polygon.

® Using a ruler, join the obtained points around the
circle.

® The obtained figure is the needed regular polygon.

Exercise 1.22 Learner’s Book page 56

1. A regular hexagon (6 sides)

y
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2. A regular heptagon (7 sides)

¥y

2T\

N/

3. A regular octagon (8 sides)

¥y

R

N

4. A regular nonagon (9 sides)

y

N
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Lesson 1.23. Exponential form of a complex
number

Learning objectives
Given a complex number, learners should be able to express
that complex number in exponential form accurately.

Prerequisites
® Finding modulus of a complex number.
® Finding argument of a complex number.

Teaching Aids

Exercise book, pen and calculator
ﬁ Activity 1.23 Learner’s Book page 56

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCEENCONONCONC)

Answers

; x2 x3 x4 xS 6 7
L e"=ldx+—t "ttt —+...
20 31 41 51 6! T

Replacing x with i@ gives

. 2 . 3 . A\4 . 5 . 6 . 7
(149) +(u9) +(10) +(z¢9) +(z¢9) +(10)
2! 31 4! 5! 6! 7!
0 i 0 i0° 0° i
Sl e — e
21 31 41 21 6! 7!

0 A A A A A A

+—t— —+
21 31 4t 21 6! 7!
0> 0° 0° 0 & 0
:1——+———+...+i(0——+———+...]

e’ =1+i6+

T 000

31 21N
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2 4 6

X X
i COSX=1——+———...
Since RTINS and
3 5 7
Slnx=x—x— x——x—,,,, we can write
31 51 7!

e’ =cos@+isinf

3. The right hand side of the expression obtained in 2)
is the polar form of complex number having modulus
1 and argument 6.

Synthesis

Exponential form of a complex number z, can be simply
found from its polar form z =rcis@.

For a complex number having modulus 1 and argument
#, we have the following equality; ¢” =cos@+isin@,

which leads to r(cos@+isin@)=re” .
Therefore, z=re" is exponential form of complex number

z=r(cosf+isind).

Exercise 1.23 Learner’s Book page 58

in 2in _in
1. e? 2. 2e?3 3 22e ¢
4. 243e ¢ 5. 5 6. 32e*
7. SeO.9i 8 136—1.9i

Lesson 1.24. Trigonometric number of a multiple
of an angle

Learning objectives
Given a multiple of an angle, learners should be able to find
its trigonometric number accurately.

Prerequisites
® Binomial expansion.

Teaching Aids
Exercise book, pen and calculator
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Activity 1.24 Learner’s Book page 58

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Cooperation, interpersonal management and life
skills

Self confidence
Peace and values education
Inclusive education

ONCNC BN XOXC)

Answers

1. Newton binomial expansion gives

="C,cos" x+"Cjicos"" xsinx—"C, cos"” xsin’ x+.....+ "C i" sin" x (2)
2. Relations (1) and (2) are equivalent. Then,
cosnx+isinnx ="C, cos" x—"C,cos"* xsin’ x+.......
+i( "C, cos"" xsinx—"C,cos"” xsin’ x+ ) (3)
3. Recall that two complex numbers are equal if they
have the same real parts and same imaginary parts.
Thus, from (3), we have

cosnx = "C, cos" x~"C, cos"” xsin” x+"C, cos"* xsin* x +.....

. -l 33 -5 5
sinnx ="C, cos"” sinx—"C, cos" xsin’ x+ "C, cos"” xsin’ x +....

S ENE

Generally,

cosnx = z "C,i* cos" ™ xsin” x, with k —even
0<k<n
isinnx = Z "C,i* cos"™* xsin* x, with k —odd

1<k<n
n!

nC —
© ok (n—k)!
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Exercise 1.24 Learner’s Book page 61

1. 2cos’x—1 2. 2cosxsinx
3 3cotx—cot’ x 4 3cot x—cot’ x
1-3cot’ x 1-3cot’ x

tan’ x—10tan® x +5tan x
5tan’ x—10tan” x +1

6. 32cos®x—48cos* x+18cos’* x—1

5.

7. —32cos’ xsin x +32sin xcos’ x + 6sin x cos x

Lesson 1.25. Linearisation of trigonometric
expressions

Learning objectives
Given a trigonometric expression, learners should be able to
linearise that trigonometric expression exactly.

Prerequisites
® Euler’s formulae.

Teaching Aids

Exercise book, pen
Activity 1.25 Learner’s Book page 61 ‘g

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVREC MO NCNC)

Answers

Euler’s formulae are

COSX = %(eix +e*"x)
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From these formulae, we have

. eix _e—ix 2 eix +e—ix
SIn” XCOS X =
B 2ix +e—2ix _2 eix +e—ix
—4 2

3ix

et e +e" —2e" — 2™
-8

3ix —3ix ix —ix

e +te " —e" —e
=3

B _l e3ix +e—3ix ~ eix +e—ix
4 2 2

= —%(cos3x+cosx)

SGENE

To linearise trigonometric expression (product in sum),
we use Euler’s formulae

cosf) = %(e’y - e""g) sin@ = zi(e"" - e"'g)

Exercise 1.25 Learner’s Book page 62

1 1
1. —cos(x—y)+=cos(x+y) 2. lcos(x—y)—lcos()ﬁy)
2 2 2 2
1 1 1
3. —sin2 4., ———cos2x
sin 2x 5
I 1 3. 1.
5. —+= 6. —sinx——sin3x
+—cos2x 4 4
7. 3cosx+lcos3x 8. l—lcos4x
4 4 8 8
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Lesson 1.26. Solving equation of the form
acosx+bsinx=c, a,b,ceR and a-b#0

Learning objectives

Given equation of the form

acosx+bsinx=c, a,b,ceR and a-b=0, learners should
be able to solve it using complex numbers precisely.

Prerequisites
®@ Putting a complex number in polar form.
® Solving simple trigonometric equation.

Teaching Aids

Exercise book, pen and scientific calculator.
Activity 1.26 Learner’s Book page 63 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRNC MO NCNC)

Answers
1. z=1-i3 2. |=vi¥3=2
3. arg(z):arctan(—\/g):_g

4. 2cos(x+%):—l

2—”+2k7t
1 3
<:>cos(x+—j=—— ?= 5
= 2k
3
£+2k/r
=x=
-+ 2k
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SO ENE

To solve the equation of the form
acosx+bsinx=c, a,b,ceR and a-b=0, follow these
steps:

1. Reduction of acosx+bsinx a,beR

y

:l) N(Z')
sin x M(z)
"
o _i—
B X
0 a cosx i’

Figure 1.7: Reduction of a trigonometric expression
To get the expression equivalent to acosx+bsinx,
we use dot product expressed in terms of angle 6 —x
that is, between two vectors O—M:(cosx,sinx) and

O—N=(a,b).
OM -ON
Or cos(0—-x)= |OM -|ON
acosx+bsinx

@COS(G—X)— \/a2 +b’ -\/coszx+sin2x
<:>cos(c9—x)= acosx+bsinx

Ja? + b
:>acosx+bsinx=\/mcos(9—x)
Therefore, acosx+bsinx=c

< a® +b° cos(0-x)=c

2. Solve reduction formula of acosx+bsinx=c

acosx+bsinx=c < +a’+b* cos(0-x)=c
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@cos(@—x):ﬁ, as Na* +b> #0

Since Va e R,—1<cosa <1< |cosa|<1, thus,
acosx+bsinx=c has many solutions if and only if

C . .
——[<1 or|c|<Va’ +b* , otherwise, there is no
Na' +b’
solution.

Exercise 1.26 Learner’s Book page 65

L. x=£+k7r,x=£,keZ 2. {x=£+kﬂ,keZ}
6 2 4

3
3. i%—%+2k7r,keZ 4, %i%+2k7l’,k€z

5. %i%+2k7r, ke7 6. —%+2kﬂ, keZ

Lesson 1.27. Alternating current problem

Learning objectives

By leading textbooks or accessing internet, learners should
be able to solve alternating current problems that involve
complex numbers accurately.

Prerequisites

® Converting a complex number to different forms.

® Make a research by reading textbooks or accessing
internet.

Teaching Aids
Exercise book, pen, textbooks or internet if available.

Activity 1.27 Learner’s Book page 65

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

® Critical thinking

® Communication
® Self confidence
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Cooperation, interpersonal management and life
skills

Research

Peace and values education

Inclusive education

Q@O @

Answers

Z:R+ja)L+_L
JjoC

when R=10,L=5,C=0.04 and w =4 we have

1
Z=10+7(4)(5) 4 ————
D)+ 00m)
o . —j0.16
~10+ 20 10+ 20
016 T T (G0.16)(—j0.16)

~10+ 20~ J21
0.0256

=10+ j20— j6.25=10+ j13.75

Thus, Z =10+ /13.75 or Z =10+13.75

Synthesis

The voltage in an AC circuit can be represented as
V=V

=V, (coswt + jsin wt)
which denotes Impedance, V, is peak value of
impedance and @ =2z f where f'is the frequency of

supply. To obtain the measurable quantity, the real part
is taken:

Re(V)=V,coswt and is called Resistance while
imaginary part denotes Reactance (inductive or
capacitive).

Briefly, the current, 7 (cosine function) leads the applied
potential difference (p.d.), ¥ (sine function) by one

quarter of a cycle i.e. ” radians or 90°.
2
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R
1 ﬁ
14 Va Ve
Gt ]
v
Phasor diagram
Vg I
[ T
I
I
|
Ve D '
v
Figure 1.8: R— L series circuit Figurel.9: R—C series circuit

In the Resistance and Inductance (R — L) series circuit,
as shown in figure 1.8,

Ve+jV,=V as V,=IRV, =1X, (where X, is the
inductive reactance 2zf L ohms) and V=IZ (where Z is
the impedance), then, R+ jX, =Z.

In the Resistance and Capacitance (R —C) circuit, as
shown in figure 1.9,
Ve—jV. =V, fromwhich R-jX.=Z
. " 1
(where X, is the capacitive reactance, X, =———= Q).

27 fC

Exercise 1.27 Learner’s Book page 69

1. a) R=3Q,L=255mH b) R=2Q,L=1061uF
c) R=0,L=4456mH d) R=4Q,L=459.5uF

2. [15.764,23.20° lagging |

3. [27254,3.37° lagging |
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4. a) 034 b) ¥ leads I by 52°
5. Z,=390.2cis(~10.43"),7 =0.1029¢is61.92°

Summary of the unit

62

Concepts of complex numbers

A complex number is a number that can be put in the form
a+bi, where a and b are real numbers and i = J-1.

The set of all complex numbers is denoted by C and is defined
as (C:{Z:a+bi:(a,b)eR2 and i’ :—1}.

The real number a of the complex number z=a+bi is called
the real part of z, and the real number b is often called the
imaginary part. A complex number whose real part is zero
is said to be purely imaginary, whereas a complex number
whose imaginary part zero is said to be a real number or
simply real.

Algebraic form of a complex number

Powers of i: i* =1, j**' = j**2=_1, ;%" =

, —i
z=(a,b) is a geometric form of the complex number z.
z=a+bi is the algebraic (or standard or Cartesian or

rectangular) form of the complex humber z.

If two complex numbers, say a+bi and c+di are equal
then, both their real and imaginary parts are equal. That is,
a+bi=c+di <a=cand b=d.

The addition and subtraction of two complex

numbers a+bi and c+di is defined by the formula:
(a+bi)i(c+di)=(aic)+(bid)i
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The complex conjugate of the complex number z=x+yi,
denoted by z or z', is defined to be z = x— yi.

The complex number —z =—x—yi is the opposite of
z=x+yi , symmetric of z with respect to O.

The multiplication of two complex numbers
c+di and c+di is defined by the formula:
(a+bi)(c+di)=(ac—bd)+(bc+ad)i

z
a’ +b*

The inverse of z=a+bi is given by 1_ 7' =
z

If z,=a+bi and z,=c+di then,

z, a+bi (ac+bdj (bc—ad],

L= = + i

z, c+di \c’+d’ c+d?

If a complex number x+yi is a square root of the complex

x:i\/%(“m)
yet [ +5 a)

Let a, b and ¢ be real numbers (a#0), then the equation

number a+bi, then,

az* + bz +c¢ =0 has either two real roots, one double real root
or two conjugate complex roots.

a) If A>0, there are two distinct real roots:

b+A ang - _b=a
z = 2 B :
2a a
b) If A=0, there is a double real root:
b
Z1 _22 ——Z

c) If A<O0, there is no real roots. In this case, there are
two conjugate complex roots:

b+i-A _—b-iN-A
z =—— and z, = .
2a 2a
Where, A =b">—4ac

c
ZytzZ,=——, Z,°Z, =—
a a
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Every polynomial of positive degree with coefficients in the
system of complex numbers has a zero in the system of
complex numbers. Moreover, every such polynomial can be
factored linearly in the system of complex numbers.

3. Polar form of a complex number

The absolute value (or modulus or magnitude) of a complex

number z=x+yi is r=|z|=x>+)’

Principal argument of a complex number z =x+ yi

arctanl, if x>0

X

7[+arctan1, if x<0,y2>0

X

—7r+arctan1, if x<0,y<0
X

arg(z)=
g, if x=0,y>0

—%, if x=0,y<0

Undefined if x=0and y=0

Polar (or modulus-argument) form is z =r(cos&+isin®) or

z=rcis@.

Given two complex numbers z, = (cos 6, +isin 6;) and
z, =1,(cos 6, +isin 6,), the formulae for multiplication

and division are zz, =17, (COS (6,+6,)+isin (6, +6’2)) and
j—; = :—;(008(91 —0,)+isin(6, -0, )) respectively.

Power of a complex number z is given by

z" =(r(cos@+isin0)) =" (cosnf+isinnd); neZ,

De Moivre’s theorem: (cos@+isin6)" =(cosnf +isinnd)

If (z,)" =z for z=rcisé, then

Zk=WCiS(0+2k”j k=0,1,2,3, """ ’n_l
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To draw a regular polygon with n sides, the steps followed are:

© Start by drawing a unit circle in Argand diagram. The
radius and the centre of this circle will be the radius
and centre of the regular polygon.

© Around the circle, place the points with affixes

. 2k .
z, =c1s—”, k=0,12,....,n—1. Those points are the

vertices o?the polygon.
© Using a ruler, join the obtained points around the circle.
© The obtained figure is the needed regular polygon.
Exponential form of a complex number
The exponential form of a complex number z whose
modulus is » and argument is @, is z = re”

Euler’s formulae (these formulae are used to linearise
trigonometric expressions):

1 i6 —i0
cosf =— +
(e e)
1, . ‘
sinf=—(e’ —e™
o (¢ =)
Applications
Formulae for trigonometric number of a multiple of an
angle

cosnx= Y. C,i*cos"" xsin*, with k even
0<k<n

isinnx = Z C,i* cos" ™" xsin®, with k odd
1<k<n

n!

oo
“ k\(n-k)!
© To solve the equation acosx+bsinx =c, solve the
equation
C .
cos(x—@)zﬁ, 0 =arg(a+bi)
a +b
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66

Alternating current
Resistance and Capacitance (R-C)

Let a p.d. V be applied across a resistance R and a
capacitance Cin series. The same current I flows through
each component and so the reference vector will be that
representing 1. The p.d. R across R is in phase with 7, and
V., that across C, lags on current 7 by 90°.

Figure showing Resistance and Capacitance in series

Vector sum of ¥, and V. is called Impedance and equals
the applied p.d. V;

Z =V, + jV. where V, and V.. are known as resistance and
reactance respectively.

But V, =IR and V. =IX. where X is the capacitive

1
reactance of C and equals —.
woC
Resistance and inductance (R-L)
The analysis is similar but here, the p.d. ¥, across L leads

on current / and the p.d. ¥, across R is again in phase with
L
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Figure showing Resistance and Inductance in series

Z=V,+jV, where V, and ¥, are known as resistance and
reactance respectively.

But V', =IR and V, =1X, where X, is the inductive
reactance of L and equals oL

or w=2xf.

For the n—branch parallel circuit, Impedance Z is given by:

1 &1
Z_kz_;zk
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End of Unit Assessment answers Learner’s Book page 75

1. a) 3-8 b) 5+5i
1-7i
5

2. a) x =tJ4=%2J-1=42
#3114

=i
2 272

—6+ _ —6+7
o xe 6_\/;,6 44 _ 6_212\5:_31”,&

NG

1
x=1, ——xi—
d) 7

2
3. Plot

c) 100+ 200i d)

b) x

—3+2i

i 2+i
1

—3-2i

. . T
a) 1=cis0 b) i=cis—
2
c) —3i=3cis(—£] d) 1—i=\/§cis(—£j
2 4
e) 2+i= \/gcis(arctan (%D
. . 2
f) =3—-2i =+/13cis (71’ —arctan (ED

-3+2i= \/Ecis 7T + arctan —z
53 g) 3
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4. a) 2cis0=2 b) 3cis 7t =-3
T 3z 32 32
c) cis—=1i d) 3cis—=——-+i——
2 2 2
5. a) i’ =i b) (1+i) =—4(1+i)
_4_ 4 1 \/§
C) (\/g—l) =2 —54‘17
) 3.1 (57) B
6. a) Zo=015(g =7+15, Zl=czs(?j:—7+15,

16 )’
z3:82cis[25—”J
16
7. Polar form: izcis7—7[, Cartesian form:
z, 12
i—ﬁ_ﬁ_l_i £+£
z, 4 4 4 4
7z N2-6
COS——=
12 4
. \/54.\/8
SINn— =
12 4

8. |ei9| =|cos @ +isin 6] =cos’ O +sin* O =1
9. (e"‘g)_1 =(cos@+isin 0)_1

= : _ cosf-isinf :cos@—isin@:cos(—¢9)+isin(—9):e"'19

cosO+isind  cos’ O+sin’ 0
10.The n'" roots of unit are given by:
2k

z, =cis— k=0,1,2,3,....,n—1
n
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The sumis S, =1+z,+z +z +...+z"" (l)
Multiplying both sides by z, gives

Z,8, =2 (1+Zl+zl2+zl3+....+zl"_1)

oz, =z +z+z +z otz (2)
(1)-(2) gives

2 3 n—1
(sn —len):l+zl+z1 +z; +...+2z

. 23 4 _n
Z, =z =2 —Z —....— 2
_ _on
sn(l—zl)— 1-2z
-z
oS, =
l-2z,

But z/ :cis[mq—”):cis(zn) =1, then
n

l-z' -1 0

S

n

- l-z, 1-z 1-z
Thus, the sum of nth roots of unit is zero.

T 1+\/§

11. cos—=
5 4

12. z:—%+yi, yelR
13. §={-3,-2i,2i}
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2001
14, (1,3

—+iX2 =
2 2

15. a) M is a point on circle of diameter [4B] if BM L AM .

We need to check if 24 %5 g pure imaginary.
Zy — 2y

. i . i0
Zy —2y _le"—i_e 1

00 0
z,—z, ie"+i e"+1

which is a pure imaginary.
Thus, M is a point on circle of diameter [4B].

T

b) Rotation of centre o and angle of % is z'=e’z=iz

Zyp =i(1+ie’€):i—e’p

. i /Sl 6
Zy —Zp ieig_i _ i(elg_l) _ (elg—l) = ZZSIHE —tang
Zyp—zy —€’ -1 _iz(em"'l) ) i(ei€+1) ) 2icos— )
2

which is real.
Thus, points B, M and M ' are collinear.

16. Values of x are 2 and -5

17. a) The locus is the mediator of the segment [4B] such
that z, =2 and z, =-1.

b) The locus is the mediator of the segment [4B] such
that z, =2iand z, =-2.

c¢) The locus is the circle of centre 1-3i and radius 2.

d) The locus is the circle of centre —1+0 and radius 1.

e) The locus is the rectangular hyperbola.

f) The locus is the union of 2 bisectors of equations
y=-x and y=x respectively.
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18. The two complex numbers are 142iv2 and 1-2iv2

19. z:cis(liTﬁj,k el

20. Re(z)=0, Im(z):—g

21. || =cot§,arg(z):0—%

e L e e
. = ) 10rz= ) + l

2 2

23. z=6+yi,yeR
24. |sosceles triangle has two sides equal in length different
from the third. We must check if there are two equal

sides among ||ﬁ|| , ||TC1| and ”ﬁ?”
4B =[}4-2i—1-2i] = [3-4i| =9 +16 =5
[4C] =1 -6i—1-24] = || -8if| = Vo4 =8
|BC|=1-6i -4+ 2| =|-3-4i] = o +16 =5

Then, ||Z§||=||§5||¢||25” and hence the triangle is
isosceles.

30
~(B-i 9__ [\B+i \/§—i_2 |
25 Al (1“\@ = WGBS B
b) (i) n=06k.k<{1,2,3,4,5,.....]

(i) n=3m,me{1,3,5,7,9,....}

c) Let z, =1+i z,=1-i
=2 =2
arg(zl)=% arg(z2)=—%

z, = V2cis (%) z, = \/Ecis(—%j
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(1+1) +(1=i —zl+zz—{\/_01 (%ﬂ [Ias( m

o8 ot s o )
] o SR s A ol )
(8 e ) oo 520 o)

o ool ool ) )

n+2

=22 cos (%] as required.

26. a) E(-1)=(-1) +2(-1)"+2(~1)+1=0. Thus, -1 is a
root of E.
b) a=1,b=1,c=1

0 S={_1,_1_i£,_1 ,-ﬁ}

2 22 2
27. a) Complex plane

(1.4)

(4.2

—
o | —
°
—
=

(2.3

.3 . A U
b) ZEZ__2+SZZ_E+3I’ ZB—C=1+41—5=5+41

c) E=§+i
2
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28. a) Polar form: i=£cis[5—”)
z, 12
Algebraic form: i=\/§_1+i\/ngl
z, 4 4
Y4 JE—JE
COS— =
b) 12 4
. Srx x/€+\/§
SINn—— =
12 4

c) The lowest value of n is 12.
29. 11.86N,146.77° from force 4
30. 8.394N, 208.68° from force 4
31. (10+j20)Q, 22.36¢is63.43°Q

32. i(’"—k)
2w

33. [14.424,43.85" lagging |
34. 14.584, 2.51° leading

35. Current I=K
YA

Impedance Z for three branch parallel circuit is given by
1 1 1 1

77277z,

Forour case, Z,=4+3j,Z,=10,Z,=12-5; .

And then,

1t o v 1 2797 764

Z 4+3j 10 12-5; 8450 8450
= 0.343[cos(—15°17')+ jsin(—15°17')]

V

z

=0.331-0904;

[=—= 240xo.343[cos(—15.28°)+ jsin(~15.28" )]
=82.32[ cos(~15.28") + jsin(~15.28") |

Thus, I =82.324,with@=15.28’ lagging .
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Logarithmic and
Exponential Functions

Learner’s Book pages 81 - 141

Key unit competence

Extend the concepts of functions to investigate fully
logarithmic and exponential functions, finding the domain
of definition, the limits, asymptotes, variations, graphs,
and model problems about interest rates, population
growth or decay, magnitude of earthquake, etc

Vocabulary or key words concepts
Depreciation: A negative growth (diminishing in value
over a period of time).

Earthquake: A sudden violent shaking of the ground as
a result of movements within the earth’s
crust.

Richter scale: A logarithmic scale for expressing the
magnitude of an earthquake on the basis
of seismograph oscillations.

Guidance on the problem statement

The problem statement is “The population Pof a city increases
according to the formula P =3500e“ where ¢ is in years and
t=0 corresponds to 1980. In 1990, the population was

10,000. Find the value of the constant a, correct your answer
to 3 decimal places.”
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From this problem, if =0 corresponds t01980, then 1990
corresponds to 1 =10 and this gives the following equation:

500e” =1000 or e =2.

To find the value a, we take In on both sides and we get

Ine' =In2 or 10alne=ln2:>a=lil—02:0.069. Such kind

of problems are solved using logarithms.

List of lessons

No | Lesson title Number of periods

1 Domain and range of natural logarithmic | 1
function

2 Limit and asymptotes for natural 1
logarithmic function

3 Derivative of natural logarithmic function |1

4 Variation and curve of natural logarithmic | 2
function

5 Domain and range of logarithmic function |1
with any base

6 Limit and asymptotes for logarithmic 1
function with any base

7 Logarithmic differentiation

8 Further differentiation 1

9 Variation and curve of logarithmic function

with any base

10 | Domain and range of exponential function | 1

with base e

11 Limit and asymptotes for exponential 1
function with base e

12 | Derivative of exponential function with 1
base e

13 | Variation and curve of exponential function | 2
with base e

14 | Domain and range of exponential function | 1
with any base
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15 | Limit and asymptotes for exponential 1
function with any base
16 | Derivative of exponential function with any | 1
base
17 | Variation and curve of exponential function | 2
with any base

18 | Compound interest problems
19 | Mortgage amount problems

20 | Population growth problems
21 Depreciation value problems
22 | Earthquake problems

23 | Carbon-14 dating

Total periods 28

Lesson development

Lesson 2.1. Domain and range of natural
logarithmic functions

= === N

Learning objectives
Given any logarithmic function, learners should be able to
find its domain and range accurately.

Prerequisites

® Finding domain of polynomial, rational/irrational and
trigonometric functions.

® Finding range of polynomial, rational/irrational and
trigonometric functions.

Teaching Aids
Exercise book, pen and calculator

Activity 2.1 Learner’s Book page 82

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

® Critical thinking
® Self confidence
® Communication
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® Cooperation, interpersonal management and life
skills

® Peace and values education
® Inclusive education
® Financial education
Answers

= Inx = Inx 2 Inx
-0.8 | impossible 0.2 |-1.61 1.5 ]0.40
-0.6 | impossible 0.4 1-0.91 2 0.69
-0.4 | impossible 0.6 | -0.51 2.5 0.91
-0.2 | impossible 0.8 -0.22 3 1.09
0 impossible 1 0 3.5 1.25

1. (i) For negative x values and zero, In is impossible.
(ii) For x values between O and 1, In is less than zero.
(iii) For x values greater than 1, In is greater than zero.

2. Curve

Figure 2.1: Curve of y =Inx

Synthesis

From figure 2.1, Inx is defined on positive real
numbers, ]O,+oo[ and its range is all real numbers that
is domf =]0,+00] and Im f = ]—oo,+o0] .
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Exercise 2.1 Learner’s Book page 84

1. a) J0,+o b) ]0,4[
c) ]—oo,+oo[ d) ]—00,3[
2. 316.2

Lesson 2.2. Limit and asymptotes for natural
logarithmic functions

Learning objectives
Given a natural logarithmic function, learners should be able
to evaluate limits and deduce relative asymptotes accurately.

Prerequisites
® Evaluating limits.
® Finding relative asymptotes.

Teaching Aids

Exercise book, pen and calculator
Activity 2.2 Learner’s Book page 84 ‘Q

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Self confidence

Communication

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

@@ @9OOQ

Answers

1. lim Inx does not exist since at the left of zero In is

x—0"

impossible.
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2.

If x takes on values closer to O from the right, we have

X Inx

0.5 -0.69315
0.45 |-0.79851
0.4 -0.91629
0.35 |-1.04982
0.3 -1.20397
0.25 |-1.38629
0.2 -1.60944
0.15 |-1.89712
0.1 -2.30259
0.05 |-2.99573

We see that if x takes on values closer to O from the
right, Inx becomes smaller and smaller negative.
Then lim Inx =—. There is a vertical asymptote

x—>0"

x=0.

If we give to x the values of the form 10" (n e N),
In10" =nln10~2.30n and let n take values 1, 2, 3,

4.5 6,7,8,9, 10,..., we have;

In x
n x=10" Inx —
X

1 10 2.302585 | 0.230258509
2 100 4.60517 |0.046051702
3 1000 6.907755 | 0.006907755
4 10000 9.21034 |0.000921034
5 100000 11.51293  0.000115129
6 1000000 13.81551 | 0.000013816
7 10000000 16.1181 |0.000001612
8 100000000 18.42068 | 0.000000184
9 1000000000 | 20.72327 | 0.000000021
10 | 10000000000 |23.02585 | 0.000000002

We see that if x takes on values of the form 10" (n e N),
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Inx becomes larger and larger without bound and
consequently approaches no fixed value. Then
lim In(x) = +o0. There is no horizontal asymptote.

x—>+0

Also, that if x takes the values of the form

10" (neN), oz becomes closer to zero.
X

Then, lim L

X—>+© X

There is no oblique asymptote.

Synthesis

As conclusion, }irpwlnx=+w and lim Inx =—o0

x—0"

There exists a vertical asymptote with equation V4=x=0

No horizontal asymptote.

Exercise 2.2 Learner’s Book page 86

I 2)0 3) o 4) +o

Lesson 2.3. Derivative of natural logarithmic
functions

Learning objectives
Given a natural logarithmic function, learners should be able
to differentiate it accurately.

Prerequisites

® Definition of derivative.

® Differentiating a polynomial, rational/ irrational and
trigonometric functions.

Teaching Aids
Exercise book and pen
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Activity 2.3 Learner’s Book page 86

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

ln(x+h)
l (1nx)'=limln(x+h)_lnx lim— X )

h—0 h h—0 h

1
=limlln(x+hj =lim1n(1+ﬁ)h
=0} X h—0 X

Let u=ﬁ:>h=ux

X
If 27— 0,u—0

h—0 X u—0

. Wy .
limln| 1+—= | =limIn(1+u)w

1 1
= lim = In (1+u)x

u—0 x

1. 1
=;£1_1)131n(1+u)u

1
~Lintim(14u)e

X u—0
1 1
=—Ine since lim(1+u)« =e
X u—0
_ 1
x
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1
Inx)'=—
Thus, (Inx) .
2. (hw)':lu':”_'. Thus, (1nu)'=u— where u is
u u u
another differentiable function.

S ENE

(lnx)'=l; if u is another differentiable function of x
X

then, (lnu)‘zu—.
u

Exercise 2.3 Learner’s Book page 87

] 2Mnx 5 tan” x +1 3 X
X tan x x' =1
2 xtan x —In(sinx
4., 3 5. 2( ) 6 —ta,nx+l
x =1 X X
_ 2In(vVx+1)+1
7. tanzx—1 lI;x+1 8. ( 2)
3x 2(x+1)

Lesson 2.4. Variation and curve sketching of
natural logarithmic functions

Learning objectives
Given a natural logarithmic function, learners should be able
to study the variation and sketch its curve perfectly.

Prerequisites

® Finding domain and limits at the boundaries of the
domain.

Deducing relative asymptotes.

Finding first and second derivative.

Variation and concavity of a function.

Sketch a curve in Cartesian plane given some points.

SONCNONC)

Teaching Aids
Exercise book, pencil, instrument of geometry and calculator
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Activity 2.4 Learner’s Book page 87

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

1. f(x)=Inx. The domain is ]0,+o0[.

lim f(x)=—o0- There is a vertical asymptote x=0

x—0"

lim f (x)=+o0. There is no horizontal asymptote

X—>+00

i 280 e T e s i clienc
X—>+00 X X—>+00 X
asymptote.

2. f(x):lnx:f'(x):l- Since x € 0,40, f'(x) is
X
always positive and hence f(x)=Inx increases on
its domain. Since f'(x) =l¢ 0, there is no extrema
X

(no maximum, no minimum).

3. f'(x)=%:>f"(x)=—%- f"(x) is always negative

and hence the concavity of f(x)=Inx is turning

down on its domain. Since f"(x):—iz;eo, there is
no inflection points. *
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4. Completed table of variation

X 0 1 e +00
Sign of I + + + + +
f'(x)
Sign of I R - - - -
fn(x)
Variation g
of f(x) . / 1

—o /
Concavity /—\
of f(x)

5. Intersection of /' (x) with axes of co-ordinates:
There is no intersection of f(x) with y—axis since
this axis is an asymptote.

Intersection with x— axis :
f(x)=0=Ihx=0=Inx=In1=x=1. Then,

S (x)nvox={(1,0)}-
6. Additional points

0.1 /0.3 |05 |0.7 |09 1.1 |13 15 |1.7 |19 |21

-23|-1.21-0.7|-041-0.1|0.1 |03 (04 |05 |06 |0.7

23 |25 (2.7 |29 |31 |33 |35 |3.7 |39

08 |09 |10 |I1.1 |I1.1 |1.2 |13 |13 |14

Graph

85




Advanced Mathematics for Rwanda Secondary Schools Teacher’s Book Six

SO ENE

To sketch a function, follow the following steps:

Q9@® @ @©® @@

Find domain of definition.

Evaluate limits at the boundary of domain and
deduce relative asymptotes.

Find first derivative. Deduce maxima and draw
variation table.

Find second derivative. Deduce inflection points and
draw concavity table.

Find x and y intercepts.

Find additional points.

Sketch the curve.

For other function, you may need to study party and
periodicity. Also, you may need to find tangent lines at
remarkable points (maxima, inflection points, x and y
intercepts)

Exercise 2.4 Learner’s Book page 91

1.

Domain of definition: ]—o0,0[ W ]0,+o0]
Vertical asymptote x=0

f(x) decreases on interval ]-»,0[ and increases on
interval ]0,+o0] .

Curve
o
T
5 =
‘c\ﬂ‘
e )
™ - gl
Y P
7 6 5 4 3 2 N 0
\¥
M
o
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2. Domain of definition: ]-1,+o0]
Vertical asymptote: x=-1
g(x) increases on its domain
Curve
-
Il 4
1Ll 4
‘lg 3
~| g(x)=In(x+1) 4
1 __,/—-_'—-‘-_
Bl o -
-7 -6 -5 4 3 -2 4 0 4 6 T
3. Domain of definition: ]0,+oo[
Vertical asymptote: x=0
h(x) increases on its domain
Curve
L3 e
o
= =
4 il
| =
o A==t
X =
7 6 -5 4 3 -2 -1 0 /1 4 5 7
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4. Domain of definition: ]-o0,1[ U ]2,+00]
Vertical asymptote: x=1 and x=2
k(x) decreases on interval J-oo,1[ and increases on
interval ]2,+o0]

Curve
Ta b
§ “Ip
— 4 {H m
T~ J 3= o
= e [
\ - /
\\j /r
- P
7 % 5 4 3 3 1 0\ / g 5 g F

L
)
i®)

[k

=)
——

=
Rt

=
——

Lesson 2.5. Domain and range of logarithmic

88

function with any base

Learning objectives
Given a logarithmic function with any base, learners should
be able to find the domain and range accurately.

Prerequisites
® Domain of a natural logarithmic function.
® Range of a natural logarithmic function.

Teaching Aids
Exercise book, pen and calculator
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Activity 2.5 Learner’s Book page 91

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

Financial education

@99 @O

Answers

1. Existence condition: x>0

Hence, Domf =]0,+oo[
Limit on boundaries

From limits on boundaries, we get that range of f(x)
is o0, +oo[ .
2. Existence condition: x>0
Hence, Domg =]0,+o0[
Limit on boundaries

. Inx . Inx . Inx
hrq — =400 lim ] =lim =—®
x—0 In— X—0 T X—>0 —11’12
2 2

From limits on boundaries, we get that range of
g(x) is J-oo,+oo[ .
S ENE

Logarithm of a real number x with base a is the number

denoted log, x definedby log,, x = in_x xeR;, aeRy\{1}
na
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By letting @ =2, the curve of f(x)=log, x is the
following

Pz
MR
34 VA=x=0 — ]
e
2 //V:k’gzx
"
X
2 -1 0 0

S

A

Figure 2.2: Curve of y=log, x

By letting a L you get the curve of f(x)=loglx as

27
. N 2
illustrated in figure 2.2.
M R4
X
2 10 4 7 10
. y=log, x
2
2. \
VA=x=0 —

Figure 2.3: Curve of y =log, x
2
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Exercise 2.5 Learner’s Book page 94

1. 0,40 2. ]—00,—1[U]1,+oo[
3. Jroo,—1[ U4, 4o 4. -5-2[u]-2,0]

Lesson 2.6. Limit of logarithmic function with
any base

Learning objectives

Given a logarithmic function with any base, learners should
be able to find limits and deduce its relative asymptotes
accurately.

Prerequisites
® Limit of natural logarithmic function.

Teaching Aids

Exercise book, pen
Activity 2.6 Learner’s Book page 94 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRC NCNCNC)

Answers

1. Domf =10,4+0[ and In3>0,

lim In x
In x + —0

lim f(x)=lim =20 = =—©
10" f( ) 0" In3 In3 In3
There is a vertical asymptote VA=x=0

lim In x
lim f(x)= lim BX cemw T _F0_
X+ x>+0 In 3 In3 In3

91




Advanced Mathematics for Rwanda Secondary Schools Teacher’s Book Six

There is no horizontal asymptote

lim 1%
tim 28 _ iy 0% _ e w0
xoto X x>+0 x1n 3 In3 In3

There is no oblique asymptote

2. For 0<l<1, lnl<0,
3 3

limlnx
lim f (x) = lim =7 =220 = = = 4o
x>0 x—0 lIlf ln— 1]1*
3 3 3

There is a vertical asymptote V4=x=0

e lim In x e

lim f(x)= lim 1="_’+°°1 =— =

In— In— In—
3 3 3

There is no horizontal asymptote

limln—x
tim 2 _ i 1“"1:"**” X °1=o
X—>+00 X X—>+00 pe ln 1 ln < ln 1
3 3 3

There is no oblique asymptote.

S ENE

Figure 2.4 and figure 2.5, are helpful to note that

limlog, x =—00 and lim log; x = +o0
x—0 X—>+00

linglog1 x=+00 and lim log, x=—-o.

X—>+0

[

1 VA=x=0

y=log;

Figure 2.4: Curve of y =log, x
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Tra=x=0

Figure 2.5: Curve of y =log, x

3
Generally, calculating limit of logarithmic function
with any base, for example log, x, from definition

1 .
log, x =1n—x, you get the following results:
na

-0 if a>1
lim =
® x_>o+f(x) +o if O0<a<l
Thus, there is a vertical asymptote VA=x=0
+oo  if a>1
lim =
® x—>+oof(x) {—OO lf‘ O<acx<l

Then, there is no horizontal asymptote. In addition,
no oblique asymptote.

Exercise 2.6 Learner’s Book page 95

1. 4 2. to 3. —® 4, +©
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Lesson 2.7. Logarithmic differentiation

Learning objectives
Given a logarithmic function with any base, learners should
be able to find its derivative accurately.

Prerequisites
@ Differentiation of natural logarithmic functions.

Teaching Aids
Exercise book and pen

Activity 2.7 Learner’s Book page 95

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRENC NCNCNC)

Answers

1

Inx 1

L f(2)=2E s p(x)= X =

xIn2

1 /
5 (mxzj/ ?(xz) o 2

In2 B In2 :x21n2:xln2
Synthesis

As conclusion, (loga x)': . Also, if u is another

xlna
differentiable function of x, then

(log,u)'=

ulna
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Exercise 2.7 Learner’s Book page 96

2x+2 6
1. 2. _
(x2+2x+1)1n10 (x2—4x—5)1n2
. —3x*-2 4. \/;sin\/;
(2x3+4x—16)ln2 2xIn3cos/x

Lesson 2.8.

Further logarithmic differentiation

Learning objectives

Given a function containing more complicated products
and quotients, learners should be able to differentiate it
moderately.

Prerequisites

® The laws of logarithms,

® The derivative of logarithmic functions, and
® The differentiation of implicit functions.

Teaching Aids
Exercise book and pen.

Activity 2.8 Learner’s Book page 96

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRENC NCNCNC)
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Answers
x+1
l. y=——
y x—3

: . . 1
Taking In on both sides gives Iny X

Applying laws of logarithms, we get -
lnyzln(x+l)—ln(x—3)

2. Differentiating with respect to x yields
ldy 1 1

;dx x+1 x-3°

Rearranging gives @ _ (_1 1 j

ax \x+l x-3
Substituting for y gives QZVHJ( 11 J
dc \(x-3){x+1 x-3

ST ENE

For functions containing more complicated products
and quotients, differentiation is often made easier if the
logarithm of the function is taken before differentiating.
And then apply the property of differentiation of implicit
functions.

Exercise 2.8 Learner’s Book page 98
1 Q:(x—z)(xﬂ)[ LN SR SR j
dx (x—l)(x+3) x=2 x+1 x-1 x+43

dy _ (2x—1)M( 2 1 1 3 )

+ — —
dx (x=3) (x+1)3 2x—1 2(x+1) x-3 2(x+1)

3. ﬂ: 39sin000s0(1+tan0—cot0]
do o0

3
4, & _x lr}2x DL T
dx e'sinx\x xln2x

4
5 szf tanx(i_i_. 1, j
dx e*Iln2x\x sinxcosx xIn2x
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Lesson 2.9. Variation and curves of logarithmic
functions with any base

Learning objectives
Given a logarithmic function with any base, learners should
be able to study the variation and sketch its curve accurately.

Prerequisites

® Finding domain and limits at the boundaries of the
domain.

Deducing relative asymptotes.

Finding first and second derivative.

Variation and concavity of a function.

Sketch a curve in Cartesian plane given some points.

ONCNCONC)

Teaching Aids
Exercise book, pencil, instrument of geometry and calculator

Activity 2.9 Learner’s Book page 98

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRENC NCNCNC)
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Answers

1.

f(x)=log, x

a)

b)

c)

d)

From Activity 2.6

lirg f(x)=—
There is a vertical asymptote VA=x=0
lim f(x) = +00

There is no horizontal asymptote. In addition,
no oblique asymptote.

In N 1
/ (x):(anJ - In2 - In2

For n2>0, f'(x)=

1 )
>0 since x>0
xln2

The function f(x) log x increases on its

domain f'(x)=
extrema.

vy (1Y 1
f(x)_(xanJ Ty

For In2>0, f"(x):—%<0 since x* >0
X n

#0, for Vx>0, no

xIn2

The concavity of function f(x)=1log, x turns
downward on domain of f(x).

f(x)=- 21 5 #0, for Vx>0, no inflection
points.
Intersection of f(x) with axes of co-ordinates:

No intersection with y —axis since this axis is a
vertical asymptote.
Intersection with x —axis :

Inx

log,x=0& —=0hx=0=>x=1.
In2

Hence, f(x)nox={(1,0)}
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e) Additional points for f(x)=1log, x

0103, 05/07/09]1.1|13|15|1.7 |19

-33/-1.7/-1.0/-05/-0.2/ 0.1 | 0.4 | 0.6 | 0.8 | 0.9

211231252729 3133|3537 39

1.1/12113|14 15 16|1.7|18|19 20

Curve

7} g(x)zloglx

2
a) From Activity 2.6
lim g (x)=+o0

x—>0"

There is a vertical asymptote y4=x=0
lim g (x)=—o0

X—>-+0

There is no horizontal asymptote. In addition,

no oblique asymptote.
/

1
vy |Imx| 1 2
D) &)= | === T~ ma
In— In— xIln—
2 2 2

since ln% =—In2

For In2>0, g'(x)= <0 since x>0

—xIn2
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The function g(x)=10g1x decreases on its
domain :

g'(x)= _xinz #0, no extrema.

1Y 1
¢) g(x):(—xln2j:x2ln2

For n2>0, g"(x):%>0 since x* >0

The concavity of function g(x)=log, x turns

upward on domain of g(x). ’

g"(x)= = 11n2 #0, no inflection points.

d) Intersection of f(x) with axes of co-ordinates

No intersection with y—axis since this axis is a
vertical asymptote.
Intersection with x —axis :

In

10g1x=0<:>—x=0<:>lnx=0:>x=l.
) In2

Hence, f(x)ﬁox={(130)}-

e) Additional points for g(x)=log, x
2

01,/03/05/07]{09)1.1 13|15 17|19

33/1.7110]05]02|-01-04)-0.6|-0.8|-0.9

21123 25,27 ,29|31 3335|3739

-1.1/-1.2}-1.3 /-14|-15|-16 | -1.7 | -1.8|-1.9 | -2.0
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Curve

3
VA=x=0 \

S ENE
To sketch a function, follow the following steps:

Find domain of definition.

Evaluate limits at the boundary of domain and
deduce relative asymptotes.

Find first derivative. Deduce maxima and draw
variation table.

Find second derivative. Deduce inflection points and
draw concavity table.

Find x and y intercepts.

Find additional points.

Sketch the curve.

For other function, you may need to study parity and
periodicity. Also, you may need to find tangent lines at
remarkable points (maxima, inflection points, x and y
intercepts).

@OO® @®@ @©® @@
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Exercise 2.9 Learner’s Book page 102

1. Domain: ]-1,+o[
Vertical asymptote: x =-1
f(x) increases on its domain

Curve
- y
ey 4
|
. (x)=tog; (x+1) |
o
-5 -4 -3 2 E | 4

2. Domain: ]2,+o[
Vertical asymptote: x =2

g(x) increases on its domain
Curve

Y]

glx)=log;(2x—4)

VA= x
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3. Domain: J-o0,0[ U ]0,+00]
Vertical asymptote: x=0
h(x) increases on interval ]-0,0[ and decreases on
interval ]0,+o0
Curve
I—. \L. S R R
/‘ \ Xy=1ogi (%)
g ar
-5 -4 -3 -2 1 o 2 4 J
s O
il
" e ~
il
P
il N
e -5 ¥
4. Domain: ]0,+o0]
Vertical asymptote: x=0
k(x) decreases on its domain
Curve
5
2 [ Neopgan e e
1 & )=log;
2 x
-5 -4 -3 -2 -1 1]1 ""'--. 4 5
+— 1
|
=
Ll
B
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Lesson 2.10. Domain and range of exponential

3 3
functions with base "¢"

Learning objectives
Given an exponential function with base "e", learners should
be able to find domain and range accurately.

Prerequisites
® Domain of natural logarithmic function.
® Range of natural logarithmic function.

Teaching Aids
Exercise book and pen

&; Activity 2.10 Learner’s Book page 102

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

Financial education

Q99 @O

Answers

We saw that the domain of f(x)=Inx is ]0,+e[ and its
range is R . Since g(x) is the inverse of f(x),

the domain of g(x) is R and its range is ]0,+o0[ .
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SO ENE

The domain of definition of y=e* is ]-o0,+o0] and its
range is ]0,+o0[ as illustrated in figure 2.6.

I
|
|/

[

N

Figure 2.6: Curve of y =e*

Exercise 2.10 Learner’s Book page 103

1) R\{2,5} 2) R 3) 10,400  4) [4,+o0

Lesson 2.11. Limit of exponential functions
with base "¢"

Learning objectives

Given an exponential function with base "e", learners
should be able to find limit and deduce relative asymptote
accurately.

Prerequisites
® Finding limits using table of values.
® Deduction of relative asymptotes.

Teaching Aids
Exercise book, pen, calculator and instruments of geometry
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Activity 2.11 Learner’s Book page 104

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

1. Completed table

x | e x |e

-1 0.36787944117144 1 2.7182818

-2 ]0.13533528323661 2 7.3890561

-5 10.00673794699909 5 148.4131591

-15 | 0.00000030590232 15 | 3269017.3724721
-30 | 0.00000000000009 30 | 10686474581524.5

2. From table in 1), when x takes values approaching
to —wo, e takes value closed to zero. Hence,
lime* =0,

There exists a horizontal asymptote y =0, no oblique
asymptote.

Also, when x takes value approaching to +o, €

increases without bound. Hence, lirg e’ =+,
X 00
There is no horizontal asymptote.
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3. Graph

<
=

=)}
—

9]
\

w
\
N

(5]

o

S ENE

From the above figure, it is clear that

lime* =0 and lim e" =+o0,

X—>—c0 x>+

There exists horizontal asymptote: H. A=y =0.

. e . e
lim — =0, lim — =+
x—>—0 x X+ y

There is no oblique asymptote.

Exercise 2.11 Learner’s Book page 105

1. e 2.0 3. 4o
4. 0

107




Advanced Mathematics for Rwanda Secondary Schools Teacher’s Book Six

Lesson 2.12. Derivative of exponential functions
with base “¢”

Learning objectives
Given an exponential functions with base "e", learners should
be able to differentiate it correctly.

Prerequisites
@ Use the derivative of natural logarithmic function.
® Rule of differentiating inverse functions.

Teaching Aids

Exercise book and pen
ﬁ Activity 2.12 Learner’s Book page 105

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCYRENC NCNCNC)

Answers

L f'(x)=—F—

f(x)=e"= f7(x)=Inx but (lnx)':l

X

2. (fog)'=f'(2)g". Then, (") =u'e

S ENE

(ex)'zex and if u is another differentiable function of x,

(eu)':uleu.

108




Logarithmic and Exponential Equations

Or from the definition of differentiation,

df(x) _ o S+ =f(x) s,
h

dx h—0

~—
Il
S
—_
Q
=
~—~—
=

Exercise 2.12 Learner’s Book page 106

1. 2e2x—1 2. 2(e2x +e—2x)
O (x—2)ex
3. (1+tan x)e 4. —(x—1)|x—1|

Lesson 2.13. Variation and curve of exponential
functions with base "."

Learning objectives
For an exponential function with base "e", learners should
be able to study the variation and sketch its curve accurately.

Prerequisites
® Reflecting a curve about the first bisector.
® Properties of inverse functions.

Teaching Aids
Exercise book, pencil, calculator and instruments of geometry.
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Activity 2.13 Learner’s Book page 106

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCRENCRONCONC)

Answers

When reflecting the curve of f(x)=Inx about the first
bisector, we obtain

T (x)=lnx

Figure 2.6: Reflection of y =Inx about first bisector

Synthesis

Since e' is the inverse of Inx, the curve of g(x)=¢" is

the image of the curve of f(x)=Inx with respect to the
first bisector, ¥ =x. Then, the coordinates of the points

for f(x)=Inx are reversed to obtain the coordinates of

the points for g(x)=e".
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Exercise 2.13 Learner’s Book page 109

1. Domain: ]-oo,+o0[
Horizontal asymptote: y =0
f(x) increases on its domain

Curve
o 14
& J
JoL
) /f(x) zenl
{/
~ Hi=y-0 .

-
=X

4
=&

&
=

2. Domain: ]—o0,0[w]0,+0]
Vertical asymptote: x =0 and horizontal asymptote:
y=0
g(x) increases on interval J1,+oo[
g(x) decreases on intervals: ]-o0,0[ and ]0,1]

Curve
IS4
4 /
3 o\\-./g x):c"
lL 3
u
%
HA-= Y= X
5 4 3 2 \0 2
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3. Domain: ]—oo,+o0
Horizontal asymptote: y =0
h(x) increases on its domain

Curve
EAhy I
1 )=
: / HA=y=0
5 A JAE LB W g 1 2 4

4. Domain: J-o0,—2[ U]-2,+[
Vertical asymptote: x =-2 and horizontal
asymptote: ¥y =0
k(x) decreases on interval ]-o0,—2[U]-2,~1[ and
increases on interval |-1,+o0]

Curve
N /
&) 3 &
||\ . /k x)= T
=
il i '/
SN HA=y=0 |
-5 -4 -3 £ 1 o 1 4
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Lesson 2.14. Domain and range of exponential
functions with any base

Learning objectives
Given an exponential functions with any base, learners should
be able to find the domain and range accurately.

Prerequisites
® Domain of logarithmic function with any base.
® Range of logarithmic function with any base.

Teaching Aids
Exercise book and pen

Activity 2.14 Learner’s Book page 110

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

Financial education

OO @O

Answers

We know that the domain of f(x)=log, x is ]0,+%[ and
its range is R . Since g(x) is the inverse of f(x), the
domain of g(x) is R and its range is ]0,+o] .

S ENE

The domain of f(x)=a" with a>0 and a #1, is the set
of real numbers and its image is the positive real numbers.

Exercise 2.14 Learner’s Book page 111

1. R\{—S,—2} 2. R
3. ]—oo,—l]u]3,+oo[ 4. ]—oo,—3[u]—2,+oo[
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Lesson 2.15. Limit of exponential functions
with any base

Learning objectives

Given an exponential functions with any base, learners should
be able to evaluate limit and deduce relative asymptotes
accurately.

Prerequisites
® Finding limits using table of values.
® Deduction of relative asymptotes.

Teaching Aids

Exercise book, pen and calculator
ﬁ Activity 2.15 Learner’s Book page 111

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

NI C MO NCINC)

Answers

1. a) Table of values

X o X R
-1 0.5 1 2

-2 0.25 2 4

-5 0.03125 5 32

-15 1 0.0000305176 15 32768

-30 | 0.0000000009 30 1073741824

b) From table in a), when x takes values
approaching to —oo, 2* takes values closed to zero.

Hence, lim 2* =0,
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There exists a horizontal asymptote y=0, no
oblique asymptote.

Also, when x takes values approaching to +ow, 2°
increases without bound. Hence, lierzx =400 ,
There is no horizontal asymptote.

2. a) Table of values

- ) - i)

-1 2 1 0.5

-2 |4 2 0.25

-5 32 5 0.03125

-15 132768 15 0.0000305176
-30 | 1073741824 30 0.0000000009

b) From table in a), when x takes values approaching

to —>©, (l) increases without bound. Hence,
2

x——0

lim [1] = +o0. There is no horizontal asymptote.

Also, when x takes values approaching to +o, (lj
2

. (1Y
takes values closed to zero. Hence, xlggo (5) =0,

There exists a horizontal asymptote y =0, no oblique
asymptote.

Synthesis

If a>1, lima* =0 and lim a* =+

X——0 X—>+®0

If 0<a<1, lima" =+0 and lima* =0
X—=00

X+

There is horizontal asymptote y=0.

No vertical asymptote since the domain is the set of real
numbers. In addition there is no oblique asymptote.
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Exercise 2.15 Learner’s Book page 115

1. 1 2. € 3. €
4. e 5. & 6. e

Lesson 2.16. Derivative of exponential functions
with any base

Learning objectives
Given an exponential functions with any base, learners should
be able to differentiate it accurately.

Prerequisites
® Derivative of logarithmic function with any base.
® Rule of differentiating inverses functions.

Teaching Aids
Exercise book and pen

Activity 2.16 Learner’s Book page 115

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCRECNCNCNC)

Answers

L. f'(x)=—7+r—

f(x)=3"= f"(x)=log,x but (log,x)'=
f'(x)=+=3xm3
3*In3

xIn3
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Thus, (3') =3"1n3
2. (fog)'=f'(g)g' Then, (3""5")/ :(cosx)'(3°°”)(ln3)
Or (3°°” )/ = —sinx(3°°”)(ln3)

Synthesis

As conclusion, (a")‘: a*Ina. Also, if u is another

differentiable function of x, we have (¢")'=u'a"Ina

Exercise 2.16 Learner’s Book page 116

1. @) 2(03)m(03) b 1ox(l+1nx1nlo)
X

c) sinx(sinx+2xcosx) d) x(4)lnx (2+1n4)

e 1 1
In 1 -
2. a) In2 b) e(e + ) c) 5 d) 5

Lesson 2.17. Variation and curve of exponential
functions with any base

Learning objectives

Given an exponential function with base any base, learners
should be able to study the variation and sketch its curve
accurately.

Prerequisites
® Reflecting a curve about the first bisector.
® Properties of inverse functions.

Teaching Aids
Exercise book, pencil, calculator and instruments of geometry
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Activity 2.17 Learner’s Book page 117

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

1. When reflecting the curve of f(x)=1log, x about the
first bisector, we obtain

f(x)=log, x

|
|

Figure 2.8: Reflection of y = log2 X about first bisector
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2. When reflecting the curve of f(x)=log, x about the
first bisector, we obtain g

y

BN
1\

Figure 2.9: Reflection of log 1 X about first bisector

2
Synthesis

As a is the inverse of log, x, we can obtain a curve of
a* by symmetry with respect to the first bisector y =x.

If a=2, we have f(x)=2".

41 -36| -32| -28] 24 20 -16] -1.2) -08] -04

0.06 | 0.08 | 0.11| 0.14| 0.19| 0.25 | 0.33 | 0.44 | 0.57 | 0.76

0 0.4 08 12| 16 2| 24| 28 32| 36 4

1.00| 1.32| 1.74| 2.30| 3.03| 4.00| 5.28| 6.96| 9.19|12.13|16.00

Curve:

U
L G e A - )

0 9 8 7 6 -5 4 3 2 - 0
-1

Figure 2.10: Curve of 2*
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-1.6

16| 12.13 1 9.19 | 6.96 | 5.28

3.03

230 |1.74]1.32

1.00

0.4 |08 1.2 16 |2

2.4

28 |32

3.6

0.76 | 0.57 | 0.44 | 0.33 | 0.25

0.19

0.14 |0.11

0.08

0.06

Curve:

—
e

U A
© K D3

N — ]

—
"

-
9% e > =

w & 0 oo

Figure 2.11: Curve of GJ

Exercise 2.17 Learner’s Book page 119

1. Domain: ]-oo,+o0|

Horizontal asymptote: y =0
£ (x) increases on its domain

Curve

120




Logarithmic and Exponential Equations

2. Domain: J—oo,+o0
Horizontal asymptote: y =0
g(x) increases on interval ]0,+c[ and decreases on
interval: ]0,+oo
Curve

th

-

N
~
%

=

=

HA=%= X

3. Domain: ]-oo,+o0]
Horizontal asymptote: y =0

h(x) decreases on its domain
Curve

th

[

\
\
\

HA

I
et
Il
(=]
r
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4. Domain: ]—oo,+oo|
Horizontal asymptote: y =0
k(x) increases on interval ]-oo,—1[ and increases on
interval ]-1,+oo
Curve

1 X +ia+d
k(x)= [_]

[
[

Lesson 2.18. Compound interest problems

122

Learning objectives

By reading text books or accessing internet, learners should
be able to use logarithmic and exponential functions to solve
compound interest problems accurately.

Prerequisites
® Use of logarithmic and exponential functions.

Teaching Aids
Exercise book, pen and textbooks or internet if available.
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Activity 2.18 Learner’s Book page 120

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Research

Peace and values education

Inclusive education

Financial education

@999 @©OWO

Answers

If P is the principal, n is the number of years, r is the
interest rate per period, k£ is the number of periods per
year, and A the total amount at the end of periods, then

kn
A=P(l+£)
k

Here, P=4000, » =0.06, k=4, n=>5
Then,

0.06)" 2
4=4000) 1+== =4000(1.015)" =5387.42

After 5 years there, will be 5,387.42 FRW on the account.

Synthesis

If P is the principal, n is the number of years, & is the
interest rate per period, k is the number of periods per
year, and A the total amount at the end of periods, then

7 kn
A=P(1+—J
k
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Exercise 2.18 Learner’s Book page 121

1) 11,358.24 FRW 2) 7,007.08 FRW
3) Approximately 7.9 years  4) Approximately 6.3 years
5) Approximately 23.1 years

Lesson 2.19. Mortgage amount problems

Learning objectives

By reading text books or accessing internet, learners should
be able to use logarithmic and exponential functions to solve
mortgage amount problems accurately.

Prerequisites
® Use of logarithmic and exponential functions.

Teaching Aids
Exercise book, pen and textbooks or internet if available.

g Activity 2.19 Learner’s Book page 121

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Research

Peace and values education

Inclusive education

Financial education

QOO @OWO@

>
=}
0
-3
D
7]

The following formula illustrates the relationship:
™
p=—21"

—nt
1—(1+r]
n
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Where
P =the payment  r theannual rate,

M =the mortgage amount | t=the number of years and
n=the number of payments per year

Here, P =800, M =100000, n =12, » =0.09 and we need ¢.
Now,

0.09x100000
12

800 = —

1—(1+0'09j

12
QSOOZL% <:>(1.0075)—12t :_@4_1
1—(1.0075) 300
12 —750+800

@1—(1.0075)‘1”:% & (10075) ¥ ===

a1
& —(1.0075) " =%_1 < (1.0075) ™ =

Take natural logarithm both sides

= (1.0075) ™ =L & —12/1n(1.0075) = In —
16 16

,_In(0.0625)

~In(1.0075)
Then, you have to make payments to pay off the mortgage
in approximately 30 years and 11 months. You would
have 370 payments of 800 FRW and the last payment

would be 850.40 FRW. The interest paid over the term of
the mortgage would be 216,850.40 FRW.

Synthesis

There is a relationship between the mortgage amount M,
the number of payments per year n, the amount of the

payment P, how often the payment is made ¢, and
the interest rate . The following formula illustrates the

i
n

—
1—[1+j
n

= & —12t=-371.06 = ¢ =30.92

relationship: P =
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Exercise 2.19 Learner’s Book page 123

1. 2,400,000 FRW 2. 2,400,000 FRW
3. 12,719.89 FRW 4. 8.42%

Lesson 2.20. Population growth problems

Learning objectives

By reading text books or accessing internet, learners should
be able to use logarithmic and exponential functions to solve
population growth problems accurately.

Prerequisites
® Use of logarithmic and exponential functions.

Teaching Aids
Exercise book, pen and textbooks or internet if available.

g Activity 2.20 Learner’s Book page 124

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Research

Peace and values education

Inclusive education

OO @O

Answers

If F, is the population at the beginning of a certain period
and r% is the constant rate of growth per period, the

population » periods will be P, =Po(l+r)”
Here, P, =1,000, r=0.5,n=5

P, =P,(1+r) =1,000(1+0.5)" =1,000(1.5)’ = 7,593.75
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Thus, the population of bacteria in flask at the start of day
5is 7,593.75.

SO ENE

If P, is the population at the beginning of a certain period
and r% is the constant rate of growth per period, the

population for n periods will be P, =P, (1+r)" .

Exercise 2.20 Learner’s Book page 125

1. a) 4200 b) 4% c) 5109
2. a) 1,726,458.24 b) 2020

Lesson 2.21. Depreciation value problems

Learning objectives

By reading text books or accessing internet, learners should
be able to use logarithmic and exponential functions to solve
depreciation value problems moderately.

Prerequisites
® Use of logarithmic and exponential functions

Teaching Aids
Exercise book, pen and textbooks or internet if available.

Activity 2.21 Learner’s Book page 126

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Research

Peace and values education

Inclusive education

@99 @O
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Answers

If ¥, is the value at a certain time, and 7% is the rate
of depreciation per period, the value ¥, at the end of ¢

periods is ¥, =V, (1-r) .

Here, ¥, =2.3x10", =5, r=0.5 since the number of
bacteria halves every second.

Then,

v, =2.3x10" (1-0.5)’
=2.3x10% (0.5)5 =2.3x10"x0.03125
=0.071875x10* =7.2x10%

Thus, 7.2x10%® bacteria were left after 5 seconds.

Synthesis

Depreciation (or decay) is negative growth. If 7 is the
value at a certain time, and % is the rate of depreciation
per period, the value ¥, at the end of ¢ periods is

v, =V,(1-r).

Exercise 2.21 Learner’s Book page 127

1. V=x(0.75) 2. 19 years

Lesson 2.22. Earthquake problems

Learning objectives

By reading text books or accessing internet, learners should
be able to use logarithmic and exponential functions to solve
earthquake problems.

Prerequisites
® Use of logarithmic and exponential functions.

Teaching Aids
Exercise book, pen and textbooks or internet if available.
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Activity 2.22 Learner’s Book page 127

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Research

Peace and values education

Inclusive education

@99 @O

Answers

1 . .
The formula M =1og§ determines the magnitude of an

earthquake, where I is the intensity of the earthquake
and S is the intensity of a “standard earthquake.”

Here,
1 1 1
8=log—L, 6=log—=~ 100 <«
b _ S _ I
_z 2
10 =El, 10° =§2 S

So, the earthquake will be a hundred times stronger.
Synthesis

1
The magnitude of an earthquake is given by M =10g§
where [ is the intensity of the earthquake and S is the
intensity of a “standard earthquake”

Exercise 2.22 Learner’s Book page 129

1. 5

2. 2.6

3. a) 39.8 times more intense b) 7.2
4. 1.26 times more intense
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Lesson 2.23. Garbon-14 dating problems

Learning objectives

By reading text books or accessing internet, learners should
be able to use logarithmic and exponential functions to solve
carbon-14 dating problems accurately.

Prerequisites

® Use of logarithmic and exponential functions

Teaching Aids

Exercise book, pen and textbooks or internet if available.

g Activity 2.23 Learner’s Book page 130

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Research

Peace and values education

Inclusive education

CONCUNC RO NCONCNCY

Answers

A formula used to calculate how old a sample is by

carbon-14 dating is: = Xt

-0.693 -

2

N
where —~ is the percent of carbon-14 in the sample

0
compared to the amount in living tissue, and i is the
2
half-life of carbon-14 (5,730 + 30 years).

Then, ¢ n(0.10)  <=00—18.940 Id
en =——-X = 5 ears o
’ 0.693 Y
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Carbon dating is used to work out the age of organic
material — in effect, any living thing. The technique
hinges on carbon-14, a radioactive isotope of the element
that, unlike other more stable forms of carbon, decays
away at a steady rate. The half-life of a substance is the
amount of time it takes for half of that substance to decay.

A formula to calculate how old a sample is by carbon-14

dating is:
N
ln(f]
NO
t=——=<xt,
-0.693 -

2

where & is the percent of carbon-14 in the sample
NO
compared to the amount in living tissue, and ¢, is the

half-life of carbon-14 (5,730 + 30 years). :

Exercise 2.23 Learner’s Book page 132

8,260 years

9,953 years

0.239 mg

3.2 per minutes per gram
3,870 years

a) A common rule of thumb is that a radioactive
dating method is good out to about 10 half-lives.
Given a Carbon-14 half-life of 5730 years, you
can see that Carbon-14 dating is (theoretically)
good out to around 60,000 years (more-or-less).
In fact, due to fluctuations in the carbon amount
in the atmosphere, modern Carbon-14 dating
needs to be correlated to dates determined by
analysis of tree-ring records (dendrochronology).

I L
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b) A skull does not have very much (if any) carbon
in it after 73 million years. It would not be
dated using Carbon-14 dating. In fact, the value
of 73 million years is not arrived at by directly
testing the skull. Minerals containing radioactive
elements are dated and the age of the skull would
be assumed to be of the same age as the strata in
which it was discovered.

Summary of the unit

1. Logarithmic functions
® Domain of definition and range:
The Natural logarithm of x is denoted as Inx or log, x
and defined on positive real numbers, ]0,+o[, its range
is all real numbers.

Vx el 4+, Inx>0 and Vxe]0,1[, Inx<0

The equation In 1 has, in interval ]0,+00[, a unique
solution, a rational number

2.718281828459045235360..... This number is denoted
by e.

Hence nx=1< x=e.
. 1Y
Generally 623520(”;}
® Limits on boundaries:

Logarithmic function f(x)=Inx being defined on

]O,+oo[, lim Inx =+c and limInx=—o0.

X—>+00 x—0"
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From xlggo Inx =+00  we deduce that there is no horizontal
asymptote.

From lijg In x = -0, we deduce that there exists a vertical
asymptote with equation V4A=x=0
Derivative of natural logarithmic functions or logarithmic

derivative:
xeR;,(Inx) _ 1 and (Inx) >0
X

Also, if u is differentiable function at x then,

' u'
(Inu) =
With certain functions containing more complicated
products and quotients, differentiation is often made
easier if the logarithm of the function is taken before

differentiating.

Domain and limits on boundaries of a logarithmic
function with any base:

Logarithm function of a real number x with base a is
a function f denoted f(x)=1log,x and defined by

logalen—x, xe Ry, aeRg\{l}
Ina

VxeRy, log, x=y < x=a"
-0 if a>1
limf(x):{ 7

x—0"

4o if O<a<l
There is a vertical asymptote VA=x=0

{+oo if a>1

lim £ (x)=1_, if 0<a<l

X—>+0

There is no horizontal asymptote nor oblique asymptote.
Logarithmic Differentiation:

1
xlna

If f(x)=log,x , then f'(x)=
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Also, if u is another differentiable function in x, then

ul

log, u)' =
( ogau) ulna

2. Exponential functions

Exponential function with base “¢”
® Domain and range of exponential functions with base

"n_n

e
The domain of definition of y=e* is J-oo+o| and its
range is |0, oo .
Then, Vx e]0,400[,y € ]-o0,40[: y=Inx < x=¢",
® Limit of exponential functions with base “¢”

lime* =0 and lim e" =+

')IC'E:re exists horixz;?tal asymptote: H.A=y=0

® Derivative of exponential functions with base “¢”
Vx eR, (ex)'=ex
If « is another differentiable function at x,

(eu)v:uveu

Remarks
1. Vp>0, y=e"

xlna

In particular, ¢* =¢™ means a* =e™.

Hence, to study the function y=u" is the same as to

vinu

study the function y =e"™™ where u and v are two other

functions.

2. Whenever an expression to be differentiated contains a
term raised to a power which is itself a function of the
variable, then logarithmic differentiation must be used.
For example, the differentiation of expressions such
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as [x*,(1-x)", ¥x+2,(x)™ and so on can only be
achieved using logarithmic differentiation.

Applications

a)

b)

c)

d)

e)

Compound interest problems

If P is the principal, 7 is the number of years, r is the
interest rate per period, k in the number of periods per
year, and A4 the total amount at the end of periods, then

kn
A= P(l + 1) :
k
Population growth problems

If £, is the population at the beginning of a certain period
and 7% is the constant rate of growth per period, the
population after n periods will be P =PO(1+r)".
Depreciation value problems

Depreciation (or decay) is negative growth. If V, is the
value at a certain time, and % is the rate of depreciation
per period, the value ¥V, at the end of ¢ periods is

v, =V,(1-r)".
Earthquake problems

Charles Richter defined the magnitude of an earthquake to

1 . . .
be M :logE where I is the intensity of the earthquake

(measured by the amplitude of a seismograph reading
taken 1004m from the epicentre of the earthquake) and
S is the intensity of a “standard earthquake” (whose
amplitude is 1micron=10"cm).

Carbon-14 dating problems

Carbon dating is used to work out the age of organic
material — in effect, any living thing. By measuring the
ratio of the radio isotope to non-radioactive carbon, the

135




Advanced Mathematics for Rwanda Secondary Schools Teacher’s Book Six

amount of carbon-14 decay can be worked out, thereby
giving an age for the specimen in question.

Through research, scientists have agreed that the half-
life of C'* is approximately 5700 years.

A formula to calculate how old a sample is by carbon-14

dating is:
N
ln(fJ
NO
t=——=X%1,
-0.693

2

N, . .
where —L is the percent of carbon-14 in the sample
0

compared to the amount in living tissue, and 4 is the
half-life of carbon-14 (5,730 + 30 years). :

End of Unit Assessment answers Learner’s Book page 138

1. Lo 2. 10,1 UL+
3. U2 0] 4. R\{2-+3,2+43}
5. J0,1[ U1+ 6. R\{-2,-1,0}
7. R 8. R\{l}
9. 10. 400
11, 12, +oo
13 14.0
15. 4o 16.0
17. 4o 18, +o0
19. 2 20. ¢
3
21. I 22.0
o
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23.

25.

27.

29.
31.

32.

Logarithmic and Exponential Equations

x’e’ o4 L tan >+ cot =
2 2 2
! 06, VX' +a’
xlnx x2 +a2
2e" o8 2Jx? +1
e +2e +1 x4l
X Inx 30. (cosx)'[In(cosx)—xtanx]

X

e
Domain: ]—oo, o0

Horizontal asymptote: y =0

f(x) increases on intervals ]-o0,—2[ and ]0,+[, it
decreases on interval ]-2,0[

Curve

.._‘,,
f(x) o x+2

N

L
|
I

J

&
5

4

1

3

3.

2

s
E E: () }

7

“ §

j

3

=y

A4

4

-

=at

HA=y

Il
3 o)
o

Domain: ]—oo,+0]

No asymptote

£ (x) decreases on interval ]-o,0[, it increases on
interval ]0,+o0] .
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Curve

\ ) ,f x)=‘.’z'4

~

[
w
—

'
~

o

33.Domain: |-oo,+oo[
Vertical asymptote x =1 and horizontal asymptote
y=0

/(x) increases on its domain

Curve
]

1 /
12 /
11 /
SN/
‘_’, L
: (g e ey
T

P

bl S il R

I i J1A = == A
o 8 7 6 5 43 2 18 4 !

34.Domain: ]0,+o0]
Vertical asymptote x =0 and horizontal asymptote
y=0
f(x) increases on interval ]O,\/Z[ and decreases on

interval :|\/;,+oo|: .
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35.
36.
37.
38.
39.
40.

41.

42.
43.

44.
45.
46.

Logarithmic and Exponential Equations

Curve
¥y
Il 10
v
Il o
N
—_— 8
1 N\t
\ i 5
Hi=yp=0 b 5
-4 3 2 i | 1 2 k 4 6
_1|
a) f(¢)=1,000,000(0.9)  b) £=109.27min

a) f(£)=75,000xe""™  b) 2,942,490
$3,315.53

Monthly payment is $550.32. Interestis $123,115.20
$72,537.23

a) f(1)=3 b) 4.239x10*

a) f(t)= 100,000(%) b) 97.65625

a) /7.3 b) 125,892,451 as greateras 4,
8.43

a) 3.16x10°° mo% b) 12,589 times more acidic
1,000,000 times more intense
70dB
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Taylor and Maclaurin's
EXxpansions

Learner’s Book pages 143 - 186

Key unit competence

Use Taylor and Maclaurin’s expansion to solve problems
about approximations, limits, ...

Extend the Maclaurin’s expansion to Taylor series.

Vocabulary or key words concepts

Power series:  Infinite series of the form ) a, (x—c)".
n=0
Taylor series of function f (x) at point x,: The infinite

- f(n)(xo)(x_xo)n .

series of the form % —
n=0 n.
Maclaurin series: The special case of the Taylor series when
x,=0.

Lagrange remainder: The remainder function in Taylor series.
Guidance on the problem statement

The problem statement is

“Suppose that we need to complete the table below.

Angle, x 0° | 1° 20 3° 4° 5°

sin x
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For x=0° is very easy since this angle is a remarkable
angle. But, what about other angles, 1°,2°,3°,4°,5°? How
can we find their sine without using sine button on scientific
calculator?

To solve this problem, we need the Maclaurin series of sinx
and then x will be replaced by its value, remembering that all
angles must be expressed in radian.

List of lessons

=z
o

Lesson title Number of periods
Finite series

Infinite series

Test for convergence of series

Power series

Taylor and Maclaurin series

Taylor series by using Maclaurin series
Calculation of limits

Estimation of the number €

O 0Ny | B~ W[ |-

Estimation of the number 7

e e e e R\ N e e )

—
o

Estimation of trigonometric number of an
angle

11 Estimation of an irrational number 1
12 Estimation of a natural logarithm number | 1
13 | Estimation of roots of equations 1
Total periods 14
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Lesson development

Lesson 3.1. Finite series

Learning objectives
Given a finite series, learners should be able to sum that
series accurately.

Prerequisites

® Terms of a series.

® General term of a series.
® Sigma notation.

Teaching Aids

Exercise book and pen
Activity 3.1 Learner’s Book page 144 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRC MO NCNC)

Answers

1w, = f(k)—f(k+1)
For k=1, u,=1(1)-f(2)
For k=2, u,=1(2)-/(3)
For k=3, u;=f(3)-/(4)
For k=4, u, = f(4)-f(5)
For k=5, us=f(5)-f(6)

For k=n—1, u,_, = f(n=1)= £ (n)
For k=n, u,=f(n)-f(n+1)
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2. Adding obtained terms we have
Uy iy +u, fug+.tu,  tu, =
=f()=f(2)+f(2)=f(3)+ /()= F(4)+/(4)
—f(5)+/(5)-F(6)+...t f(n=1)=f(n)+ f(n)—f (n+1)
=f()-f(n+1)
Thus, adding these terms, onthe right hand side, nearly

all the terms cancel out leaving just f(1)— f(n+1)
and on the left hand side, is the required sum of the

series. Thus, Zu =f(1)-f(n+1).

Synthesis

As conclusion, the sum of the series u,,u,,u,,...,u, is
given by > u, =f(1)=f(n+1) where f(k) isa
k=1

function of k.

Exercise 3.1 Learner’s Book page 148

11— 9 L. !
n+1 2 4n+2

1 1 1 3
3. e 3 3, 4 Yo L +=
4 2 4 2 2\ n+l n+2 2

Lesson 3.2. Infinite series

Learning objectives

Given an infinite series or a repeating decimal, learners should
be able to find the sum of infinite series or find a rational
number represented by the repeating decimal accurately.

Prerequisites
® Evaluating limits

Teaching Aids
Exercise book and pen
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Activity 3.2 Learner’s Book page 148

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

® Critical thinking
® Communication
® Self confidence
® Cooperation, interpersonal management and life
skills
® Peace and values education
® Inclusive education
Answers
1. Sn=l+L2+L3+l4+...+ !
10 10° 10° 10 10"
1 1(7 7 7 7 7
—S, =—| gttt ..
10 1010 10° 10° 10 10
1 7 7 7 7
>S5, =—Ft—St+t—gt+t—<+.t—5+..
10 10° 100 10" 10 10"
2. Subtracting, we have
7 7 7 7 7
=t —t—t—+...+
" 10 10° 10 10° 10"
St 7 7 7 7 T _
10" 10> 10° 10* 10° 10"
1 7 7

3. Taking limit as n — +o0,

limSn:IimZ 1- L s
n—>0 n—>oo9 10”
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It is impossible to add up infinitely many numbers,
thus, we will deal with infinite sums by limiting process
involving sequences.

An infinite series is an expression of the forrll

u, +u, +u, +...+u, +... or in sigma notation D u, . The
k=1

terms u,,u,,u,,... are called terms of the series.

To carry out this summation process, we proceed as
follows:

Let s, denote the sum of the first n terms of the series.
Thus,

§; =4

S, =U, +u2

Sy =u, +u, +u,

n
S, = U FUy Ty U, =D U,

k=1
The number s, is called the »™ partial sum of the series
and the sequence {sn}:: is called the sequence of partial

sums.

Exercise 3.2 Learner’s Book page 154

1 1 I, 1, 1
1. a) —n*+— b) —n’+—n"+—
a) 2n +2n ) 3n 2n 6”
—n'+=n"+—n —n+n +=
C) gty dgmanaan
3
2. a) — b)é c)ﬂ
11 6 396

146




Taylor and Maclaurin’s Expansions

Lesson 3.3. Tests for convergence of series

Learning objectives

Given a series and by using comparison test, limit comparison
test, the ratio test or the n” root test, learners should be able
to test for convergence accurately.

Prerequisites

® Evaluating limits.

® Compare two expressions.
® Compare real numbers.

Teaching Aids
Exercise book and pen

Activity 3.3 Learner’s Book page 154

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:
® Critical thinking
® Communication
® Self confidence
® Cooperation, interpersonal management and life
skills
® Peace and values education
® Inclusive education
Answers
341 1
1. a) lim—=L U _ fjm—3— s =lim : +1>< > = im3 .
o g, w3141 e §Tx5 341 o= 5(30 )
5
’ 1 1
7 [3+3") 35 340 3
=lim——————=I1im = ==
'H°°5><3"(1+1j ”*“5x(1+1j 5(1+0) 5
3" 3"
1
b) hmdu_ —limnn =n—0=l
n—e noo 3 noe 3033
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2. Taking , If we add 1 to the denominator, we

2n—1
get P and then by comparison methods for rational
n

>L since the numerators are the
2n—1 2n

same and denominator 2n >2n-1

Synthesis

Comparison test

numbers,

Let Za,, be a series with positive terms;

n=1

s

a) a, converges if there exists a convergent series

=
Il
—_

b, such that a, <b, for all n> N, where Nis
e positive integer.

i [Ms

D
3.—

&
Ms
Q

. diverges if there exists a divergent series

=
Il
LN

s

¢, such that a,>c, forall n> N, where Nis

—_

some positive integer.

Limit comparison test

If the series ».a, and )b, are two series with positive

n=l1 n=1
.a, . .. . .
terms, and hmb—" is finite, both series converge or diverge.
n—0

The ratio test

Let Zu,, be a series with positive terms and let

n=1

lim2l = [ then;

ey

a) the series converges if L<1.

b) the series diverges if L>1.

c) the series may or may not converge if L=1 (i.e. the

test is inconclusive).
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The n" root test

Let D u, beaserieswith positivetermsand let limq/z =,

n=1 n—»o0

then;

a) the series converges if L<1.
b) the series diverges if L>1.
c) thetestis inconclusive L=1.

Exercise 3.3 Learner’s Book page 157

1. Converges 2. Converges 3. Converges

4. Diverges 5. Converges 6. Converges

Lesson 3.4. Power series

Learning objectives
Through examples, learners should be able to define a power
series and to find radius of convergence accurately.

Prerequisites
® Test for convergence of series.

Teaching Aids

Exercise book and pen
Activity 3.4 Learner’s Book page 157 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

NI C MO NCINC)
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Answers

1. un :(_1)n+1 x_"
n

n™ root test:

11m"u —hmn

n~>cxo n—x0

\ xn| |x|
=lim» =1lim =lim—- |x|
n—wo n—sw p ’|n| n—wo n;

The series is convergence for |x|<1 (and divergence
for |x[>1)

2. u -* and

n

n!
n+l
u,, X n! ) X
lim |4 = lim —x—nzhmA:0<l
nool gy | o (n+1)! x"| men+l

forallx. Therefore, the series is absolutely convergence.

Synthesis

Power series is like an infinite polynomial. It has the form

a, (x—c)" =a,+a,(x—c)+a, (x—c)2 S (x—c)" F o

The power series converges at x =c. Here, the radius
of convergence is zero.

The power series converges for all x, i.e ]—oo,+oo[.
Here, the radius of convergence is infinity.
Thereisanumber R called the radius of convergence
such that the series converges forall c—-R<x<c+R
and the series diverges outside this interval.

@ @ @ ipa

Exercise 3.4 Learner’s Book page 159

1. 3<x<-1,R=1 2. —g<x<0,R:l
| 3 3
3. —2<x<—1,R=E 4. -1<x<3,R=2
5 All x,R—> 6. -1<x<l,R=1
7. All x,R—> 8. —8<x<-2,R=3
9. x=3,R=0 10. All x,R >
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Lesson 3.5. Taylor and Maclaurin series

Learning objectives
Using power series, learners should be able to give general
form of a Taylor and Maclaurin series without errors.

Prerequisites
® Power series

Teaching Aids

Exercise book and pen
Activity 3.5 Learner’s Book page 159 @

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

@O @999

Answers

L. f(x)=c 4 (x-a) ¢, (x-a) +e,(x-a) +¢,(x-a) +.4c,(x-a) +..

f(a):co

2. f'(x):cl+202(x—a)+3cs(x_a)2+4c4(x_a)3+m+n6n(x_a),,,1+m
f'(a):cl

3. f"(x):2><02+3><2><c3(x—a)+4x3xc4(x_a)2+m+n(n_l)cn(x_a)n_2+m
f"(Cl)=2!c2 =, =f"2—(!a)

4. f'"(x):3><2xc3+4><3><2><c4(x—a)+,..+n(n—1)(n_2)cn(x_a)n-3+m
fvvv(a):3X2Xc3 :3!03 =c = f';('a)
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5. ¥ (x)=4x3x2xc,+...+n(n-1)(n-2)(n-3)c, (x—a)n_4 +...

f(iv) (a)
4!
6. Now, we can see the pattern. If we continue

to differentiate and substitute x=a, we obtain
" (a)=n(n-1)(n-2)(n-3)..1xc, or using
factorial notation; s (a)=n!ec,

f(n) ( a)

n!

1 (a)=4x3x2xc, =4lc, = ¢, =

Solving we get ¢, =
7. Now,

() (n)
+—f (a)(x—a)4 +...+—f (a)(
4! n!
Using sigma notation, we can write,

(=322 gy

n=0 n '

S ENE

As conclusion, the Taylor series for f(x) is given by

x—a) +..

o £(n)
f(x)=zf—(x°)(x—x0)" and the Maclaurin series is

n=0 I’l'
given by
= £ (0
f(x)=§0fn,( ).
' " m (m)
=f(0)+f(0)x+f (0)x2+f (O)x3+ +f (O)x”+...
1! 2! 3! n!
Exercise 3.5 Learner’s Book page 164
a) 6-11(x+2)+6(x+2)" —(x+2) +...
0 (_1)" ~ . o (_l)n o
b) HZ(; 2k+1 (x 2) C) ; k'e (2X 1)
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Lesson 3.6. Taylor series by using Maclaurin
series

Learning objectives

By using Maclaurin series (x, =0) without necessary using
Taylor’s formula, learners should be able to find the Taylor
series for other functions accurately.

Prerequisites
® Maclaurin series

Teaching Aids

Exercise book and pen
Activity 3.6 Learner’s Book page 164 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCRENCONONCONC)

Answers

1. a)sinx

f(x)=sinx f(0)=0
S'(x)=cosx /'(0)=1
f"(x)=-sinx 7"(0)=0
f"(x)=—cosx f"(0)=-1
£ (x)=sinx rY(0)=0

Since the derivatives repeat in a cycle of four, we can

write the Maclaurin series as follows:
_1 3

. 1 0, 0 ,
sinx=0+—x+—x"+—x +—Xx" +...
1! 2! 3! 4!
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b) cosx

f(x)=cosx £(0)=1
f'(x)=—sinx 7'(0)=0
S"(x)=—cosx £"(0)=-1
S/ "(x)=sinx £"(0)=0

£ (x)=cosx U(0)=1

Since the derivatives repeat in a cycle of four, we can
write the Maclaurin series as follows:

1

O - O 3 1 4
cosx=1+—'x+—x +—x +—x"+...

2! 3! 4!
x2 x4 x6
T2 4 e
0 " x2n
=Y (-1)—=——
,,Z::;( )(Zn)!

Alternative method

_ d, . . . .
Since cosx = d_(sm x), we can differentiate the Maclaurin
X

series for sinx obtained in a) to get one for cosx. That,

is,
cosxz—x(smx)zé(x—% %—% ]
T
0 " x2n
=HZ=(;(—1) 2
c) 1n(l+x)
f(x):ln(1+x) f(O)zO
)= £(0)=1
" __ 1 " __
e AU
m — 2 " —
O AU
M= S0
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Now,
In(1+x)=0+ PPV SN W VI
1 2! 3! 4!
x2 x3 .x4
=
2 3 4
_ < 1 n—1 x"
2.(-1)

2. From results in 1),

), (9

sin2x =2x—
3! 5! 7!
= 2x—ix3 +ix5 —ix7 +
15 315
4 6
cos2x=1- (2x) + (2x) (2x) +...
2! 4! 6!

=1-2x7 +gx4 —ix6 +...
3 45

3 4

hl(l N 2x) P (Zx)2 N (2)6)3 (2x)4 N

=2x—2x* +§x3 —4x* + ...

SO ENE

As conclusion, in calculating the limit of some functions,
find the Maclaurin series for the transcendental functions
contained in the given function, simplify and then evaluate
the limit.

Exercise 3.6 Learner’s Book page 166

32+ 3’

1. a) %—(x_3) (x_3)2+...+(—1)"(x_3)n+

X x2 xn—l
b) 1+2—!+§+...+ o

c) l—ix2+lx4—...+(—l)"+l ! x4
3! 5!

7 't A .
d) 1—42—2!(x—2)2+M(x—z)“—...+(-1) .(x—2)2 ..
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0 " 22n—1 ®© xn+2

1 _1 2n N

2. a) +;( ) O b) Z; x
c) 1—%x3—%x6—... d) 1+2x+§x2+...

Lesson 3.7. Galculation of limits

Learning objectives

Given a function involving transcendental functions and by
using Maclaurin series, learners should be able to evaluate
its limit at a given point correctly.

Prerequisites

® Maclaurin series of some functions like
e, sinx, cosx, tanx, Inx,...

® Limits concepts.

Teaching Aids
Exercise book, pen and calculator

Activity 3.7 Learner’s Book page 166

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCYRENC NCNCNC)

Answers

. 9
1. cosd4x=1-8x" and Sln3x=3x—5x3

9
1-(1-8x% )+ x| 3x—=x°
2 l—cos4x+xsin3x: ( x) x( * ZXJ

2 2
X X
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1—1+8x2+3x2—2x4 llxz—gx4 9
= - 2 — 22 :11__x2
X X 2
Then lim 1208 4x +xsin 3x =1im(11—2x2] ~11
x—=0 X x—0 2

Synthesis

As conclusion, find the Maclaurin series for the
transcendental functions contained in the given function,
simplify and then evaluate the limit.

Exercise 3.7 Learner’s Book page 168

1 1
1) -2 2) 2 3) 5

Lesson 3.8. [Estimation of the number ¢

Learning objectives

Given number e and by using Maclaurin series of ¢*, learners
should be able to estimate this number to some decimal
places perfectly.

Prerequisites
Maclaurin series of e¢*

Teaching Aids
Exercise book, pen and calculator

Activity 3.8 Learner’s Book page 168

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRNC NCVCNC)
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Answers

2 3 4 5 6 7 x8 x9 xl 0 xl 1 xl 2 xn

X x x
P T TN A A A A A i e
20 31 4 5' 6' 7' 8' 9! 10' 1 12! n!

Putting x=1, we have

1 1 1 1 1 1 1 1 1 1 1
g= bl e A et e e =
2! 31 41 5! 6! 7' 8' 9' 10' 1 12!

Since we need this number to 8 decimal places, we will
stop when we reach the decimal term less than 10°°.

1 1
Here, —=2x10" <107*, so we will stop at —
12! 12!

Then,
e~2+0.5+0.1666667 + 0.04166667 + 0.00833333 +0.00138889
+0.00019841+0.00002480 + 0.00000275 + 0.00000027
+0.00000003 +0.00000000 ~2.71828182

Synthesis

By putting x=1 in the development of e, we can easily
estimate the value of the number e to desired decimal
places.

Exercise 3.8 Learner’s Book page 169

1. ex2.71 2. e=2.7182
3. e~2.718281 4. e~2.7182818284

Lesson 3.9. Estimation of the number ~

Learning objectives

Given number 7z and by using Maclaurin series of arctan x,
learners should be able to estimate this number to some
decimal places perfectly.

Prerequisites

® Maclaurin series of arctanx .

® Change degrees to radians.

® Find trigonometric number of an angle.

Teaching Aids
Exercise book, pen and calculator
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Activity 3.9 Learner’s Book page 170

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

1. Let f(x)=arctanx

f1(x)=== = £(0)=1

X +1
f"(x):(xfj)z = £"(0)=0
AN SRR
o
(2= 120x4(;22j(1);c52 +2 69 (g)= 24
19 ()= ~720x° (+x224fi));§3 “720x 0 (g) 2
f(7) (x) _ 5040x° - 2522)3;::—)175120x2 -720 N f(7) (0) __0

T P P Y
B T TR T
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Or
2n+1
arctan x =x—lx3 +lx5 —lx7 +..+(-1)" .
3 5 7 2n+1
The general term is (—1)" S
2n+1

2. tanx=T3:>x:arctanT3:>x=

Synthesis

By using the series

K

arctanx=x—lx3+lx5—lx7+...+(—1)n al R
3 5 7

and x=%:>7r=6x we get that

GIGIGIG
3 3 3 3
=6 ﬁ_ L — +...+(_1)n—+...
3 3 5 7 2n+1
or
.60 600
3 3 3 3
=6£—6 +6 -6 +ot (1) 6———+...
3 3 5 7 2n+1
we can easily estimate the number 7.
Exercise 3.9 Learner’s Book page 171
1. 7=3.141 2. m=~3.14159
3. 7=3.1415926 4. 7 ~3.141592653
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Lesson 3.10. Estimation of trigonometric number
of an angle

Learning objectives

Given an angle and by using Maclaurin series of trigonometric
functions, learners should be able to estimate the trigonometric
number of that angle accurately.

Prerequisites
® Maclaurin series of trigonometric functions

Teaching Aids
Exercise book, pen and calculator
Activity 3.10 Learner’s Book page 171 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCYRENC NCNCNC)

Answers

3 5 7 2n+1

) X x X

1. sinx=x-"+=—-"+..+(- )"
3151 7!

2. |If x=%, we get

; 1—@3 +@ —@ bt (1)

sin—=
4 4 3! 5! 7!

T 000

Since we need sz to 4 decimal places, we will

stop when we reach the decimal term less than 107 .
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Here,

7
T
5)
71
Then,

.3 66

7
6
=3x107° <10™, so we will stop at %

sin—=—
4 4 3! 5! 7!
=0.7854-0.0807 + 0.0024 —0.0000
=0.7071

Remember that on the right hand side 7 is replaced
by 3.1415... not 180°

Synthesis

x being expressed in radian, we can approximate the
value of any trigonometric number using the series of
trigonometric functions.

Exercise 3.10 Learner’s Book page 173

1. 0.866 2. 0.017452
3. 0.4226 4. -0.70711

Lesson 3.11. Estimation of an irrational number

Learning objectives

Given an irrational number and by using Maclaurin series of
(1+x)", learners should be able to estimate correctly that
irrational number to some decimal places accurately.

Prerequisites
® Maclaurin series of (1+x)".

Teaching Aids
Exercise book, pen and calculator
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Activity 3.11 Learner’s Book page 173

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers
1,4,9,16, 25, 36, 49, 64, 81, 100, 121,...
2,8,18,32, 50, 72, 98, 128, 162, 200, 242,...

3. Take 49 and 50. Their ratio is 0.98, closed to 1.
We can also take 121 and 128. If we extend the

sequence, we can get other two numbers, 289 and
288. Their ratio is 1.003.

4. Now take 289 and 288, try to transform ~/2 . Knowing
that 288 =2x144 , we have

e [289x2x144 17 [2x144 17 [288 17 /1—L
289x144 12V 289 12V289 12 289
S ENE

Using the Maclaurin series of (1+x)" for [x|<1, we can
estimate any irrational number like v/2, +/3, 3/5, ...

Procedure:
Suppose that we need to estimate the value of Ya t0 6
decimal places.

1. Write down a sequence of natural numbers to the
power n (as we need nth root).
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2. Multiply each term in obtained sequence from 1)
by the radicand (here radicand is a).

3. Take two numbers from sequence in 1) and
another from sequence in 2) such that their ratio is
closed to 1.

Using the obtained numbers from 3), transform the

radicand so that it differs little from 1, then use expansion

of (1+x)" to get 4/a.

Exercise 3.11 Learner’s Book page 176

1. f3~1.732 2. 5 ~22361
3. 3Y2=1259921 4. 34 =1.587401

Lesson 3.12. Estimation of natural logarithm of a
number

Learning objectives

Given a positive real number and by using Maclaurin series
of In(1+x), learners should be able to estimate a natural
logarithm of that number accurately.

Prerequisites
® Maclaurin series of In(1+x) and In(1-x).

Teaching Aids

Exercise book, pen and calculator
ﬁ Activity 3.12 Learner’s Book page 176

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

NN C MO NCNC)
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Answers

2 3 4 "
1. ln(l"'x)ZX—%+%—%+...+(—1)n_1x7+

2. Replacing x with —x in result obtained in 1), we get

4 n
In(1-x)=—x-E L X X
2 3 4 n
3. Subtracting result obtained in 2) from result obtained
in 1), we get
» X X 21X
I lse o | = i =——r————nr =] —=-
(1x)=5-Z 4T =T a (-2
2 3 4 n
—ln(l—x):x+x—+x—+x—+...+x—+...
2 3 n
x3 xS 2n+1
In(1+x)-In(1-x)=2x+2=—+2—+..+2 +..
3 5 2n+1

I1+x x X x>
Then, hn——=2| x+—+—+...+ +...
1-x ( 35 2n+1

Synthesis

As conclusion, the relation

3 5 2n+1
1n1+—x=2 PR AL SR
I-x 3 5 2n+1

o 2n+1

zzzx

i 2n+1

can helps us to estimate In of any positive number where

1n1+—x is equated to that number for finding the value of
—X

x in the series.

Exercise 3.12 Learner’s Book page 178

1. In3~1.0986 2. In0.8~-0.223
3. In7=1.94591 4, In0.2=-1.61
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Lesson 3.13. Estimation of roots of equations

Learning objectives

Given an equation and by using Maclaurin series, learners
should be able to estimate the roots of that equations
accurately.

Prerequisites
® Maclaurin series of transcendental functions

Teaching Aids

Exercise book, pen and calculator
ﬁ Activity 3.13 Learner’s Book page 178

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRENC NCNCNC)

Answers

2
1. ln(1+x):x—x—
2
2
2. The equation ln(1+x)+x:O becomes x—x?+x:O

2
or 2x—x—:O
2

2
3 2x—x7=0:>x(2—§j=0

x=0 0r2—§=0:>x=00rx=4

4. If x=0, In(1+0)+0=0<0=0 TRUE
If x=4, In(1+4)+0=0<1In5=0 FALSE
Hence, S ={0}
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SO ENE

The n" order Maclaurin polynomial is helpful to estimate
the roots of a given equation involving transcendental
functions.

Exercise 3.13 Learner’s Book page 179

y Sz{_@,@} 2. s={1)

5
s s=fod)
7

Summary of the unit

1. Generalities on series
® Definitions

A finite series is an expression of the form

u, +u, +uy +...4+u, Orin sigma notation ;“k ,

where the index of summation, k, takes consecutive
integer values from the lower limit, 1, to the upper limit,
n. The terms u,,u,,u,,...,u, are called terms of the series
and the term u, is the general term.

Toobtain Z“k , the method of difference is usually usedi.e.
k=1

S, = £ (1)~ f (n+1) where u, = f (k)= (k+1), with

f (k) a function of k.
® Convergence and divergence of a series

Let {s,} be the sequence of partial sums of the series

Zuk . If the sequence {s,} converges to a limit S, then
k=1
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168

the series is said to converge and S is called the sum of
the series. We denote this by writing S =Y u, .
k=1

If the sequence of partial sums of a series diverges, then
the series is said to diverge. A divergent series has no
sum.

Comparison test

Let ian be a series with positive terms.

n=1

a) zan converges if there exists a convergent series
n=1
an such that a, <b, forall n> N, where N is some
n=l1
positive integer.

b) i"n diverges if there exists a divergent series ¢,

n=1 n=1

such that a, >¢c, for all n> N, where N is some
positive integer.

Limit comparison test

If the series Y_a, and Db, are two series with positive

n=1 n=l1

terms, and lim <o is finite, both series converge or diverge.

n—w b

The ratio test

Let > u, be a series with positive terms and let

n=1

. u
lim—=L =, then,
n—»0 un

a) the series converges if L<1,
b) the series diverges if L>1,

c) the series may or may not converge if L=1 (i.e., the
test is inconclusive).
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The »" root test

Let Zu be a series with positive terms and let
n=1

lim/u, = L, then,

a) the series converges if L<1,

b) the series diverges if L>1,
c) the test is inconclusive L=1.

Power series

Power series is like an infinite polynomial. It has the form

ian (x—¢)' =a,+a,(x~c)+a,(x—¢c) +..+a,(x—c) +...
n=0
Here, c is any real number and a series of this form is called

a power series centred at c.

Let f(x) = zan (x—c)n be the function defined by this power
n=0

series. f(x) is only defined if the power series converges, so
we will consider the domain of the function f* to be the set
of x values for which the series converges. There are three
possible cases:

® The power series converges at x =c. Here, the radius of
convergence is zero.

® The power series converges for all x, i.e ]—00, +00[. Here,
the radius of convergence is infinity.

® There is a number R called the radius of convergence
such that the series converges for all c—R<x<c+R
and the series diverges outside this interval.

Taylor and Maclaurin series
If f(x) is a function defined on the open interval (,b),

and which can be differentiated (n+1) times on (a,b),
then the equality

r0-3 L0y (0

n=0
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for any values of x and x, in (a,b) is called Taylor’s
formula R, (x) is called the remainder function.
The resulting function (without R, (x)) is called the Taylor

expansion of f(x) with respect to about the point x =x, of
order n.

One of the most common forms of the remainder function is
the Lagrange form:

n+l
R, (x):%f("“)(xo+0(x—xo)) where 0<6<10.

If limR,,, (x)=0 for some terms in

f(x):if(n)(x‘))(x—x )" +R,,,(x), then the infinite

n=0 n '

series

F()=f(w)+ 3L

n=1

(n)

n(!xO) (x=x,)"

is called the Taylor series for f(x).
A Maclaurin series is a Taylor series with x, =0

Note that if f(x) is a polynomial of degree, then it will have
utmost only n non-zero derivatives; all other higher-order
derivatives will be identically equal to zero.

The following series are very important. All of them are

Maclaurin series (x, =0) and, it is possible to find the Taylor
series for other functions by using these formulae without
necessarily using Taylor’s formula.

x2 3 xn
a) e =l+x+—+—+-+—+-
2! 3! n!
x3 x5 . x2n71
sSinx=x——4—"—4---+(=1)" e
b) TSR S A p




d) If -1<x<1, then

Taylor and Maclaurin’s Expansions

m(m-1) , m(m-1)(m-2)x’

(1+x)m =1l+mx+

m(m—l)(m—Z)...(m—n+1)x"

x+ Hoe

3!

4.

+

Particularly, if |x| <1, then

1

— = l-x+xX -4+

1+x
If —1<x<1, then

2 3

1n(1+x):x—x—+—+...+
2 3

(—1)" X"+

()

n

+...

End of Unit Assessment answers Learner’s Book page 184

1. a) n3+—n2+2n
2 6

1 1

1
3
1

b) ln4 +§n3 +3—7n2 +15n
2 4

137

c) —— + - —
3£n+4 n+5 n+6 60)

d) TN S
3 2 6

990 99

3. a) —Z<x<l,r:2
2 2

c) —-1<x<lr=1

e) 2<x<2,r=2

e _Af L v 1
2\n+1 n+2 2

11

c) —
999

b) —l<x<l,r=1
d) 2<x<2,r=2

f) 3 3 3
——<x<=—,r==
2 2 2
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4. a) (x_l)_(x—l)2+(x—l)3 (x—l)4

- +...
2 3 2

b) 1-(x=1)+(x=1) —(x=1) +...

7Y 7Y
) 1+( -ﬁj-(x“j -(x_“] .
4 2 6
() (=)
5 1- 72 2 +7t 2 +...
21 41

6. 5(x—1)+6(x—1) +4(x—1) +(x-1)’

7. (X—l)e+(x—1)23+(x_21) e+(x—1) .

6
xtoxt X 3x
. X4+ —+
8. a) 3 a3 b) >
3

c) x—x>+=— d) x—x +x°
2 3 x3 x5 0 x2n71

9. XX L2 x| =2
TS ( 305 j 25,7

2 3
10. 1n(1+x):x_x_+x_. The absolute value
2 3

of the remainder term in Lagrange form is
6x* B x*

(1+¢) 4! 4(1+c)'

value of the remainder term is obtained where ¢=0

where 0<c<x. The maximum

4 4
and so, equals % We must then have %<5><10‘4

and so x<0.211.

11. a) sinz=0 b) cose
, x Xt
12. x _§+§_m
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1
1 v 2 v 3(Vv? ’
13. y= =|l-—| =l+——+=| =] +...
v ( Czj 204 8le?

And so

2 2\2 22
K= 1+lv—2+i v_z +...—1 mcz=lmvz+§mv2 v_2 +...
2¢ 8ic 2 8 c

1
This is approximately K :Emvz if v<<c since the

neglected terms are small.

2 4
14. l—x—+5i+...; l
2 24 2
X X 1
15, x—"++..; —
3 10 3
16. -1+2
2 3 4 2 3
17. x-2 4% X and1-T+ -4
2 3 4 2 3 4
18 1_£+£+
) St

19, 1+x>+x*+..

20. l 11x 49x2+179x3

6 36 216 1296

7% 27%° o
21. x- X 2 +..., limit is 7
6 40 6
xz 4
22, l+x+——-—+..
2 8
2 3 4 5
23. e’ﬁ:1+i9—9——i9—+9—+i—+
20 31 41 5l !
2 4 3 5
01 00, +i[0——+9— j
2! 5!

Substituting @ =7 gives

e” =cosm+isintr=—1=e"+1=0

173




Advanced Mathematics for Rwanda Schools Teacher’s Book Six

=n+——-———
3n* o’
and,
\3/n3+1—n=n+—2—i5 -n
n° 9n
12z
3n® 9’
1
~N— when n is large
3n? &
c) Use the limit comparison test with the series Lz

3n
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Integration

Learner’s Book pages 187 - 288

Key unit competence

Use integration as the inverse of differentiation and as the
limit of a sum then apply it to find area of plane surfaces,
volumes of solid of revolution, lengths of curved lines.

Vocabulary or key words concepts

Primitive function of function f(x): Is a function F(x)
such that F'(x)=f(x).

Integration: Process of finding primitive functions (or
anti derivative functions).

Indefinite integrals: Primitive functions.

Definite integrals: Primitive functions evaluated at a given
closed interval.

Improper integrals: Definite integrals involving infinity limits
or a discontinuous point in the interval of
integration.

Volume of revolution: Volume obtained when a curve of a
function or a surface between two curves
is revolved around an axis.

Guidance on the problem statement

The problem statement is; “Suppose a student differentiated a

function /' (x) andfound 3x +6x+10 . The question are what

is f(x) and how can we obtain function f(x)?” Here, we
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need f(x) suchthat f'(x)=3x’+6x+10, we can separate

the terms and say (x3 ) =3x7, (3x2 ) =6x, (IOx)' =10 and
then f(x)=x’+3x*+10x. Since derivative of a constant is

zero, we can write f(x)=x’+3x>+10x+¢, ceR.

But this is a simple problem. That is why, in general, the
answer for this problem will be found by integration where

we write f(x)= f(3x2 +6x+10)dx .

List of lessons

No | Lesson title Number of periods
1 Differentials 2
2 Definition of indefinite integrals 1
3 Properties of integrals 1
4 Integration by substitution 1
5 Integration of rational function where 2
numerator is expressed in terms of
derivative of denominator
6 Integration of rational function where degree | 2
of numerator is greater or equal to the
degree of denominator
7 Integration of rational function where 2
denominator is factorised into linear factors
8 Integration of rational function where 2
denominator is a quadratic factor
9 Integral of the form 2
Isin mx cos nx dx, Icos mx cos nx dx, Isin mx sin nx dx
10 | |ntegral of the form Isinm xcos” xdx 2
11 | ntegral of the form Itan’” xsec” xdx 2
12 Integral containing sinx, cosx, tanx on 5
denominator
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13 | Integral containing sin® x,cos> x on 5
denominator
14 | ntegral containing ¥ax+b 2
15 | ntegral containing ax® +bx+c 2
16 | Integration by parts 2
17 | Integration by reduction formulae 2
18 | Integration by Maclaurin series 1
19 | Definition of definite integrals 1
20 | Properties of definite integrals 1
21 | Improper integrals: Infinite limits of 1
integration
22 | Discontinuous integrand 1
23 | Calculation of area of plane surface 2
24 | Calculation of volume of solid of revolution |2
25 | Calculation of arc length of curved lines 2
Total periods 42

Lesson development

Lesson 4.1. Differentials

Learning objectives
Given a function, learners should be able to find differential
of that function and the percentage error perfectly.

Prerequisites
® Differentiation of a function

Teaching Aids
Exercise book and pen
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Activity 4.1 Learner’s Book page 188

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Self confidence

Communication

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

a) If y=sinx, x=§, Ax=0.006 then,

dy = cos xdx = cos[%j dx = %(0.006) ~0.003

Thus, the change in the value of sin x is approximately
0.003.

B3

b) Sin(%+ 0.006) ~ Sin%-k 0.003 = 7+ 0.003=0.869
As conclusion,
Differential dy is given by dy = f'(x)dx for y=f(x)

Whenever one makes an approximation, it is wise to try
and estimate how big the error might be. Relative change

. . Ax . . Ax
inxis — and percentage change in x is 100x—.
X

Exercise 4.1 Learner’s Book page 190

4

1. df =(2x-3)d b) df =————d
2) df =(2x-3)dx ) & P tdxid
3
df =— dx
) & 8V2—x
2. +2 3. 1.75% 4. 10
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Lesson 4.2. Definition of indefinite integrals

Learning objectives
Through examples, learners should be able to define indefinite
integrals rightfully.

Prerequisites
® Derivative of a function

Teaching Aids
Exercise book, calculator and pen

Activity 4.2 Learner’s Book page 191

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Self confidence

Communication

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

X RO XONOXC)

Answers

2
X

a) x’+c¢, ceR b) 7+c, ceR

c) 2Jx, ceR d) l+c, ceR

X
Synthesis

As conclusion, the function F(x) is an indefinite

integral of f(x) if F'(x)=f(x).

Exercise 4.2 Learner’s Book page 193

1. 2x*=5x+c 2. 2x°+2x*+3x+c

3.0 L s 1o o 4. 3% —12x* +16x+c
4

5. 5x+c 6. —§x3+9x2—9x+c

179




Advanced Mathematics for Rwanda Schools Teacher’s Book Six

7. Exs—x3—5x+c 8. ix5—£x3+x+c
5 5 3

1
9. Zx4—2x3+6x2—8x+c

Lesson 4.3. Properties of integrals

Learning objectives
Through examples, learners should be able to use properties
of indefinite integrals accurately.

Prerequisites
Integrals of simple functions.

Teaching Aids
Exercise book, calculator and pen

Activity 4.3 Learner’s Book page 193

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Self confidence

Communication

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONC RO MO NCNC)

Answers

1. J.f(x)dx=.|.cosxdx:sin(x)+c
d_[f(x)dx _ d[sin(x)+c]

dx dx
Observation: %jf(x)dx=f(x)

=COSXx
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. Hence;

. Differential of f'(x) is df =cosxdx
Idf=jcosxdx=sinx+c

Observation: Idf(x) =f(x)+c
2
. I3xdx:%+c and
2 2 2
3jxdx:3[x—+kj:3i+3k=3i+c
2 2 2

Observation: [kf (x)dx=k[ f(x)dx, keR
. Jf(x)a’x+jg(x)dx=j(x3+3x—l)dx+j(x2+2x+2)

xt 3x° X,
== eee— R AT
4 2 3
x4 x3 2
=—
4 3 2

I[f(x)+g(x)]dx=j(x3+3x—1+x2+2x+2)dx

(x3 +x’ +5x+1)dx
4

—_—

XX 5x?
=—+—4+"—+x+c
4 3 2

Observation:
I[f(X)ig(x)]dx = If(x)dxijg(x)dx

: dicos(2x+3) =—(2x+3)'sin(2x+3) =-2sin(2x+3)
X

I[—sin(2x+3)]dx :%cos(2x+3)+c

If(ax+b)dx=lF(ax+b)+c a,b,ceR,a#0
a
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SO ENE

1. The derivative of the indefinite integral is equal to the
function to be integrated.

%jf(x)dx=f(x)

2. The integral of differential of a function is equal to the
sum of that function and an arbitrary constant.

Idf(x)=f(x)+c

3. Each constant function may be pulled out of integral
sign.
[kf(x)dx=k[ f(x)dx, keR

4. The indefinite integral of the algebraic sum of two

functions is equal to the algebraic sum of the indefinite
integrals of those functions.

JL7 () g(x)]ax=[ 1 (x)dx [ g (x)ax
5. If F(x) is a primitive function of f(x), then, the
integral

If(ax+b)dx:lF(ax+b)+c a,b,ceR,a#0
a

Exercise 4.3 Learner’s Book page 194

1. 4jf(x)dx:4(x2+2x+c)=4x2+8x+k
2

2. %J.[g(x)—ﬂdx=§Ug(x)dx—_|.6dx}
=§Ug(x)dx—6jdx}
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=—(x3 —3x2—4x+k—6x)

:—(x3 —3x? —10x+k)

3. I[f(x)+3g(x)]dx=If(X)dx+3jg(x)dx
=x2+2x+c+3(x3—3x2—4x+k)
=x"+2x+c+3x —9x* —12x+3k
=3x" —8x*—10x+d

d
4 —[[27(x)-3g(x)Jdx =21 (x) -3 (x)
=2(2x+2)-3(3x" —6x-4)
=4x+4-9x" +18x+12
=-9x* +22x+16

Lesson 4.4. Integration by substitution

Learning objectives
Through examples, learners should be able to find integrals
by substitution method correctly.

Prerequisites
® Differentiation of a function.

Teaching Aids
Exercise book and pen

183




Advanced Mathematics for Rwanda Schools Teacher’s Book Six

Activity 4.4 Learner’s Book page 195

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

U=5x+2= du=>5dx

IeSHde:Je"% :%e”+c
=1J-e“du =le5”2 +c
5 5

SO ENE

Integration by substitution is based on rule for
differentiating composite functions. Substitution means
to let f(x) be a function of another function.

In If(x)dx, let x be x(t); thus, a’x:x'(t)dt and then

we get jf(x)dxzjf(x(t))x'(t)dt that is a formula of
integration by substitution.
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Exercise 4.4 Learner’s Book page 196

e+l

1. a) e -t b) lex3+c
e+1
1 2x X 1 i2
c) Ee +2e" +x+c¢ d —-—e +c
e) sin(ex ) +c f) %63”52" sin2x+c
g) sin(Inx)+c h) %(4x3 —12)3 +c
2. 100m

Lesson 4.5. Integration of rational functions
where numerator is expressed in
terms of derivative of denominator

Learning objectives

Given a rational function where numerator is expressed in
terms of derivative of denominator, learners should be able
to find primitive function moderately.

Prerequisites
® Derivative of In[ g(x)].
® Derivative of arctan| g(x)].

Teaching Aids
Exercise book, calculator and pen

Activity 4.5 Learner’s Book page 197

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRCNCNCNC)
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Answers

1. We see that (l—xz)'=—2x:>x=—l(1—x2)'. So, we
. 2
can write

2. We see that

(3x2—3x+1)'=6x—3:3(2x—1):>2x—1:%(3x2—3x+1)'
So, we can write

1(3x2—3x+1)'

2x—1 (3
j3x2—3x+1dx_j 3l
—lj(3xz_3x+1)'dx
37 3x"-3x+1

1

=%ln|3x2—3x+1|+c since (lnu)':u—
u
S ENE

The following basic integration formulae are most helpful:

I%’dx=ln|u|+c, JZ—;dx=—%+c and juf+ldx=arctanu+c

Exercise 4.5 Learner’s Book page 199

1 1
1, (— 2.
2(x2+2x+3)+c 2(1—x2)+c
1 1
30— 4. —
6(2x3+5)+c 4(x2+2x+5)2 e
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Lesson 4.6. Integration of rational functions
where degree of numerator is greater
or equal to the degree of denominator

Learning objectives

Given an irrational function where degree of numerator is
greater or equal to the degree of denominator, learners should
be able to find primitive function accurately.

Prerequisites
® Long division of polynomials.

Teaching Aids

Exercise book, calculator and pen
Activity 4.6 Learner’s Book page 199 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCEENCORONCONC)

Answers

] 2244 2 26 .2
5x-3 5 25x-15 5

2
o, ¥ -3x+2  1-3x. x—iln(x2+1)—arctanx+1+c
2 2
x +1 x +1
2 2
3. X +1:x+1+i; x—+x+2ln|x—1|+c
x—1 x—-1 2
3
+2x—-4 4 .
il > X =X—-— ; x——2ﬁarctan£+c
x +2 x+2 2 2
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SO ENE

If we want to find J.g(i) dx when the degree of f(x)

is greater than the degree of g( ) we proceed by long

( )dx Iq dx+J ( )
C.I(x) is the quotient, 7’( ) the remainder and then
integrate the new expression on the right hand side.

dx where

division to find _[

Exercise 4.6 Learner’s Book page 200

1. lx2 —lln(x2 +1)—Zarctanx+c
2 2

1

2. ——1n|x—1|—zln|x+2|+x+c
3 3
2 lln|x|—£1n|3x—2|—lx+c
6 54 9
1
4. E(x3+a3ln|x3—a3|)+c
5. %xz—261n|x+3|+631n|x+4|—7x+c

Lesson 4.7. Integration of rational functions
where denominator is factorised into
linear factors

Learning objectives
Given an irrational function where denominator is factorised
into linear factors, learners should be able to find primitive
function accurately.

Prerequisites
®@ Factorise completely a polynomial.

Teaching Aids
Exercise book, calculator and pen
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Activity 4.7 Learner’s Book page 201

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

1. x2+2x=x(x+2)

x-2 A B _A(x+2)+Bx

X 42x x x+2 X 4+2x
x—2:A(x+2)+Bx

Solving, we get

A=-1
B=2
Then,
x—=2 1 2

x2+2x: X x+2
2

2

And [ X2 o= [#
" Ix2+2xdx jx+ x+2dx
:—1n|x|+2ln|x+2|+c
2
:ln|x|+1n(x+2)2+c=ln(xr|2) +c
X
2. x2+3x+2:(x+1)(x+2)
X A4 . B _A(x+2)+B(x+1)
X 43x+2 x+1 x+2 x> +3x+2

x=A(x+2)+B(x+1)
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Solving we get,

A=-1
B=2
Then,
X 1 2
=— +
5 ebel el )
Therefore;
[t 2 [ L
X +3x+2 x+1 x+2
=—In|x+1|+2In|x+2|+c
2
ln|x+1|+1n x+2) +c= lnﬁ+c
|x+1|
g 2 _ A N B
-1 x-1 x+1
2 _A(x+1)+B(x—1)
-1 x -1
2=A(x+1)+B(x—1)
Solving, we get
{A=1 2 1 1
B=-1 xt - l_x—l x+1
2
Th —
en"[x2 dr = I x+1
=1n|x—l|—1n|x+1|+c=lnx_1+c
4. 2x-3
xP—x=2

x’ —x—2=(x—2)(x+1)

2x-3 _ 4 , B _A(x+1)+B(x-2)
Xox—2 x-2 x+1 xX—x-2
2x—3:A(x+l)+B(x—2)
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Solving, we get

1
A== 2%-3 __ 1 5
B—S xP—-x-2 3(x—2) 3(x+l)
3
Finally,
2x-3 dx 5
—dx= d.
-[xz—x—2 * j3(x—2)+j3(x+1) *

:§1n|x—2|+§ln|x+1|+c:%In(x—2)(x+1)5+c

SO ENE

For integration of rational function where denominator is
factorised into linear factors, before integrating, note that
to each factor ax+b occurring once in the denominator
of a proper rational fraction, there corresponds a single

partial fraction of the form where A is a constant

ax+b _
to be found, but to each factor ax+b occurring n

times in the denominator of a proper rational fraction,
there corresponds a sum of n partial fractions

A
! + 4 >+t — where A, are constants
ax+b  (ax+b) (ax+b)

to be found, and then integrate the new expression.

Exercise 4.7 Learner’s Book page 205

2
R ] e o |G,
x+1 x+1
3. In/—+c 4. ln|x+1|—i+c
X x+1
3x s s 12-5x
5. 3jx—2-—"+c 6. In|(x+1)'(x-2)] + —
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Lesson 4.8. Integration of rational functions where
denominator is a quadratic factor

Learning objectives

Given an irrational function where denominator is a
quadratic factor, learners should be able to find primitive
function correctly.

Prerequisites 2,
Use of the relation ax’ +bx+c=a (’”ij b iac :
2a 4a

Teaching Aids
Exercise book, calculator and pen

@ Activity 4.8 Learner’s Book page 205

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCEENCORONCONC)

Answers

1. Relation to be used;

p ( bjz b* —4ac
ax” +bx+c=al|x+—| - >
2a 4a

| & g=1,b=3c=2
x*+3x+2

dx dx
J.x2+3x+2_'|.( 3)2 1
x+>| —=
2 4

dx dx
jx2+3x+2:-f 3 1

e

Let u:x+%:du:dx
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dx du du
Ix2+3x+2=Iu _fj 1

Using the formula j%:iln il +d ,we have
x =k 2k |x+k
1
I dx J- du 1 2l 4
X' +3x+2 l xl u+1
) 2 2
N
cin—2 2l g=pm[ZH g
el X+2
2
| dx _  g=1,b=—-4,c=4
x —4x+4 , ,
—4) -4x4
x2—4x+4:(x—%j —%=(X—2)2

I dx ZI dx
x*—4dx+4 (x—2)2

let u=x-2=du=dx

J‘ dx B d_u

X’ —4x+4 Y’

Using the formula Iu—du :—l+d, we have
u

jL Idg L N
4x+4 u u x-2
J'L,a=1,b=—6,c=18
xP—6x+18

2 2
x2—6x+18:(x—gj —M:(x—ﬁw

d
jx2—6x+18=~[(x_3)2+9

Let u=x-3=du=dx

dx du du
J.x2+3x+2 :J.u2+9 :ju2+32
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- =larctan£+d, we have
k k

dx 1 u 1 x-3
J' _I > =—arctan—+d = —arctan——+d
X +3x+2 Jut+3 3 3 3

S ENE

For the integral of the form I

ax* +bx+c
® If b>—4ac=0, then,

dx 1 dx b
——=—|——— andwelet u=x+—
jax2+bx+c aj( bT 2a

X+
2a
® If b>—4ac>0, then,
ILZLI dx . We let
ax’ +bx+c a [ bj2 b* —4ac
x+— | + -
2a 4a
2_
u:x+i, k2=b A!ac
2a 4a

and use the standard integral
x—k

dx 1
-[ x+k

X =k’ :E +d

® If p*—4ac<0, then,

J‘L:lj‘ dx . We let
ax*+bx+c a [ b jz b> —4ac
x+— | ————
2a 4a
b _b2—4ac

u=x+—, —k*=
2a 4a

and use the standard

integral szdekz = %arctan%+ d

Exercise 4.8 Learner’s Book page 210

I iarctan M +c
J7 J7

2. —larctan(?ax+1)+iln(9x2 +6x+2)+c
9 18
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3. —%arctan(ﬁx)+3ln|x—2|+c

4. l1n(x2+2)—1n|2x+1|+c
2

Lesson 4.9. Integrals of the form

I sin mx cos nx dx, I COS mx cos nx dx, I sin mx sin nx dx

Learning objectives
Given integrals of the form
I sin mx cos nx dx, j cOoS mx cos nx dx, I sin mxsin nx dx , learners

should be able to find primitive function accurately.

Prerequisites
® ldentities:

sin Acos B :%[sin(A—B)+sin(A+B)]
sin Asin B =%[cos(A—B)—cos(A+B)]

cos Acos B =%|:cos(A—B)+cos(A+B):|

Teaching Aids
Exercise book and pen

Activity 4.9 Learner’s Book page 211

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

9O @@ @@
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Answers

1. sin2xcosx=%(sinx+sin3x)=%sinx+lsin3x
. 1. 1. 1 1
:>J-sm2xcosxdx=j —sinx+—sin3x gy =—-—cosx——cos3x+c¢
2 2 2 6
. ) 1 1 1
2. smxsm5x=5(cos4x—cos6x)=Ecos4x—Ecos6x

= .[sinxsinSxdx = j[lcos4x—lcos6xjdx :lsin4x—isin6x+c
2 2 8 12

3. 0082XCOS3)C=%(COSX+COSSX)I%COSX+%COSSX
1 1 1. |
3Icos2xcos3xdxzj —COSX+—C085x [dx=—sinx+—sinSx+c¢
2 2 2 10

. ) 1 1 1
4. smxsm3x=5[cos(—2x)—cos4x]=Ecos2x——cos4x
sin xsin3xsin4x = %cos 2xsin4x— lcos 4xsin4x
_1 l(sin2x+sin6x) L l(sin0+sin8x)
212 212
=lsin2x+lsin6x—lsin8x
4 4 4
. . . 1 . 1 . 1 .
:>jsmxsm3xsm4xdx=j —sin2x +—sin 6x ——sin 8x |dx
4 4 4

= —lcos2x+ic058x—Lcos6x+c
8 32 24

Synthesis

To evaluate the integral of the form jsinmxcos nxdx

or jcos mx cos nxdx Of I sin mx sin nxdx , we express the
product into sum by using the corresponding identities:

sin Acos B :%[sin(A—B)+sin(A+B)]
sin Asin B Z%I:COS(A—B)—COS(A+B):|

cos Acos B =%|:COS(A—B)+COS(A+B):|
And then integrate the new expression.
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Exercise 4.9 Learner’s Book page 213

1. —lCOSX—LCOS5x+C 2. lcosx—ic055x+c
2 10 2
1 . 1 [N

3. ——sinbx+—x+c 4., —sin"x+c
12 2 2
1 . 1 1 . 1 .

5. —sinbx+—x+c 6. —sin6x+—sin8x+c
12 2 16

Lesson 4.10. Integrals of the form [sin” xcos’ xdx

Learning objectives
Given an integral of the form |sin™ xcos” xdx , learners
should be able to find primitive function accurately.

Prerequisites

® Derivative of cosxand sinx.
® Identity cos*x+sin’x=1.

® Identity cos2x =cos® x—sin’ x.
@ Identity sin2x =2sinxcosx.

Teaching Aids
Exercise book and pen

Activity 4.10 Learner’s Book page 213

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

@O @999

Answers

1. u=cosx= du=—sinxdx

u3 COS3 X

Isinxcos2 xdx = J.cos2 xsin xdx = —juZdu: —?+c =—
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2. jsinz xcos’ xdx = I%(l —cos 2x)%(1 +008 2.x )dx

= %J-(l +¢0s 2x — c0s 2x — cos’ 2x)dx
_1 1—cos® 2x Jdx

l M
=%J‘ 1—%(l+cos4x))dx,

since cos’ x = %(1 +¢082x) = cos’ 2x = %(l +cos4x)

=l (1_l—lcos4xjdx

4 2 2

el 1
=_J'(———cos4x)dx:lx—isin4x+c
42 2 8§ 32

Synthesis

To integrate an integral of the form J' sin” xcos” xdx , we

have two cases:

a) If mormnisodd, save one cosine factor (or one sine
factor) and use the relation cos®x=1-sin’ x (or
sin®x=1—-cos’ x). Let u =sinx = du =cosxdx (or
let u =cosx = du =—sinxdx).

b) If m and n are even, we use the identities:

sin® x = %(l—cos 2x) and cos’ x =%(1+cos 2x).

Exercise 4.10 Learner’s Book page 216

1. —lcos4x+c 2. Lsins 2x+c¢
4 10
1, I
3. —cos’x—cosx+c 4., ——sin’4x+—sindx+c
3 12 4
5 1 i 1 4
. —cos’x——cos*x+c

6. —Lcos8 2x+lcos6 2x—lcos4 2x+c
16 6 8
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Lesson 4.11. Integrals of the form f tan” xsec” x dx

Learning objectives
Given an integral of the form jtan'”xsec” xdx , learners
should be able to find primitive function accurately.

Prerequisites
® Derivative of secx.
® Identity sec’ x =1+tan’ x.

Teaching Aids

Exercise book and pen
Activity 4.11 Learner’s Book page 216 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

NI C MO NCINC)

Answers

1. u=tanx:>a’u:(1+tam2 x)dx=(1+u2)dx

2
u
_[tan2 xdx = | ——du
1+u

=I(1_1+1u2)du

=y —arctanu +c

= tan x —arctan (tan x) +c

=tanx—x+c
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2. u=secx= du =secxtan xdx

du du
dx = =
secxtanx wutanx

Jtans xdx = '[tan" x tan xdx = J(tanz x)2 tan xdx
= J-(sec2 5 — 1)2 tan xdx

= J‘(sec4 x—2sec’ x+ 1) tan xdx

—I —2u® +1 tan x
utanx

J-u —2u +1

=j[u3 —2u+1]du
u

4 4
=u——u2 +ln|u|+c= s
4

x—seczx+ln|secx|+c

Synthesis

Integration of the form J' tan” xsec” xdx, is in two types:

a) If the power of secant is even, save a factor of sec” x
and use sec’ x=1+tan’ x to express the remaining
factors in term of tanx . Then substitute v =tanx.

b) If the power of tangent is odd, save a factor of
secxtanx and use tan’ x =sec’ x—1 to express the
remaining factors in terms of secx. Then substitute

u=S8eCx.

Exercise 4.11 Learner’s Book page 218

1
1. —sec’x+c 2. lln(1 Slnx)+1secxtanx+c
2 4 \l+sinx) 2
1 5 I 5 1
3. Esec x+c 4, —Zsec’ x+—sec’ x+c
| I I s 1
5. Etan xX+c 6. —tan’ x+—tan’ x+c
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Lesson 4.12. Integrals containing sin x, cosx, tan x
on denominator

Learning objectives
Given a function containing sin x, cos x, tanx on denominator,
learners should be able to find primitive function moderately.

Prerequisites

® Identities
2tan > 1—tan®> 2tan >
sinx:—zx,cosx:—)zc,tanx: Zx
1+tan*= l+tan*= l—tan* =
2 2 2

from double angle formulae.

Teaching Aids

Exercise book and pen
Activity 4.12 Learner’s Book page 218 ‘g

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRC NCNCNC)

Answers

sinx+cosx+1= + +1

2tan§+l—tan2£+1+tan2£ 2tan£+2
2 2 2 2

1+tan? > 1+tan® >
2 2
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) 1+tan® >
2

i - x
sinx+cosx+1 5. X 5

X X du dx 2du
Let u =tan— = arctany =— = —=—=>dx= .
2 1+u 2 1+u
1 1+u* 2
,[ : a’x=I +u " a’u2
sinx+cosx+1 2u+2 1+u
[ du
u+l1
:1n|u+1|+c
=lntan£+l+c

Synthesis

To find an integral containing sin x, cosx, tanx on
denominator, use the formulae

x x x
2tan = I—tan*= 2tan5

sinxz—x,cosx=—x, tan x = "
l1+tan® = 1+tan25 1—tan25

X X
and let u = tanz = arctan u =E

Exercise 4.12 Learner’s Book page 220

3tan£—2
1. iamtan(itanﬁj+c 2-iarctan —_—
3 B2 J5 V5

3. Larctan(mj+c 4. %arctan(2 tan§j+c

V3 V3

3tan " +4 1
5 —arctan| —=— |+¢ 6. ———+c

‘/ﬁ ‘/ﬁ tang—Z
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Lesson 4.13. Integrals containing sin’ x,cos’x on
denominator

Learning objectives
Given an integral containing sin’x, cos’x on denominator,
learners should be able to find primitive function accurately.

Prerequisites

- 1 . tan x
® Identities cos x =——— and sinx = ———.
J1+tan? x J1+tan® x
Teaching Aids
Exercise book and pen
Activity 4.13 Learner’s Book page 220 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVREC NCNCNC)

Answers

We know that sec’ x =1+tan’® x or secx =++/1+tan’x .

Then,
1 ) tan x
cosx=t——-= and sinx =t——
V1+tan® x VJ1+tan® x
Now, L _ ! S =1+tan’ x

cos’x 1 : 1
= 1+tan’ x
2
N1+tan” x

I 12 dx=J-(1+tan2x)dx
cos’ x

du
1+u

Let u =tanx = x =arctanu = dx =

2
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‘[COizxdxz-[(l-l_uz)leZ =jdu=u+0=tanx+c

Synthesis

To integrate an integral containing sin®x, cos® x on
1

\1+tan® x
tan x

sin x =————=—= and let u =tan x = x = arctanu
VJ1+tan? x

denominator, use identities cosx = and

Exercise 4.13 Learner’s Book page 222

1 1 2
1) gtan3x+tanx+c 2) gtan5x+§tan3x+tanx+c

2 1 1 3
3) —cotx—gco‘t3 x—gcot5 x+c 4) ;tan7x+gtan5x+tan3x+tanx+c

Lesson 4.14. Integrals containing Yax+5

Learning objectives
Given an integral containing %/ax+b , learners should be able
to find primitive function accurately.

Prerequisites
® Properties of radicals.

Teaching Aids
Exercise book and pen

Activity 4.14 Learner’s Book page 223

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVREC NCNCNC)
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Answers

u’ =3x—-1=u=+/3x-1

2udu

= 2udu =3dx = dx =

Iv3x—1dx=ju i =§J-u2du

3
3
=%+c=§(\/3x—1)3 +c
:é(\Bx—l)z V3x-1+c¢ =§(3x—1)\/3x—1 +c
Synthesis

For integral containing {ax+b, a+#0, let u" =ax+b

Exercise 4.14 Learner’s Book page 224

L. %(2x+1)\/6x+3+c 2. %(Sx—Z)Z\/Sx—2+c

3 2 2
3 —3/(8x+1) +c S
16 ( ) 3J2-3x ¢
1 1
5 ?/(2x+5)3+c 6. Z(3x—8)\/3x—8+c
7. 42x+3+c g 4
3J1-3x ¢

Lesson 4.15. Integrals containing ax’ +bx+c

Learning objectives

Given an integral containing ax* +bx+c , learners should
be able to find primitive function accurately.

Prerequisites { ( b )2 b 4ac}

® Useoftherelation ax’ +bx+c=al| x+— .
2a 4qa

Teaching Aids
Exercise book and pen
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Activity 4.15 Learner’s Book page 225

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

The relation to be used is

5 bY b -4ac
ax"+bx+c=a|| x+—| - >
2a 4a

1. jL
Vxt=2x+1
4x1

x’ —2x+1:(x—l)2 —#=(X—1)2

let u=x—-1=du=dx

I dx =j du =J‘@
VX' =2x+1 \/LTZ u

Using formula Iu—du =Infu|+d , we have
u

dx du
Iﬁzf7=ln|u|+d=ln|x—l|+d
J- dx
Vxt=5x+6
2 2 2
x2_5x+6:(x_%j _M:(x_ij 1

4 2) 4

Let uzx—%:du:dx
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J‘ dx =_[ du
Jx* =5x+6 \/uz—l
4
Using formula _[ =1n‘x+\/x2ik2 +d,
xrtk?
we have
_[ dx _ du
Jx* =5x+6 \/2_1
4

2x=5+24x* =5x+6
2

|+d

=In[2x=5+2vx* —5x+6[+e

dx
' I\/x2—6x+18
2
—4x16

x2—6x+18=(x—3)2—%

=(x-3)"+9
Llet u=x-3=du=dx
J‘ dx =J~ du
\/x2—5x+6 \/u2+9

Usingformulaj de - =1n‘x+\/xzik2
x tk

+d>

we have
j dx ZJ‘ du
Jxi—6x+18 ° Nul+9

=In u+\/u2+9‘+d
=Injx—3+4(x-3)"+9

=1nx—3+\/x2—6x+18‘+a’

+d
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SO ENE

. dx
For the integrals of the form | ————,
_ _'[\/ax2+bx+c
first, transform ax® +bx+c in the form

2 2
a{(x+ij b 4_‘!“6} and then;

2a a

® |If b®’—4ac=0, then

b
and we let u=x+—

j dx =LJ* dx
\lax2+bx+c \/Z x_’_i 2a

2
® If b*—4ac>0, then a4
I dx ZLJ' dx
Vax® +bx+c Ja \/( b T b* —4ac
x+— | + ]
2a 4a
2_
We let u:x+zi, K :b iac finally, use the integral
a a
jLﬂnxﬂ/xZiH +d
Nxrtk?
® If b>—4ac<0, then
J' dx =LJ~ dx
Jad +bx+c a \/( b jz b* —4ac
x+— | - .
2a da
2_
We let u=x+i, =2 jac and use the
. 2a 4a
integral
IL=ln‘x+\/x2ik2 +d
NxPtk?

Exercise 4.15 Learner’s Book page 232

1. ln‘x+1+\/x2+2x+5‘+c 2. arcsinxTJ;_l+c

3. ln‘x+2+\/x2+4x+2‘+c 4, arcsinx—;?’+c
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5. 2x4—1 Vx —x? +%arcsin(2x—l)+c

Lesson 4.16. Integration by parts

Learning objectives
Through examples, learners should be able to integrate by
parts accurately.

Prerequisites
Product rule differentiation.

Teaching Aids

Exercise book and pen
Activity 4.16 Learner’s Book page 232 ‘g

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

® Critical thinking

® Communication

® Self confidence

® Cooperation, interpersonal management and life
skills

® Peace and values education

® Inclusive education

Answers
1. 94 e D IR
dxf(x) e dx(x 1)+(x 1) xe

2. From 1), _[xe"dx:(x—l)e"+c

3. Lletu=x,v=e",
Thus, [uvdy = [xe*dx while [udx[vdx = [xdx[e'dx
From 2) we have

Iuvdx = Ixexdx =(x—1)ex +c
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Let us find judxjvdx:
J.udxj. vdx = dexj e'dx = x—22e" +c
Therefore, Juva’x = _[ udx_[ vdx

Synthesis

Integration by parts use the formulajudv = uv—J-vdu
The following table can be used:

u b
Logarithmic function Polynomial function
Polynomial function Exponential function
Polynomial function Trigonometric function
Exponential function Trigonometric function
Trigonometric function Exponential function
Inverse trigonometric Polynomial function
function

Exercise 4.16 Learner’s Book page 235

1
1. lxsin2x+10052x+c 2. —(3x—1)e3"+c
2 4 9

3. %sin4x—lxcos4x+c 4. éx3(31nx—1)+c

5. (x+1)e™ +c 6. —l(2x+1)e’2x+c

Lesson 4.17. Integration by reduction formulae

210

Learning objectives
Given integral I, and by using integration by parts, learners
should be able to find a reduction formula for 7, rightfully.

Prerequisites
® Integration by parts.



Integration

Teaching Aids
Exercise book and pen

Activity 4.17 Learner’s Book page 236

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRECNCNCNC)

Answers

I, = Jx'” cosbxdx, J, = Ix’” sin bx dx
For J, = [x"sinbxdx, let u=x" = du=mx""dx

dv=sinbxdx=v= —%cosbx

" b

x"cosbx m

J = AL I(—%cos bx) mx™ " dx

=J =- +—jcos bxx™dx
b bl
Im—l
—J _ X cosbx+ﬂ »
b b
=bJ,=—x"cosbx+ml ,=bJ, —ml  =—x"cosbx

Synthesis

Knowing integral /, , we can establish a general relation,
integration by parts, which will help us to reduce the
power and find 1, .1, ,,1 I

m—3s =l -
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Exercise 4.17 Learner’s Book page 238

1
1. —x”e‘“—zln_1
a a
n—1
2. [ =B X |  and
n—1

tan’ x tan’ x

Itansxdles = +Insecx|+c

., n—1
3. I, =——sin"" xcosx+——1
n n

1 . n—1
4. I =—cos" xsinx+——1 ,
n n

I, =x(In x)n -nl

2T

Lesson 4.18. Integration by Maclaurin series

Learning objectives
Using Maclaurin series, learners should be able to find
primitive functions of some functions accurately.

Prerequisites
® Maclaurin series of a function.

Teaching Aids

Exercise book and pen
ﬁ Activity 4.18 Learner’s Book page 238

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVREC NCNCNC)
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Answers

1. 1n(l+x)=x—%x2 +§x3 —lx4+...

2. J.ln(1+x)dx:_[(x—%x2 +%x3 —%x4+...jdx

SO ENE

For some integrals, we proceed also by Maclaurin series
of the function to be integrated.

Exercise 4.18 Learner’s Book page 239

—

je‘“dx:j 1—3x+2x2 —2x3+... dx:x—§x2+§x3—2x4+...+c
2 2 2 2 8

2. Isinxdx =I x—le +Lx5 +... |dx =lx2 —Lx4 -|-Lx6 +..+cC
6 120 2 24 720
3. Icosxdxzj(l—lx2+lx4—ix6+...jdx:x—lx3+Lx5—Lx7+...+c
2 24 720 6 120 5040

4. J.tanxdx=J. x+lx3 +£x5 +...jdx=lx2 +Lx4+Lx6+...+c
3 15 2 12 45

o1

— 1 12 1 8 _ 1 2 1 3 1 4
. f\/1+xdx—j(l+5x—§x +Ex +...jdx—x+zx —ﬁx +ax +..t+c

Lesson 4.19. Definite integrals

Learning objectives

By the end of this lesson, learners should be able to define
definite integrals.

Prerequisites
® Indefinite integrals.

Teaching Aids
Exercise book, calculator and pen
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Activity 4.19 Learner’s Book page 239

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

1. F(x)=‘|‘(x2—2x+3)a’x=§x3 —x*+3x+c

=(1—1+3+cj—(—l—1—3+cj
3 3

=l+2+c+l+4—c
3 3

_20
3

S ENE

The area  of the strip between x,_, and x, is
approximately equal to the area of a rectangle with
width /=Ax and length L= f(x,) i.e. as illustrated in
figure 4.1.
The total area 4 is Zn:Si :Zn:f(xi)-Ax or

i-1

i=1

A :limzn:f(xl.)-Ax; this is known as Sum of Riemann.
i=1

n—>0
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=
B S ()
™
g:
7
N
: o o A

Figure 4.1: Definite integral of the function

We define the definite integrals of the function f(x)
with respect to x from « to b to be

jf )dx =[ F(x ] =F(b ) .Where F(x) is the
anti-derivative of f(x)-

Exercise 4.19 Learner’s Book page 242

3. 2 4.

AW

6. 4 7. 25 8. 145

Lesson 4.20. Properties of definite integrals

Learning objectives
Through examples, learners should be able to use properties
of definite integrals accurately.

Prerequisites
® Definition of definite integrals.

Teaching Aids
Exercise book, calculator and pen
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Activity 4.20 Learner’s Book page 243

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

0

L[ f(x)de=[ dx= [’ﬂ =9

-3

J, £ ()= [ H L

0

Observation: J‘if(x):— f(x)dx

2
2. J‘szdxz[lxﬂ =
-2 37, 3
0 > 1,1 1,7 8 8 16
xzdx+I xzdx=|:—x3:| +|:—x3:| =0+—4+—-—0=—
-2 0 37,13 33 8
Observation:

J._Zz xidx = J-_OZ xidx + Ioz x’dx
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SO ENE

® Permutation of bounds: If f(X) is defined on (a,b)
except may be at a finite number of points, then

[\ reode=—[ fdx

® Chasles relation: For any arbitrary numbers a and b

and any c€[a,b]
J.ab f(x)dx = I: f(x)dx +Lb f(x)dx

® Positivity: Let fbe a continuous function on interval
I =[a,b] the elements of 1

If 20 onZandif a<h then [ f(x)dx20
Also, if f(x)<g(x) on [a,b], then,
[ rear< | goar

Exercise 4.20 Learner’s Book page 245

1. 4 2.

4 3. Lﬁz
3 32

Lesson 4.21. Improper integrals, Infinite limits of
integration

Learning objectives

Given an improper integral with infinite limits, learners
should be able to determine whether it converges or diverges
correctly.

Prerequisites
® Limits concepts.

Teaching Aids
Exercise book and pen
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‘; Activity 4.21 Learner’s Book page 245

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

. en odx . [1 1]
1. lim > = lim | —arctan| —x
n—+0J0 ¥ +4 n—+0| 2 2 0

.1 (1 )
= lim | —arctan| —n
n—+o| 9 2

1
=—7
4

.ot oxdx 1 2 -
2. lim [ m‘)ﬂi[ﬂ“ ”1

—3n*+1+7
3

= lim

n——o

=—0

Synthesis

We define the improper integral as
[ fedx=1im [" fyax or [* f)de=lim [ f(x)dx

If the limit exists, we say that the integral converges,
otherwise it diverges.
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Exercise 4.21 Learner’s Book page 247
1) Convergent to = 2) Convergent to%
1
3) Convergent to Zﬂ 4) Convergent to%
5) divergent 6) Convergent to O

Lesson 4.22. Discontinuous integrand

Learning objectives

Given an improper integral with discontinuous integrand,
learners should be able to determine whether it converges or
diverges correctly.

Prerequisites
® Limits concepts.

Teaching Aids
Exercise book, calculator and pen

Activity 4.22 Learner’s Book page 247

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRNC NCNCNC)

Answers

1. Since this function is a rational function, the
denominator cannot be zero. Then, x—1#0 or
x #1. Thus, considering the given interval, the given
function is discontinuous at x=1.
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2. Since this function is a rational function, the
denominator cannot be zero. Then, x* —=3x—10#0
or x= -2 and x#5. Thus, considering the given
interval, the given function is discontinuous at
x=-2.

3. Since there is natural logarithm, then, x>0 also

Inx =0 or x#1. Thus, considering the given interval,
the given function is discontinuous at x=1.

SO ENE

For a function f(x) which is continuous on the
interval [a,b] , we define the improper integral as

_[f dx—hmjf
Also, if f(x) is continuous on the interval ]a b] we
have the improper integral jf dx_l1mjf

If 7(x) is a continuous functlon for all reaI numbers x in
the interval ]a,b[, except for some point ¢ € Ja,b[, then,

Lb S(x)dx = Lc f(x)dx+ Lb f(x)dx
= lim [/ (x)dx+lim [ Feod

t—c Ja

Exercise 4.22 Learner’s Book page 249

1. Diverges
2. a) converges to 3 b) diverges
c) diverges d) converges to 5+ 532
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Lesson 4.23. Galculation of area of plane surfaces

Learning objectives

Given two functions and by using integration, learners should
be able to find the area between two curves in a given interval
precisely.

Prerequisites
® Curve sketching.
® Definite integrals.

Teaching Aids
Exercise book, calculator and pen

Activity 4.23 Learner’s Book page 249

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

@O @999

Answers

1. Curve
b 0 4

f(x) 0 4
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f(x)=

2. Curve with shaded region

¥

3. We see that the shaded region is a triangle whose
base is 4 units and height is 4 units. Then, we know

the area of a triangle with base B and height H is

BxH
A =X—. Then, the area of the shaded region

is A=

=8 5q. units .

4. [0 f(x)dx=] xds {;ﬂ“
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5. Results in 3) and 4) are the same.

S ENE

Given function f(x) which lies above the x-axis, the
area enclosed by the curve of f(x) and x-axis in
interval [a,b] is given by;

A= Ibf(x)dx

Ahy

Figure 4.2: Area enclosed by a curve of a function and x-axis
The area between two functions f(x) and

g(x) where f(x)<g(x) in [a,b] is given by

[[le@ -1k = g@dx~[ £y

\ y /

\

N
RN/ )

Figure 4.3: Area between two curves
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Exercise 4.23 Learner’s Book page 255

1. a) % sq. units  b) % sq. units  ¢) 33% sg. units
4 . .
d) 5 sg. units e) 9 sq. units
2) %aS sq. units  3) 143% sq. units

4) 3.75 sq. units ~ 5) 44/2 sq. units
6) a) Graph

.32 .
Area is ?sq.umts

b) Graph

. 355 .
Area is qu.unlts
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Lesson 4.24. (CGalculation of volume of a solid of
revolution

Learning objectives

Given a function and by using integration, learners should be
able to find the volume of a solid obtained when a curve of a
function is revolved around an axis precisely.

Prerequisites
® Curve sketching.
® Definite integrals.

Teaching Aids
Exercise book, calculator and pen

Activity 4.24 Learner’s Book page 255

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRECNCNCNC)

Answers

1. y=2for0<x<3

a) The region enclosed by the curve y=2 for
0<x<3and x-—axis

¥
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b) The region for which the area in (a) is rotated
360° about the x-axis

¥

c) Solid of revolution obtained in (b) is a cylinder
of radius 2 and height 3.

Volume of cylinder is
rih = 7r(2)2 (3) =127 cubic units

=) 3
. 2 _ 2
d) Volume V—})lcl’_l;});ﬂy 5x—'(|).72'y dx

3 3
= IE(Z)Z dx = j47rdx = 47r[x]z =127 cubic units
0 0
e) The results obtained in (c) and (d) are equal.

2. y=2x for 0<x<5

a) The region enclosed by the curve y=2x for
0<x<5 and x-—axis

1k 74
10

9.

-~

[F

S
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b) The region for which the area in (a) is rotated
360° about the x-axis

s
N

c) Solid of revolution obtained in (b) is a cone of
radius 10 and height 5.

Volume of cone is

%72'1’2}1 = %7:(10)2 (5)= %ﬁcubicunits

x=5 S
d) Volume V = })icr_r)logirfé‘x = .([ﬂyz dx
5 5
= Iﬂ(Zx)z dx = I47zx2 dx
0 0

3
=4 L ﬂ7rcubic units
3 o 3

e) The results obtained in (c) and (d) are equal.

Synthesis

The volume of the solid of revolution bound by the curve
f(x) about the x—axis calculated from x=a to x=5,

is given V' = n_[b S (x)dx.
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Figure 4.4: Volume of revolution

Exercise 4.24 Learner’s Book page 263

1. a) E27 cubic units b) 3% cubic units
5 14
c) 12967 cubic units
RY/4 . . . .
2. a) o3 cubic units b) 87 cubic units

c) 2z cubic units

Exercise 4.25 Learner’s Book page 268

1 . .
1) ——(85+/85—8) cubic units
) 243( )

2) (80\/ﬁ_13\/§) cubic units

L
27

6

3) 17 cubic units 4) 21—7(13\/E+80\/ﬁ—16) cubic units
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Lesson 4.25. Galculation of arc length of a curved
surface

Learning objectives
Given a function and by using integration, learners should be
able to find arc length of a curve in a given interval precisely.

Prerequisites
® Curve sketching.
® Definite integrals.

Teaching Aids
Exercise book, calculator and pen

Activity 4.25 Learner’s Book page 269

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

® Critical thinking
® Communication
® Self confidence
® Cooperation, interpersonal management and life
skills
® Peace and values education
® Inclusive education
Answers
o v=flx)=(x-1)
- AlBAy
p /:
: /
/

Figure 4.5: Arc length of a curved line
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We recognise the ratio inside the square root as the

derivative, ?: f'(x), then we can rewrite this as
X

di =1+ f(x)] dx

= dx
4
_ 9x—5dx
4
5 9x—5 s 9x -5
Idz=I2/ ; dx :>I—L,/ &

=1I5\/9x—5dx
2 2

1 ¢s 1 37
But EL N9x -5 dx={E(9x—5)2}

2
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=27( (o = (13)3)
21—7(\/40>< (40) —/13x(13) )
%(\/4x10x 40)° —\13x(13) )
1
=

80410 —134/13 ) units of length

SO ENE

Arc length of a curve of function f(x) in interval ]a,b]

is given by L=I;1/1+[f'(x)]2dx.

Exercise 4.26 Learner’s Book page 272

1) @ units of length
243

2) 80410 —13+/13

27
3) 111(\/5+1) units of length

4) % units of length

units of length
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Summary of the unit

1.

232

Differentials

The exact change, Ay, in » is given by

Ay = f(x+Ax)-f(x).

But if the change Ax is small, then we can get a good

approximation to Ay by using the fact that A s
Ax

approximately the derivative fl_y Thus,
X

Ay dy
Ay=—"Ax~—Ax=f"(x)Ax
Y Ax dx / (x)

If we denote the change of x by dx instead of Ax, then the
change Ay in V is approximated by the differential dy, that

is, Ay=dy = f'(x)dx
Whenever one makes an approximation, it is wise to try and
estimate how big the error might be.

Relative change in x is —
X

Percentage change in x is 100><g
X

Indefinite integrals

Integration can be defined as the inverse process of
differentiation.

If y=71(x) then

D_ &

a’x_f (x)@jdxdx—f(x)+c
Or equivalently

I%dx:y+c

This is called indefinite integration and c is the constant of
integration.



Integration

Basic integration formula

Exponential functions

n+l

W X
1. Ix dx—n+1

2. Iexdx:ex+c

+c, n#-1

X

3. -[de_lna ¢

Rational functions

jldx:1n|x|+c 2._[ zdx 2:larctan£+c
X a +x  a a
de 1 X dc 1 |x a|
3. —ja2+x2—;arccot;+c 4. sz—a2_ 1n|x+a|
dx 1 a+x
5. =—1
J.az—xz 2a |la—x

Irrational functions

1.

X
= arcsm +c

I\/a —x

2. —j—:arccos—+c
a

3 I dx =1nx+\/)c2+a2 e
BRI a

dx x+vx'—a’
4, J‘\/ > =In » +c
w2
b. =—arcsecx+c
jx\/x -a°
6. —.[L:larccsc£+c

wWxi—a® a a

Trigonometric functions
1. Isinxdx=—cosx+c 2. Icosxdx=sinx+c

3. Iseczxdx=tanx+c 4., J.csc2xdx=—cotx+c
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5. Itanxdx=—1n|cosx|+c 6. Jcotxdx=1n|sinx|+c

X
tan| —+—
o

X
tan —
2

7. Isecxdx = 1n|secx+tanx|+c =In

8. jcscxdx = 1n|cscx—cotx|+c =1In

9. Isecxtanxdx=secx+c

10. Icscxcotxdx =—cscx+c

4. Non-basic integration
1) Integration by substitution

In evaluating If(x)dx when f(x) is not a basic function:
()= (0)e(s) or 1= 5 o

f(x)=h(g(x))g'(x), you let u=g(x).
I) Integration by parts
To integrate a product of functions, try the formula for

dv du
i i v =uv—[vEdx.
integration by parts '[ u—dx=uv I v—dx

An effective strategy is to choose for % the most complicated

factor that can readily be integrated. Then we differentiate

the other part, u, to find ﬂ.
dx

The following table can be used:

u V'
Logarithmic function Polynomial function
Polynomial function Exponential function
Polynomial function Trigonometric function
Exponential function Trigonometric function
Trigonometric function Exponential function
Inverse trigonometric function | Polynomial function

Applying the method of integration by parts, the power
of integrand is reduced and the process is continued till
we get a power whose integral is known or which can
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be easily integrated. This process is called Reduction
formula.

1) Integration by partial fractions
Remember that:

A rational function is a function of the form f (x)=

where P(x) and Q(x) are polynomials.

A proper rational function is a rational function in which
the degree of P(x) is strictly less than the degree of
O(x).

The problem of integrating rational functions is really the
problem of integrating proper rational functions since
improper rational functions (i.e. those in which the
degree of P(x) is greater than or equal to the degree
of O(x)) and can always be rewritten as the sum of a
polynomial and a proper rational function.

The integrals of proper rational functions are found by
partial fraction expansion of the integrand into simple
fractions.

There are 4 types of simple fractions:

A
a) Fractions of the type ——.
xX—a

The integrals of such fractions are easily found:

J‘idx=Aln|x—a|+c
xX—a

b) Fractions of the type where n is a natural

(x _ a)n ’
number greater than 1.

The integrals of such fractions are easily found:

I 4 dx = Aj(x—a)_" dx =i(x—a)l_" +c

(x—a)" I-n
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236

. Ax+B
c) Fractions of the type 2x— where p>—4g <0
X +px+q

The integrals of such fractions are found by completing
the square in the denominator and subsequent
substitution which lead to rational integrals of the form

I du orj du or j du _
u +k* u® —k? k* +u?
Ax+ B

(xz +px+q)n 1
where p* —4¢ <0 and n isanaturalnumbergreaterthan 1.

d) Fractions of the type

Integration of this type of fraction will not be considered in
this course.

Expansion of proper rational functions in partial fractions is
achieved by first factoring the denominator and then writing
the type of partial fraction (with unknown coefficients in the

numerator) that corresponds to each term in the denominator:
(i) if the denominator contains (x—a), then the partial

. . . . A
fraction expansion will contain ;
xX—a

(i) if the denominator contains (x—a)" | then the partial

fraction expansion will contain
A B C VA
+ +..+

(x_a)n (x_a)n—l +(x_a)n—2 (x_a)

(iii)  if the denominator contains (x2+px+q) where

p° —4q <0, then the partial fraction expansion will

. Ax+B
contain —.
X +px+q
The unknown coefficients (A, B, etc.) are then found
by one of two ways: by inserting concrete values of ,

or by using the method of undetermined coefficients.
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4. Integration of irrational functions

dx
Jax*> +bx+c¢
The integrals of such fractions are found by completing
the square in the denominator and subsequent

substitution which leads to irrational integrals of the form

a) Integrals of the form I

I\/u s I\/u e IJk
px+q
Vax? +bx+c
The numerator is written as the sum of two parts. One

part is the derivative of radicand and the other part is a
constant only, i.e.

b) Integrals of the form j

(ax2 +bx+ c)

J‘ px+gq dx kJ‘d

Nax? +bx+c

c) Integrals of the form J'

de+k J‘L
’ Nax* +bx+c

\/ax +bx+c

Xt gx+r

Nax? +bx+c

The numerator is written as the sum of three parts.
One part is the same as radicand, the second part is
derivative of radicand and the last part is a constant
only, i.e.

dx

4 ax2+bx+c)
I px’ Tt ax +bx+c kjdx desk dx

Vax® +bx+c J.\/ax ybx+c Vax® +bx+c 3'[\/ax2+bx+c

5. Integration of trigonometric functions

dx
asinx+bcosx+c

a) Integrals of the form J'

You can use t-formulae by letting ¢ = tan%.

b) Integrals of the form I dx J‘ dx

a+bcos’ x a+bsin’ x

Here also you can use t-formulae
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In integrating the trigonometric functions containing
product or power, transforming product or power into
sum (or difference) leads to basic integration.

6. Definite integration

Remember that integrals containing an arbitrary constant ¢ in
their results are called indefinite integrals since their precise
value cannot be determined without further information.

a) Definite integrals are those in which limits are applied.
If an expression is written as [F(x)]b ‘b’ is called the
upper limit and ‘a’ the lower limit.

The operation of applying the limits is defined as:

[F(x)],=F(5)-F(a)

For example the increase in the value of the integral

3
f(x) asxincreases from 1 to 3 is written as If(x)dx.
1

The definite integral, from x = a to x = b, is defined as
the area under the curve between those two values.

b
This is written as jf(x)dx

b) The mean value of a function y=f(x) over the range
Ja,b[ is the value the functions would have if it were
constant over the range but with the same area under the

graph. The mean value of y = f(x) over the range |a,b]

. 1 %
'S f(x)zmgf(x)dx-

c) The root mean square value (R.M.S. value) is the square
root of the mean value of the square of y.

The r.m.s. value fromx = a tox = b is given by;
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d) Improper integral

The definite integral _[bf(x)dx is called an improper
integral if one of two situations occurs:
® The limit ¢ or b (or both bounds) are infinites.

® The function f(x) has one or more points of
discontinuity in the interval [a,b].

Let f(x) be a continuous function on the interval [a,+00[
or J-,b].

We define the improper integral as

[ o=t [ o

Or I bw J(x)dx = lim Ib f(x)dx respectively.

If these limits exist and are finite, then we say that
the improper integrals are convergent, otherwise, the
integrals are divergent.

Let f(x) be a continuous function for all real numbers.
By Chasles theorem J::Of(x)dx = J.;f(x)dx+fwf(x)dx
If for real number ¢, both integrals on the right side are

convergent, then we say that the integral _[ v f(x)dx is
also convergent; otherwise it is divergent.

Applications

Integration has many applications, some of which are listed
below:

a) The area between two functions f(x) and g(x) where

b)

f(x)<g(x) in [a,b] is given by
[ Te0o - reojie =] gea-[ rooas
Volume

The volume of a solid of revolution can be found using
one of the following methods:

® disc method,
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® washer method, and

® shell method.

In any of the methods, when finding volume, it is
necessary to integrate along the axis of revolution; if
the region is revolved about a horizontal line, integrate
by X, and if the region is revolved about a vertical line,
integrate with respectto .

(i) Disc method
The volume of the solid of revolution bound by the curve

f(X) about the x—axis calculated from x=a to x=p,
b
is given by ﬁjyzdx.

Volume of the solid generated by revolution of the area
bound by the curve y = f(x) about the y—axis is given

b
by 72'J.x2dy_
If the axis of revolution is the line parallel to x—axis (say
y=k) , the volume will be

ﬁj.(y —k)2 dx

(ii) Washer method
If the region bound by outer radius y, = g(x) (on top)
and inner radius y, = f(x) and then lines x=a, x=bis
revolved about x—axis, then the volume of revolution is
given by: V =z jb([ g =[ /()] )ax

(i) Shell method
The volume of the solid generated by revolving the region
between the curve x—axis,y=/(x)>0,L<a<x<b,
about a vertical line x=1L is
. 2”1’ (shell J(shell de

radius )\ height

a
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HINT for shell method:

Regardless of the position of the axis of revolution (horizontal
or vertical), the steps for implementing the shell method are
the following:

®

Draw the region and sketch a line segment across it,
parallel to the axis of revolution. Label the segment’s
height or length (shell height) and distance from the axis
of revolution (shell radius).

Find the limits of integration for the thickness variable.

shell j[shell

height

) ] with respect
radius

Integrate the product 27{

to the thickness variable (XOVY) to find the volume.

Length of arc of the curve y = f(x) between the points
whose abscissas are a and b is

b Rt
s = I 1+(—yj dx

/ dx
The work done by a variable force F(x) in the direction

of motion along the x—axis over the interval [a,b] is

WziF(x)dx.

Hook’s law says that the force required to hold a stretched
or compressed spring x units beyond its equilibrium position
pulls back with a force F(x)=kx where k is constant called
spring constant (or force constant).
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End of Unit Assessment answers Learner’s Book page 285

2
1. a) %+9x+1251n|x—5|—641n|x—4|+c

b) x* +x2—5x+181n|x+3|+c

16 2

) —20 i+ 2mnfxr]+e
3 3

xX—

d) ln|x—1|—%ln(x2 +1)+tan’1 x+c
e) 41n|x+2|—%1n(x2 +2x+2)+tan‘1 (x+1)+c

f) lln(x2 +1)—1n|x+l|—i+c
2 x+1

g) xsinx+cosx+c

h) ée‘“‘ (X—l)+0
4 4

2

i) %(21nx—1)+c

) Cos3)6(2—9x2)+gxsin3x+c
27 9
k) a2+b2(bsinbx+acosbx)+c
1) a2+b2(asinbx—acosbx)+c
2.2) 4 py 10 ¢) In2
3 9
4 = e V2 f 1
4 2
5
3. To be proved 4, 205
5. 4 6. 0
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10.

11.

12.

13.
14.
15.

16.

17.

18.

s6x 5. 3
27 3
2087
15
T T
a) — b) =
) 30 ) 6
d) ST e) 1z
6 30
a) 48z b) 24r
5 5

a) kt=i1n|a—x|—ln|a+3x|
2a

a (eZakt _ 1)

0.632N,

b) x=

7.26
1.17J
9

5

a) 30N/m b) 60J

a) 926,640 b) 0.468

a
c) x—)g,t—)oo

197

f) —+

30

c) 1.5m

Integration
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Ditferential
Equations

Learner’s Book pages 289 - 328

Key unit competence

Use ordinary differential equations of first and second
order to model and solve related problems in Physics,
Economics, Chemistry, Biology.

Vocabulary or key words concepts

Differential equation (D.E): Equation that involves a
function and its derivatives.

First order differential equation: Differential equation
containing only first derivatives apart from
dependent variable.

Second order differential equation: Differential equation
containing second derivatives (and
possibly first derivative also).

Particular solution: A solution found at particular values.

Guidance on the problem statement
Let the number of organisms at any time ¢ be x(t). The rate

at which new organisms are produced written as (?J

is proportional to the number of organism present at time, z.
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The differential equation is %=kx. k is the constant of

proportionality. The problem is to think about what this

situation means.

Here, if the number doubles in one day, then the second
day there are twice as many available reproduce, so the
organisms will double again on the second day and so on.
This tells us what solution we are looking for.

List of lessons

No | Lesson title Number of periods
1 Definition and classification 1
2 Differential equations with separable 1
variables
3 Simple homogeneous equations 2
4 Linear equations 2
5 Particular solution 1
6 Second order differential equations: 1
Definition
7 Second order differential equations with 1
constant coefficient: two distinct real roots
8 Characteristic equation has a double root 1
9 Characteristic equation has complex roots 1
10 | Non-homogeneous linear differential 2
equations of the second order with constant
coefficients
Non-homogeneous linear differential
11 | equations of the second order with the right | 2
hand side 7(x)= Pe™
12 Non-homogeneous linear 2
differential equations of the second
order with the right hand side
r(x)=Pe™ cos fx+Qe™ sin fx
13 | Application: Newton’s law of cooling 2
14 | Application: Electrical circuits 2
Total periods 21
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Differential Equations

Lesson development

Lesson 5.1. Definition and classification

Learning objectives
Through examples, learners should be able to define and
classify given differential equations correctly.

Prerequisites
® Differentiation

Teaching Aids

Exercise book and pen
Activity 5.1 Learner’s Book page 290 ‘Q

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRNC O NCNC)

Answers

1. On differentiation; Q:A
dx

2
The given equation becomes y :xd—y+(d—y)
dx \dx

Order of the highest derivative is 1.
2. On differentiation; Q:—Asinx+Bcosx
X
Again differentiating:
d’y
dx’
d’y
x2

=—(Acosx+Bsinx)=—y

Or +y=0

Order of the highest derivative is 2.
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d
3. On differentiation Zyd—z=2Ax+B

L i~ d’y dy ’
Again differentiating 2y —=+2| =—| =24
dx dx
On differentiating again:
3 2 2
dx’  dx dx dx dx
3 2
or y &2 3 Ly _g
dx® dx dx*
Order of the highest derivative is 3.

Synthesis

An equation involving a differential coefficient i.e.

2
@,d—{,ﬂ and so on is called a “differential equation”.
dx dx” dt
Order of the differential equation is the highest derivative
of function that appears in a differential equation and is

said to be the order of differential equation.

Given a function with arbitrary constants, you form
differential equation by eliminating its arbitrary
constants using differentiation.

Exercise 5.1 Learner’s Book page 292

2
(Y Ay, d’y [dyj dy
) — | +2xy—=—-y" = y—+x —=| —y—=0
1 a)y(dx xydxy b) ydxz ot ydx
d? d ?
) 4Y_ 4 30 d) 24X oD 5,0
dx dx dx dx
e) Z—y——tan(x+3)
X

2. a) This DE has order 2 (the highest derivative
appearing is the second derivative) and degree 1
(the power of the highest derivative is 1).
b) This DE has order 1 (the highest derivative
appearing is the first derivative) and degree 4 (the
power of the highest derivative is 4).
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c) This DE has order 2 (the highest derivative
appearing is the second derivative) and degree 3
(the power of the highest derivative is 3).

d) order 2; degree 1

e) order 2; degree 1

f) order 3; degree 1

g) order 2; degree 1

h) order 2; degree 3

Lesson 5.2. Differential equations with separable
variables

Learning objectives

Through examples, learners should be able to identify
and solve differential equations with separable variables
accurately.

Prerequisites
® Integration

Teaching Aids
Exercise book and pen

Activity 5.2 Learner’s Book page 293

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

NI C MO NCINC)

Answers

2 2
1. Qz%:ydy:xdx :Iydyzjxdx :%=%+k

dx

Or y*=x’+2k =y’ =x"+c¢, ceR
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d
2. d_y:x2y3:>d—J3;:x2dx :I—);:Ixzdx
dx y y

2y 1 X
Sdv = [ 52 Y _x -
:>jy dy—jxdx :>_2—3+k:> 2 3+k, keR
Synthesis

To solve the integral %=g(x)h(y)1 we write it in the

d .
separated form & g(x)dx and integrate.

h(y)

Exercise 5.2 Learner’s Book page 294

1. y’=cx, ceR 2. ¥=y'=c, ceR
3. arctany=x+c, ceR

4. tan_ly:x—1n|l+x|+c, ceR

Lesson 5.3. Simple homogeneous equations

Learning objectives
Through examples, learners should be able to identify and
solve simple homogeneous equations accurately.

Prerequisites
® Integration

Teaching Aids

Exercise book and pen
ﬁ Activity 5.3 Learner’s Book page 294

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

99 @O
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Answers

1 flon,n)=(x) +(x) ()
f(te,ty) =tx" +*xy
fexty) =1 (¥ +xp)
flex)=2f(x,)

The value of n is 2.

2. Z=Z:>y=zx

dy _ dz
iy = f(x,») becomes z+xa—f(x,y)

But f(x.y)=/(1z2)
3. f(o)=f(xy)

But t=l,then f(1,1)=f(x,y)3f(1,Z)=f(x=y)
X X

dz
+x—= f(1,
Then, z e 7/ (1,2)
Separating variables, we have
d d
x%:f(l,z)—z :}xL:dx :>—Z=_x

dx f(z)-z f(Lz)-z «x
A function f'(x,y) is called homogeneous of degree n if
f(tx,ty)=t"f(x,y) for all suitably restricted x, y and .
The differential equation M (x,y)dx+N(x,y)dy =0 is
said to be homogeneous if M and N are homogeneous
functions of the same degree.
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This equation can be written in the form Z—y:f(x,y).
X
Where f(x,y) :M is clearly homogeneous of
N(x,y)
degree 0. We solve this equation by letting z =Y.
X

Exercise 5.3 Learner’s Book page 297

1. xz—yzzc,ceR 2. x2+y2:cx,ce]R

3. ¥ =x'(cx’-4), ceR

4. (y—x)2 +2(y—x)=2x+c, eR

Lesson 5.4. Linear differential equations

Learning objectives
Through examples, learners should be able to identify and
solve linear differential equations accurately.

Prerequisites
@ Differentiation
® Integration

Teaching Aids

Exercise book and pen
ﬁ Activity 5.4 Learner’s Book page 298

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRENC NCNCNC)
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Answers
1. y=uwv
dr_dv, du
dx dx dx
dy dv  du
2. Now, == + py=¢g becomes u—+v—+ p(uv)=
=g —tv——+p(w)=q
3 uﬂ+vd—u+ (uv)= :uﬂ+ (uv)+vﬂ=
. dx dx r 4 dx - dx 4
:u(ﬂ+ vJ+vd—u—
dx = dx <

If §+pv=0, dv+ pvdx =0 = dv=—pvdx
X

Separating variables, we have v _ —pdx
1%

Integrating both sides, we have jﬂ: I—pdx
v

ln|v| = —jpdx+c = ln|v| = lne_Ipdx +Ink

= In|v|=1In ke_jpdx == ke_jpdx

—dex

Take v=e

d d
4. Now, the equation u(—v+pVJ+v—u =q becomes
dx dx

~[pax du . dv .
— =g since —+ pv is assumed to zero.
dx dx
lesde o 6
dx dx e
d
:>d—z=qefpdx :>du=qefpdxdx

Integrating both sides gives

:Idu:jqejpdxdx :uzjqejpdxdx
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SO ENE

The general solution to the equation %+py =g where
X

p and q are functions in x or constants, is y =uv where

u= Iqejpdx dx and v=e_jpdx .
Short cut method:

The solution of §+py =gq is simply given by formula
X

y= e_I e I qu " i

Exercise 5.4 Learner’s Book page 299

1. y=£+£ 2. y=x2—2+ce_
2 x

3. y=(x+1)e" +c(x+1) 4. y=cosx+ccos’ x

Esl
2

Lesson 5.5. Particular solution

Learning objectives

Given a differential equation and initial condition, learners
should be able to find a particular solution for that differential

equation accurately.

Prerequisites
® Integration

Teaching Aids
Exercise book and pen

Activity 5.5 Learner’s Book page 300

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCENCORORORC)
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Answers
1. @ =x+4
dx

= dy=(x+4)dx :>jdy=j(x+4)dx
2
:>y=x7+4x+c

2. If x=2 then y=4

2
:>4z%+4x2+c =4=10+c=>c=-6

2
New solution is y=%+4x—6

SO ENE

If we want to determine a function, y(x), such that the
given equation is satisfied for y(x,)=y, or ¥l =,
this equation is referred to as an initial value problem for
the obvious reason that out of the totality of all solution
of the differential equation, we are looking for the one

solution which initially (at, x,) has the value ;.

Exercise 5.5 Learner’s Book page 301

1. y=cosx—2cos’ x 2. y:tan(tan_1x+£]
4
3. y= i 4, y'=x"-2Inx+3
1-x°
5 ey—lezx+—
2 2
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Lesson 5.6. Second order differential equations:
Definition

Learning objectives
Through examples, learners should be able to define a second
order differential equation accurately.

Prerequisites
® Differentiation

Teaching Aids
Exercise book and pen

Activity 5.6 Learner’s Book page 301

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

@O @999

Answers

Answer may vary; here are some.

1. Second order differential equation with degree greater
than 1 is of the form

4] o] st

where p(x), ¢g(x) and r(x) are functions of x alone
(or perhaps constants) and n,k € Z with n=1.

2. Second order differential equation with degree 1 is of
the form

(‘;_;{}p(x)(%]k a(x)y=r(x),
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where p(x), r(x) and r(x) are functions of x alone
(or perhaps constants) and ke Z.

SO ENE

The general second order linear differential equation is
d’y dy

o.f the form W+p(x)a+q(x)y =r(x) or more

simply, y"+p(x)y'+q(x)y = r(x) ;

where p(x), g(x) and r(x) are functions of x alone (or

perhaps constants).

Lesson 5.7. Second order differential equations
with constant coefficient: two distinct
real roots

Learning objectives

Given a second order differential equations with constant
coefficient where characteristic equation has two distinct
real roots, learners should be able to find its general solution
perfectly.

Prerequisites
® Solving quadratic equation.

Teaching Aids

Exercise book and pen
Activity 5.7 Learner’s Book page 302 ‘g

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVREC NCNCNC)
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Answers

1 yuky=0=P -ty oD g

dx y
dy
:jyﬂ—kdx = In|y| = —kr
=In|y|=lhe™ =y=¢*
2. y'*+py'+qy=0
But y=e™ = y'=—ke™ and y"=(-k) ™
y"+ py'+qy =0 becomes
(—k)2 e+ p(—ke""‘) +ge™ =0

= [(—k)2 —kp+q} e =0
This relation is true if (<k)’ —kp+¢ =0 since ¢
cannot be zero.
Then (—k)2 —kp+q=0. Putting m=—k, we have
m’ +mp+q=0
Thus, the solution of ¥'+ky=0 is also a solution of
y"+ py'+qy=0 if m satisfy the auxiliary equation
m’+mp+q=0 for m=—k.
Therefore, the solution of the form e™ is the solution
of y"+py'+qy=0.

S ENE

In solving homogeneous linear equation of second order
y"+ py'+qy =0, we first determine its characteristic
equation which is m* +mp+¢=0.

If m, and m, are solutions of the characteristic
equation, then the general solution of y"+ py'+qy =0 is

—PENP 49

y=ce™ +c,e™ where m,m, = 5
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Exercise 5.6 Learner’s Book page 304

3 3 —2
1. y=ce +ce” 2. y=ce +ce

5 —6 -3 =i/
3. y=ce+ce” 4. y=ce +ce”

Lesson 5.8. Characteristic equation with a double
root

Learning objectives

Given a second order differential equations with constant
coefficient where characteristic equation has one double root,
learners should be able to find its general solution correctly.

Prerequisites
® Solving quadratic equation.

Teaching Aids

Exercise book and pen
Activity 5.8 Learner’s Book page 304 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

NV C MO NCNC)

Answers

1. Characteristic equation:

m*+2m+1=0

A=4-4=0
2
Thus, m, =m, =—5:—1
: d’ d :
One of solutions of —f+2—y+y=0 is y,=e"
dx dx
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2. V=X, =y, =xe "

Since y, =xe™*, then

d|xe™”
%=—( )=e_x —xe "

dx dx

2 dle" —xe™
d );2 = ( ) =—¢ " —e " +xe " =-2e " +xe”
dx dx
N o dy dy .
Substituting y by y, =xe™ in —Z 4221 = Yyield
dx* dx

(—2e"C + xe " ) +2 (e‘x —xe " ) +xe "

= 226+ xe ™ + 20— a6 + 5 =0

We note that y, =xe™™ is also a solution of

d’y o dy

———+2—+y=—0

dx? dx 4

The ratio ﬁ:e—zl is not constant, thus,

Y, xe' x
X

y,=e " and y,=xe " are linearly independent

X

and y=ce " +c,xe " is the general solution of

d’y . dy
+2—+y=0
dx’ dx 7
(¢, and ¢, being arbitrary constants).

Synthesis

In solving homogeneous linear equation of second

order y"+ py'+qy =0, if the characteristic equation
m*> +mp+q =0 has a double root equal to m, the
general solution of equation y"+ py'+gy =0 will be

_ mx mx
y=ce™ +c,xe™ .

Exercise 5.7 Learner’s Book page 305

1. y=ce* +cxe’ 2. y=ce ™ +c,xe™
1
4x o
3. y=(¢+cx)e 4. y=(c +xc,)e
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Lesson 5.9. Characteristic equation with complex
roots

Learning objectives

Given a second order differential equations with constant
coefficient where the characteristic equation has complex
roots, learners should be able to find its general solution
correctly.

Prerequisites
® Solving quadratic equation in complex numbers.

Teaching Aids
Exercise book and pen

Activity 5.9 Learner’s Book page 305

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

@O @999

Answers

1. Characteristic equation is m*> —4m+25=0

A=16-100 = —64 JA =18
m =384 m2=4_28’=2—4i
2
a) The basis of d Z—4Q+25y=0 are
dx dx
= Cle(2+4i)x and y, = cze(zf‘”)x

b) lIts general solution is y = c,e®™) +c,e® ™)

2. y — cle(2+4i)x + cze(2—4i)x
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2x+4ix 2x—4ix

S y=ce™ +ce S y=e (cle‘”" + czem")
& y=e"[ ¢ (cosdx+isin4x)+c, (cosdx—isin4dx)]
Sy=ée” I:(c1 +¢, )cos4x +(c, —cz)isin4x]
o y=e" (¢ +¢,)cosdx+e™ (¢, —c,)isin4x
& y=e"[(c,+c,)c0s4x+(c, —c, )isin4x]
3. Real basis are y, = e’ cos4x and y, = Be** sin4x
4. General solution is y =e (Acos4x+ Bsin4x)

Synthesis

If the characteristic equation has complex roots, a*if
then, the general solution is y = e (A cos fx + Bsin Sx),
where « and g are respectively ,real and imaginary part
of root of characteristic equation.

Exercise 5.8 Learner’s Book page 307

1. y=e™(ccos3t+c,sin3t) 2. y=e”"(¢cosx+c,sinx)

3. y=e'(gceosx+c,sinx) 4, y=—e">gin3x
S5x
:£e2x_ge_7

5_y9 9

Lesson 5.10. Non- homogeneous linear differential
equations of the second order with
constant coefficients

Learning objectives

Through examples, learners should be able to identify a
non-homogeneous linear differential equation of the second
order with constant coefficients and solve it where possible
correctly.

Prerequisites
® Solving homogeneous differential equation of second
order.
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Teaching Aids
Exercise book, calculator and pen

Activity 5.10 Learner’s Book page 307

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

ONCYRNC MO NCNC)

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

Answers

1.

Q_L:ex(xﬁ) is a linear differential
dx x+1

equation of 1%t order.
Let y=u-v, then ﬂ=uﬂ+v@.

dx dx  dx
Substituting in the given equation, we get

Or u—-—+v—=¢"(x+1
dx x+1 dx ( )
@u(ﬂ—Lj+vﬂ=e"(x+l)
dx x+1 dx
Taking Q—L:O, you get Inv=In(x+1) or
dx x+1
v=x+1,
As d_v =0, u(ﬂ—Lj+vﬂ:ex(x+l)
dx x+1 dx x+1 dx
du

(x+1) :e”(x+1)<:>d—u:ex oru=e‘+c.
dx dx
The solution of the given equation is then,

y=(x+l)(ex+c) or y=(x+1)e" +c(x+1)
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d’ d d’ d
> de;_4d_ic;=5y<:> dx); di‘”:o
is homogeneous linear equation of second order.
Characteristic equation
mr—4m—-5=0 A=16+20=36

:ﬂ:—l,mz :47-"6:5

m,

General solution is y =ce™ +c,e™

d’ d .
2 4% 55— x is non-homogeneous
dx dx

linear equation of second order.

At this level, it is impossible for most learners to
solve this type of equation.

[General solution is given by y=y+y".
From 1) Complementary solution is y=ce™ +c,e™.
Let y* = Ax+ B be particular solution of the given
equation.
Then y"=4 and y" =0,
Putting " = Ax+ B and its derivatives in
%—4%—5y=x, gives
0-44-5(Ax+B)=x < —-54x-44-5B=x
|dentifying the coefficients, we get
—54=1 and —-44-5B=0

1 4
Or A=—g and Bzg.
Thus, particular solution is y* =—§x+—

. _ 1 4
The general solution is y=ce ™" +c,e™ —gx+—

25
Synthesis

The general solution of the second order non-homogeneous
linear equation y"+ py'+¢qy =r(x) can be expressed in
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the form y=y+y" where y* is any specific function
that satisfies the non-homogeneous equation, and
y=cy,+cy, is a general solution of the corresponding

homogeneous equation y"+ py'+gqy=0.

Lesson 5.11. Differential equations of the second
order with the right hand side
r(x) = Pe™
Learning objectives
Given a differential equation of second order where the right
hand side is of the form r(x) = Pe™*, learners should be able
to find its general solution correctly.

Prerequisites
® Solving homogeneous differential equation of second
order..

Teaching Aids

Exercise book, calculator and pen
Activity 5.11 Learner’s Book page 308 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

@O @999

Answers

1. Characteristic equation: m*>—2m+1=0
A=4-4=0
2-0 — . .
m1=m2=T=1 y=ce +ce
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2. The right hand side can be written as e* =1e™ .
P=1and a=1
a =1, is double root of characteristic equation, so
k=2
y =Ax’e", O(x)=4 as P=1 on right hand side,
O(x) has degree zero.

3. ¥y’ =24xe" + Ax’e*
" =24e" +2Axe” +2Axe" + Ax’e”
= 24e" +24xe" +24xe" + Ax’e —4Axe" -2 Ax’e" + Ax’e" = ¢
= 2A+2A4Ax+2Ax+ Ax* —4Ax -24x> — Ax* =1
= —2Ax* +24x° +x(2A+2A—4A)—2A =1
2A=1= A= l

2

X

e
Thus, y =—x"e
y 2

Synthesis

If the right hand side of the equation y"+ py'+qy =r(x)
is r(x) = Pe” where P is a polynomial, we take the

particular solution to be

¥y =x"Q, (x)e”, 0, =ax" +ax"" +a,x" +....+a

Here, k- is the number of roots of the associated
homogeneous equation equal to « .

a ; coefficient of x in ¢** on the right hand side,

n; degree of O(x), the same as degree of P(x) on right
hand side.

3 cases arise

® If a is not a root of characteristic equation £ =0

® If « is asimple root of characteristic equation k=1
® If a is adouble root of characteristic equation k=2

Note that the simple root or double root in the last 2
cases must be real numbers.
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Exercise 5.9 Learner’s Book page 310

5€3x 5 3x
- - X X
l. y=ce+exe™+—— 2. e +ce+

_ = 1 1
3. ymaeTraeTget 4 ymaelteet ol

2

5. y=(¢ +c¢x)e™” +x7e3"

Lesson 5.12. Differential equations of the second
order with the right hand side

r(x)=Pe™ cos fx+ Qe sin fx

Learning objectives

Given differential equations of second order where the right
hand side is of the form r(x)=Pe™ cos Bx+Qe™ sin Bx,
learners should be able to find its solution correctly.

Prerequisites
® Solving homogeneous differential equations of the
second order.

Teaching Aids
Exercise book, calculator and pen

Activity 5.12 Learner’s Book page 311 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRNC NCNCNC)
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Answers

1. Characteristic equation: m*+4=0
m, =2i,m, =-2i
;= ¢, cos2x+c, sin2x
2. The right hand side of the given equation is written
as cos2x =le" cos2x + 0e” sin 2x
2=l @ =0, a7 =0 B =2
a+ Pi=0+2i=2i is a root of characteristic
equation, so r =1
Highest degree of P and Q is zero since P=1,0=0
Then, u= 4, v=B and ¥ =x(A4cos2x+ Bsin2x)
3. y" =Acos2x+Bsin2x+x(—24sin2x +2B cos 2x)
= Acos2x+ Bsin 2x+2x(—Asin 2x+ B cos 2x)
y"" =2 Asin2x+2Bcos2x —2Asin 2x + 2B cos 2x
+2x(—2Acos 2x—2Bsin 2x)
=4(—Asin2x+ Bcos 2x) +4x(—Acos 2x — Bsin 2x)

= 4(—Asin2x+ Bcos2x)+4x(—A4cos2x— Bsin 2x)
+4x(Acos2x+ Bsin2x) = cos 2x

= —44sin2x+4Bcos2x—4x(Acos2x+ Bsin2x)
+4x(Acos2x+ Bsin2x) = cos 2x
= —4A4sin2x+4Bcos2x =cos2x

{—4,4 0 A=

=1
4

y = x(00052x+%sin2xj =%xsin2x

268



Differential Equations

SO ENE

If the right hand side of the equation y"+ py'+qy =r(x)
is r(x) = Pe™ cos fx+Qe” sin fx where P and Q are
polynomials, two cases arise:
® If a+if is not a root of characteristic equation, the
particular solution is
y" =Ue™ cos Bx +Ve™ sin fx
® If a+if is a root of characteristic equation, the
particular solution becomes,
Yy = x[Ue"‘" cos fx + Ve sin ﬂx]
In all cases, U and ¥V are polynomial for which their degree
is equal to the highest degree of P and Q.

Exercise 5.10 Learner’s Book page 316

1 .
1. y=c1e"+02xe"+E(xcosx+cosx—smx)
2. y=ce' +cxe’ —e (xsinx+2cosx)
(3 .
3. y=q¢e +tce —— gcos3x+xsm3x+5cosx

4. y=ccosx+c, sinx—xcosx+sinxln|sinx|

5. y=c¢cosx+c, sinx—cosx1n|secx+tanx|

Lesson 5.13. Applications: Newton’s law of cooling

Learning objectives

By reading textbooks or accessing internet, learners should be
able to use differential equations to solve problems involving
Newton’s law of cooling accurately.

Prerequisites
® Solving differential equations

Teaching Aids
Exercise book, calculator, library orinternet if available and pen
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g Activity 5.13 Learner’s Book page 317

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

Research

@99 @O

Answers

To formulate a model, we need to know something about
how a liquid cools.

Experimental evidence shows that the rate at which
temperature changes is proportional to the difference
in temperature between the liquid and the surrounding
(ambient) air. If 7 is the temperature of the liquid at time
¢t then in this case;

a __
dt
and the negative sign shows that the temperature is

k(T - 20) where kis the constant of proportionality

reducing.

When coffee is made, its temperature is 90°C . So
T=90"C when t=0.

In formulating this model, we assume that;

® The temperature throughout the coffee is uniform.

® The temperature of surrounding air is constant.

® The rate of cooling of a body is proportional to the
temperature of the body above that of the surrounding
air.
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SO ENE

Newton’s law of cooling states that the rate at which an
object cools is proportional to the difference between the
temperature at the surface of the body, and the ambient
air temperature.

Thus, if T is the surface temperature at time ¢ and T,

is the ambient temperature, then ‘fl—f =-A(T-T,) where

A>0 is some experimentally determined constant of
proportionality, and T is the initial temperature.

Lesson 5.14. Applications: Electrical circuits

Learning objectives

By reading textbooks or accessing internet, learners should
be able to use differential equations in solving electrical
circuit problems accurately.

Prerequisites
® Solving differential equations.
® Alternating current.

Teaching Aids
Exercise book, calculator, library or internet if available and
pen

Activity 5.14 Learner’s Book page 318

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Research

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCYRNCNCNCNONC)
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Answers
a) Rearranging E—L(ﬂj =Ri, gives 4 _E—Ri
dt dt L
and separating the variables, we get
di _dt
E—-Ri L

Integrating both sides gives:

I it - = ﬂ:>—lln(E—Ri)=£+c
E—Ri L R L

When t=0, i=0, thus —%lnE=c
Thus, the particular solution is:

Ln(E-ry=L-LthE
R L R

Rearranging gives:
o -Lin(E-Ri)+imE=L
R R L

<:>_l1nE—Rz= t
R E L

11 E t In E Rt

< —In =— =—
R E-Ri L E-Ri L
from which
R . R
E_ _ T E-R_-7
E—Ri
Rt Rt

< E-Ri=Fe " = Ri=E—Fe

_Re
Therefore, i=%(l—e L}

. E. E
b) Z=E(1—e3)z0.95E

c) i:E(l—e‘2)z0.86£ i.e. 86%
R R
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SO ENE

In the R—L series circuit shown in figure 5.1, the supply
p.d., E, is given by

E=V,+V,, V,=iR and VLng
. . di
Hence E:iR+Lﬂ. From which E—L—lziR
dt dt
]

Figure 5.1: R-L series

E Rt
The corresponding solution is i:E(l_e £ j which
represents the law of growth of current in an inductive
circuit as shown in figure 5.2

R
=

T £ FHHE H mEladnaEnd=dadazialmaaz_tonane:
HH R i

T HH

HH _ Rt

::i=£ l-e LJ
R

9

Figure 5.2: Law of growth of current
The growth of the current in the RL circuit is the

L
current’s steady-state value. The number t=§ is the

time constant of the circuit. The current gets to within
5% of its steady-state value in 3 times constant.
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Exercise 5.11 Learner’s Book page 320

1. P indicates number of rabbits, 7 time in months.

Differential equation:
2—1;:0.7P, P=10 when =0

2. To be proved
dT

3. a) L ok(1-322
- =k(1-322)

T(O)=34.8,T(1)=34.1

Tis temperature in °C, t is time hours after 2:30
a.m. and k is constant.

Assume that the rate of temperature change
is proportional to the difference between body
temperature and room temperature. Assume room
temperature is constant.

b) T=322+2.6e""

¢) 0:33 a.m. (¢ =-117 minutes)
4. (a) Q=Qe * (b) 9.30C, 5.81C
5. 273.3N,2.31rads

Summary of the unit

1. Definition and classification
An equation involving one or more differential coefficients i.e.
2
@d—fi is called a differential equation.
dx dx” dt
Order of the highest derivative of function that appears in
a differential equation is said to be the order of differential

equation.
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The general ordinary differential equation of the n” order is

2 n
F(xyﬂ,d—y ....... d{J:0,0R

First order differential equations

The general differential equation of the 1t order is

dy dy
F|lx,y,—|=0or == f(x,
(xydx) o f(xy)

The simplest is that in which the variables are separable:

L g()h(y).

A homogeneous equation of degree O can be expressed as a

function of Z=Z.

X

The general solution to the equation §+py =q Where p
X

and ¢ are functions in x or constants, is y =uv where
u :J.qejpdx dx and v:e_'[pdx .

Second order differential equations

The general second order linear differential equation is of the
form
d’y
dx*

+p(x)%+q(x)y=r(x)

Let y"+py'+qy=0 be a homogeneous linear equation of
second order (right hand side is equal to zero) where p and
g are constants.

The equation m* + pm+q =0 is called the characteristic
auxiliary equation.
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276

@ If characteristic equation has two distinct real roots
then, y =ce™ +c,e™" is the general solution of
y'+py+qy=0.

@ If characteristic equation has a real double root
then, y=ce™ +c,xe™ is the general solution of
y'+py'+qy=0.

@ If characteristic equation has complex roots then,
y=e"(c, coshx+c,sinbx) is the general solution of
y'+py'+qy=0.

Let y"+ py'+ gy =r(x) be a non-homogeneous linear

equation of second order (right hand side is different from

zero) where p and ¢ are real numbers.

®@ If the right hand side of the equation y"+ py'+qy =r(x)
has the form r(x) = Pe”* where P is a polynomial, then
the particular solution will be
v =x'0 (x)e™, 0, = ax" +ax"" +a,x"7 +....+a,

where & - is the number of real roots of the associated

homogeneous equation that equals to «;

a is the coefficient of x in e* in the right hand side and

n is the degree of Q(x) that is the same as the degree of

P(x) for r(x).

@ If the right hand side of the equation y"+ py'+qy =r(x)
is of the form r(x) = Pe” cos fx+ Qe™ sin fx where P
and Q are polynomials, two cases arise:
a+if is not a root of characteristic equation.

Here, the particular solution will be

¥y =Ue™ cos Bx +Ve™ sin fx

a+if is a root of characteristic equation;
Then, the particular solution is

y = x[Ue””‘ cos Bx + Ve sin ,Bx] :



Differential Equations

In all cases, U and V are polynomials of degree that is equal
to the highest degree of P and Q.

Alternative method: Variation of parameters

We know that the general solution of the characteristic
equation associated with the equation y"+ py'+qy =r(x) is

found to be ;=clyl(x)+c2y2(x).
From y=cy (x)+c,»,(x), we can get particular solution
y" as follows:

® We determine W (y,,»,) known as Wronskian of two
functions y, and y, defined by

W (32,)= M 2la0, since y, and y, are linearly
N J’z
independent.
® We find out v, _IL() ()
W(y,y,) W()’pyz

where r(x) is the right hand side of the given equation.

Then, particular solution y* is given by

V¥ =v(0)y,(x) +v,(x) ,(x) -

Therefore, the general solution is y=y+y”

Or y=¢y(x) +¢,0,(x) +v(x) y,(x) + v, (x) , (x)
Applications

There are a number of well-known applications of first order
equations which provide classic prototypes for mathematical

modeling. These mainly rely on the interpretation of % as
a rate of change of a function ¥ with respect to time ¢. In
everyday life, there are many examples of the importance
of rates of change — speed of moving particles, growth and
decay of populations and materials, heat flow, fluid flow, and
so on. In each case, we can construct models of varying
degrees of sophistication to describe given situations.
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End of unit assessment answers Learner’s Book page 325

2
1. a) 241 b) l(x2+1)+1nx c) —cos—lx+l
2 2 -
—x 1 2x X x x3+c
d) ce*+—e e) e +ce f)
3 x—1
x2

) ext——e™
g 2

2. a) e3y:%e2"+c b) y=cx‘e™”
c) (yz—l)zzcx d) y=x(cx-3)
e) x’+y =kx f) (2y—x)4=c(x+y)

g) y=§e2"+ce_3x h) y=\/1—x2+c(l—x2)

3. a) ln(xzy):Zx—y—l b) y=x(2-Inx)

c) y=xv8x+1 d) y=e'(x-1)

e) y=tanx+2secx f) y=ce +ce’
4. a) y=ce ¥ +c,e’ b) y=e""(c¢ cosx+c,sinx)
c) y=ce +cxe’ d) ¢ cos2x+c,sin2x

e) y= cle_3" + cZeS"
5. a) y=ce +ce™ +%(l 1-4x)

2x
. e
b) y=ccos2x+c,sin2x—

(x+2)
c) y=e"(¢cosx+c sinx)—ﬂcos3x+zsin3x
1 ’ 85 85
d) y=clcos2x+c2sin2x+%e"‘(2cosx—sinx)
. I, x
e) y=clcos2x+czsln2x+ge —Zcos2x

X X 1 X 3 X .
f) y=ce +c,e’ +Ee3 (xz—x)+§e3 (sin2x —cos2x)
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10.

11.

12.
13.

4
c) %sinx—lsian
3 3
4 5x 10 2x
e =—e"——e¢
)y 3 3

Differential Equations

b) —e” **sin3x

b) —lcos2x—lsin2x+lx+l
4 16 4" 4

6

—lxe2x+2
3

_3,
f) y=2e? —2e2"+2igex(3sinx—7cosx)

g) y=¢"(3cosx+sinx)—e" cos2x

m is mass and ¢ is time.

dm

—=—km,k is a constant.

dt
dP

o =kP(1,500—P),k is a constant.

h is height in cm, 7 is time in days, @=0,25h, h=2
dt
when 1=0.
a) q(t)=EC+(q,—EC)e ¢ b) EC
c) —RCIn 0.01EC
q,~EC
47.22°C
771.9°C
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Intersection and
Sum of Suhspaces

Learner’s Book pages 329 - 344

Key unit competence

Relate the sum and the intersection of subspaces of a
vector space by the dimension formula.

Vocabulary or key words concepts
Dimension: Number of vectors of the basis of a vector
space (or a subspace).

Grassmann’s formula: Relation connecting dimensions of
subspaces.

Guidance on the problem statement
From H = {(a —2b,3a +b,2a+b) ca,be R} and

K = {(3b,b,2b):b eR}, how can one find the sum and
intersection of H and K. Different subspaces can be added
to make a new subspace. Also, we can find the intersection

of HNK and the result is also a subspace.
List of lessons

No | Lesson title Number of periods
1 | Definition of subspaces 4
2 | Intersection of subspaces 2
3 | Dimension of intersection of subspaces 2
4 | Sum of subspaces 2
5 | Dimension of sum of subspaces 2
6 | Grassmann’s formula of dimension for subspaces 2
Total periods 14
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Lesson development

Lesson 6.1. Definition of subspaces

Learning objectives
Through examples, learners should be able to verify that a

subset ¥ of R" is a subspace of R" accurately.

Prerequisites
® Vector space

Teaching Aids

Exercise book and pen
ﬁ Activity 6.1 Learner’s Book page 330

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVREC NCNCNC)

Answers

1. (2x, 0, Sx) = (0, 0,0)

2x=0
=x=0
5x=0

Thus, the value of x is O.

2. au+pv=a(2a,0,5a)+ B(2b,0,5b)
=(2aa,0,5aa)+(2/b,0,58b) = (2aa+24b,0,5aa+5pb)
= (Z(aa +ﬂb),0,5(aa+ﬂb)) =(2x,0,5x) for x=aa+fb

Hence, au+ pveV

3. From results in 1) and 2) and since ¥ is a subset of
R?, we conclude that 7 is a sub-vector space.
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SO ENE

A subset Vof R" is called a sub-vector space, or just a
subspace of R" if it has the following properties:

® The null vector belongs to V.

® Vis closed under vector addition, i.e if u,ve ¥ then
u+vel .

® Vis closed under scalar multiplication, i.e if

aeR, ueV, aueV .

Exercise 6.1 Learner’s Book page 331

1. a) No, Sis not closed under multiplication:

1 1 -1
[J es but—[l} = {_J S
b) Yes, all properties are verified.
2. a) This is a subspace. It contains (1,0,0) and
(2,1, 0).
b) This is a subspace. It contains (2, 1, 0) and
(3, 0,-3).
c) This is not a subspace. It doesn’t contain (0,0,0).
3. From results in 1) and 2) and since V' is a subset of
R*, we conclude that ¥ is a sub-vector space.

Lesson 6.2. Intersection of subspaces

Learning objectives

Given two subspaces, learners should be able to find their
intersection and verify that this intersection is also a subspace
correctly.

Prerequisites
® Subspace properties

Teaching Aids
Exercise book and pen
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Activity 6.2 Learner’s Book page 332

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCRENCONONCONC)

Answers

2x—y+3z=0
x+y+z=0

3x+4z=0:>x=—iz

(4) 4 1
y:—x—z=——§¢ —Zz==—z==zZ

Then,

HnNnK= i,l jZER
3 3
3

HnNnK= (4Lx,x xeR}

Synthesis

Let U and W be subspaces of a vector space V. The
intersection of U and W, written U nW , consists of all

vectors u where ueU and ueW .

Any intersection of subspaces of a vector space V'is a
subspace of V.

Properties:

® For any two subspaces U and W, UnW =W nU

® If U and W are subspaces of a vector space V, then
UNW is also a subspace of V.
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Exercise 6.2 Learner’s Book page 333

1 Umwz{(g gjzaeR}

HﬁK={functionsf 0nR:f(2)=f(1)=O}
U~V ={(0,0)}

U,nU,={(0,5,0): yeR}

U,nU, ={(0,0,0)}

O

Lesson 6.3. Dimensions of intersection of
subspaces

Learning objectives
Given two subspaces, learners should be able to find their
intersection and the dimension of the intersection accurately.

Prerequisites
® Intersection of two subspaces.

Teaching Aids

Exercise book and pen
Activity 6.3 Learner’s Book page 334 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

9@ @O@©@

Answers

a) UnW

X
y
z

= .
Il
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UnW = {(x A )

UnW = {(x »,0): xye]R}
(%,3,0) =(x,0,0)+(0,,0)
=x(1,0,0)+y(0,1,0)

The vectors (1,0,0) and (0,1,0) are linearly
independent. Then basis of U W is
{(1,0,0),(0,1,0)} and hence dim(UW)=2.

Synthesis

A finite set S of vectors in a vector space V' is called a
basis for V' provided that;

® The vectors in S are linearly independent.

® The vectorin S span V (or S is a generating set of V).
The unique number of vectors in each basis for V'is called
the dimension of 1 and is denoted by dim(V).

The dimension of U nW is the number of vectors of the
basis for U n I .

Exercise 6.3 Learner’s Book page 336
1. dim(UnWw)=1 2. dim(Unw)=1
3. dim(HNK)=2

Lesson 6.4. Sum of subspaces

Learning objectives
Given two subspaces, learners should be able to find their
sum and verify if the sum is a subspace accurately.

Prerequisites
® Properties of subspaces

Teaching Aids
Exercise book and pen
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Activity 6.4 Learner’s Book page 336

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONC O NCONCONO)

Answers

For U = { a Oc ta ceR} and W:{(O,b,b):beR}
U+W = {aoc (0,5,b):a,b,c R}
={(
{

a b, c+b a,b,ceR}

(a.b,d):a,b,d eR|
Clearly, (0,0,0)eU+W. Let
*:(x,y,z),Vv:(x',y',z')eU+W and a,BeU+W
a;+ﬂ;=a(x,y,z)+ﬂ(x',y',z')
=(ax,ay,az)+(Bx" By, Bz')
=(ax+pBxay+By'.az+ pz')
=(a,b,c)eU+W
fora=ax+px',b=ay+py',c=az+ pz'

Thus, U+W is a sub space of R’

Synthesis

Let U and W be subspaces of a vector space V. The sum
of U and W, written U +W , consists of all sums x+y
where xeU and yeW .

® Thesum U+W of the subspaces U and V is also a
subspace of V.
® and W, are subspace of v, then W, +W, is the

smallest subspace that contains both w, and w, .

1
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Exercise 6.4 Learner’s Book page 337

1. Let veU+W. Then v=u+w, ucU and weWl .
Since {u,} generates U, u is a linear combination
of u.'s; and since {W;} generates W, w is a linear
combination of Wj's.

Thus

v=utw=au, +au, ... ta,u, +bw, +bw, +..+b,w,

and so {u,-,wj} generates U+V .

e b
2. U+W={( j:b,d,ee]R}
d 0

3. {(2a-b,3a+4b,5a+3b):a,b R}

Lesson 6.5. Dimension of sum of subspaces

Learning objectives
Given two subspaces, learners should be able to find their
sum and the dimension of the sum accurately.

Prerequisites
® Sum of subspaces.

Teaching Aids

Exercise book and pen
ﬁ Activity 6.5 Learner’s Book page 338

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCYRNC MO NCNC)
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Answers

1. U+W={(a,0,0)+(0,5,0):a,b R} ={(a,b,0):a,b R}
2. U+W={(a,b,0):a,beR]|
(a,b,O) (a 0,0)+(0,b,0)
=a(1,0,0)+5(0,1,0)
The vectors (1,0,0) and (0,1,0) are linearly
independent. Then, basis of U+W s
{(1,0,0),(0,1,0)} and hence dim(U +W)=2.

Synthesis

A finite set S of linearly independent vectors in the sum
U +V is called a basis for U +V and the number of
vectors in set S is the dimension of U +V .

Exercise 6.5 Learner’s Book page 339
1. dim(H+K)=2 2. dim(U+V)=2
3. dim(U,+U,)=2

Lesson 6.6. Grassmann’s formula of dimension for
subspaces

Learning objectives

Given two subspaces, learners should be able to use
Grassmann’s formula to find the dimension of the sum or
intersection correctly.

Prerequisites

® Sum of subspaces.

@ Intersection of subspaces.
Teaching Aids

Exercise book and pen
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Activity 6.6 Learner’s Book page 340

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

1. a) dim(F)=2 and dim(G)=2
b) dim(F)+dim(G)=2+2=4
) FNG={(0,0,z):zeR} and dim(FNG)=1
d) dim(F)+dim(G)-dim(FNG)=4-1=3
e) F+G={(x,y,z):x,y,z€R} and dim(F+G)=3
2. From results in d) and e),
dim(F+G) :dim(F)+dim(G)—dim(FmG)
® If (R,F,+) and (R,G,+) are two sub-vector spaces
of (R,E,+), we have,
dim(F+G)=dim(F)+dim(G)—dim(FmG) .
® If dim(FNG)=0, then
dim(F +G) =dim(F)+dim(G) .
In this case, " and G are said to be complementary
and the sum F+@ is said to be a direct sum; and

it is denoted by F @ G . Otherwise, F and G are
said to be supplementary.
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Exercise 6.6 Learner’s Book page 342

1. dim(V)=3, dim(W)=2, dim(V nW)=1
dim(V +W)=dim(V)+dim(W ) -dim(V nW)=3+2-1=4
2. R’ cannot be uniquely represented as a direct sum
of W, and W,.
3. F=W,+W, is adirect sum. i.e, F=W, ®W,.
4. No, since dim(FNG)=3#0,
5. Since U is not equal to W, the basis for U must have

at least one vector linearly independent from U, so
dim(U +W) is at least 4. But they are subspaces
of R*, so dim(U +W)=4. Using the fact that
dim(U +W) = dim(U ) +dim (W ) —dim(U "W).,
Then,
4=3+3-dim(UnW)=>dim(UnW)=6-4=2.
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Summary of the unit

1.

292

Definition

If (R,F,+) is a subspace of (R,E,+), then
® FcE

® OeF

® uveF,a,feR; au+pveF

Intersection and sum of two vector spaces

Let Uand W be subspaces of a vector space V. The intersection
of Uand W, written U nW , consists of all vectors u where
uelU and ueWw.

Any intersection of subspaces of a vector space V is a
subspace of V. W, and W, are subspaces of V', then W, UW,
is a subspace < W, c W, or W, c W,.

If F and G are two sub-vector spaces of E, then, the sum
of F and G is also a sub-vector space of E. It is denoted
as F+G={x+y,xeF,yeG}.

Grassmann’s formula of dimensions.

If (IR,F,+) and (R,G,+) are two sub-vector spaces of
(R,E,+), we have,

dim(F+G) = dim(F)+dim(G)—dim(FmG) .

Remark

If dim(FNG)=0, then dim(F +G)=dim(F)+dim(G). In
this case, F and G are said to be complementary and the

sum F+G is said to be a direct sum; and it is denoted by
FoG.

Otherwise, F and G are said to be supplementary.



Intersection and Sum of Subspaces

End of Unit Assessment answers Learner’s Book page 344

1. a) Yes, this is a plane through origin.
b) No, this does not contain the origin.
c) Yes, this is just the zero point.
d) No, this is a conic which is not closed under addition.
2. dim(E)=1, dim(F)=2
3. dim(W) =3
4. Since U and W are distinct, U +W properly contains
U and W ; hence dim(U +W)>4. Since dim(V)=6,
dim(U+W) cannot be greater than 6.
Hence, there are two possibilities:
a) dm(U+W)=5<5=4+4—dim(UnW)=dim(UnW¥)=3
b) dim(U+W)=6< 6=4+4-dim(UnW)= dim(UnW)=2
5. a) dim(U+W)=3 b) dim(U W )=1
6. The set of the symmetric matrices W, and the set of the
skew symmetric matrices W, are both subspaces of M, ,.
AeW,nW,, A=4'=-4'=4=0, . W,nW, ={0}
1

B=E(A+A’)

Let )
C=E(A—A)

Then,
BeW,CeW,, "M, =W ®W,
7. Yes, since dim(FNG)=0.
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Learner’s Book pages 345 - 385

Transformation of
Matrices

Key unit competence

Transform matrices to an echelon form or to diagonal
matrix and use the results to solve simultaneous linear
equations or to calculate the n" power of a matrix.

Vocabulary or key words concepts

Elementary row/column operations: Operations performed

on row/column of a matrix (addition, scalar
multiplication, and interchanging rows/
columns) to obtain a new matrix.

Characteristic equation: Polynomial [4—41|=0, 2eR

Eigenvalue:

Eigenvector:

where 4 is a given matrix and I is
identity matrix of the same order as 4.
The real number A that is a root in the
characteristicpolynomial [4—-1|=0, 1€ R
The vector u such that (4—AI)u=0.

Row echelon form: Matrix is in row echelon form when the

first non-zero element in each row (called
the leading entry) is 1 and this leading
entry is in a column to the right of the
leading entry in the previous row. Rows
with all zero elements, if any, are below
rows having a non-zero element.
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Reduced row echelon form: A matrix is in reduced row
echelon form when it is in row echelon
form and the leading entry in each row is
the only non-zero entry in its column.

Guidance on the problem statement

-1 2
® Given encoding matrix A4 ={ 5 3}, can you decode

the message 21,-22,17,-18,28,-42,31,-39 and read
the message?

® Matrices and their inverse are used by programmers for
coding or encrypting a message. Matrices are applied in
the study of electrical circuits, quantum mechanics and
optics.

List of lessons

=z
o

Lesson title Number of periods
Kernel and range

Elementary row/column operations
Eigenvalues and eigenvectors
Diagonalisation of a matrix
Echelon matrix

Inverse matrix

Rank of a matrix

Solving system of linear equations

O[NP W IN|—
WWW W w w| dw|>

Power of a matrix
Total periods

N
O
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Transformation of Matrices

Lesson development

Lesson 7.1. Kernel and range

Learning objectives
By the end of this lesson, learners should be able to find
kernel and range of a linear transformation.

Prerequisites
® Operation on vectors.
® Operations on matrices.

Teaching Aids
Exercise book and pen

Activity 7.1 Learner’s Book page 347

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

NN C MO NCNC)

Answers

(3x+y+2,3x—y+1)=(0,0)

3x+y+2=0
=
3x+y+2=0 3(—1j+y+2=0
3x—y+1=0 2
1 _ 3.1
6x +3=0:x:_E — +5__5
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1 1
ThUS, (x)y)ZL_Ea_Ej
Synthesis

® The kernel of a linear mapping f: £ — F denoted
Ker( f) is a subset of £ whose image by fis
O-vector of F. i.e, Ker(f)= {veE:f(v) =0}.

® The nullity of fdenoted n(f) is the dimension of
Ker(f) .., n(f) :dimKer(f) .

® The image or range of a linear mapping f E—> F
is the set of vectors in F' to which points in E are

mapped on. i.e, Imfz{ueF:f(v)zu}, veE.
® The rank of fdenoted rank(f) or r(f) is the
dimension of image of 1. i.e, rank(f)=dim(Im /).
® |If f:E— F,dim| Ker(f)]+dim|range(f)]=dim(E).

Exercise 7.1 Learner’s Book page 350

1. a) ImF = {(a b,c):c } xy — plane.
b) KerF = {a, ) a=0,b= O}—z axis.

2. a) Basisis {(1,0,1),(0,1,-1)} and dimension is 2.

{(3,- 1,1 } and dimension is 1.

3. a) Basis is {(1,1,1), 0,1,2)} and dimension is 2.

(
b) Basis is
b) Basis is {(2,1,-1,0),(1,2,0,1)} and dimension is 2.

Lesson 7.2. [Elementary row/column operations

Learning objectives
Given a matrix, learners should be able to use row/column
operations to transform correctly.

Prerequisites
® Adding row/column of a matrix.
® Multiplying a row/column of a matrix by a real number.
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Teaching Aids
Exercise book, pen and calculator

Activity 7.2 Learner’s Book page 351

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCYRNC MO NCNC)

Answers

1 0 2

1. |0
3

1
2

3 2.

1

[a—
- O

I 2 0
3. 10 3 1 4. |10 3 0
0 -5 2

Synthesis 3

Common row/column and their notations are;

Operation description Notation

Row operations

1.Interchange row iand j - ner
2.Multiply row iby s =0 -  Newr —sr,

3. Add s times row i to row j —>  NewW 7, >, +s7;

Column operations

1. Interchange column iand j = &

2.Multiply column iby s #0 —  Newc, — sc,

3. Add s times column ito column; —

newc; —c; +sc,
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Exercise 7.2 Learner’s Book page 353
1 2 =30 1 2 =30
1. a)|0 0 4 2 b) |0 0 4
3 6 -4 3 0 0 5
1 2 30
c)|0 0 4 2
0 0 0 2
6 9 0 7 2 6 9 070
2.a|0 0 32 5 b){0 0 3 2 5
00 0 0 2 0 0 0 0 2
6 9 070
c)|0 0 6 40
0 0002

Lesson 7.3. Eigenvalues and eigenvectors

Learning objectives
Given a matrix, learners should be able to find eigenvalues
and eigenvectors accurately.

Prerequisites

® Operation on matrices.

® Matrix determinant.

® Solving equation of second/third degree.

Teaching Aids

Exercise book, pen and calculator
g Activity 7.3 Learner’s Book page 354

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

® Critical thinking

® Communication

® Self confidence
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® Cooperation, interpersonal management and life
skills

® Peace and values education

® Inclusive education

Answers
1 det(A_M)z(“ 2}@(1 °j
3 -1 0 1
4-1 2
|3 —1—,1‘
=(4-4)(-1-1)-6
=A*-31-10

2. A-31-10=0(A+2)(4-5)=0=>A=-2 or 1=5
3. (A=Al)u=0
For A=-2

(2 e
M

{6u1 +2u, =0

= u, =—3u,
3u, +u, =0

- 1
Thus, u:k[ J, keR,
-3
For A=5

G 26 -0
A ) = I M e
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SO ENE

The eigenvalues of square matrix 4, are the roots of
the polynomial det(4—AI). The homogeneous system

(f—AI)u=0 gives the eigenvector u associated with
eigenvalue A .

Cayley and Hamilton theorem

The Cayley—-Hamilton theorem (named after the
mathematicians Arthur Cayley and William Rowan
Hamilton) states that every square matrix over a
commutative ring (such as the real or complex field)
satisfies its own characteristic equation.

Note that an eigenvector cannot be O, but an eigenvalue
canbe 0. If O is an eigenvalue of 4, there must be some
non-trivial vector u for which (A_ﬁ)& -0.

Exercise 7.3 Learner’s Book page 360

- (3
1. a) Eigenvalues: 7 and -4, eigenvectors: u :( j and

) |

b) Eigenvalues: 7 and -4, eigenvectors: U= and

1
= 2
Vv =
)
c) No eigenvalues, no eigenvectors
2. a) 4=2u=(L-10),v=(1,0,-1); 4, =6,w=(12,1)
b) 4 =3,u=(11,0),v=(1,0,1); 4, = w=(2,-L1)( )
c) A=1u=(1,0,0),v=(0,0,1)
3. Characteristic equation of matrix 4 is

|[4- 41| =0. (1)
Characteristic equation of matrix 4’ is
A= A1) =0. (2)
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. Let us consider the triangular matrix,

Clearly, both (1) and (2) are the same, as we know
that |4|=|4'
Therefore, 4 and A4' have the same eigenvalues.

a, 0 - 0
a, a, 0 0

a anz e a

nl
Characteristic equation is |4— 21| =0.
a, -4 0 0

a a,—A 0 0
= :21 22: . . =0

nn

anl anZ o ann - /1

< (a,-A)(ay—-2)-(a,,-2)=0
Therefore, A=a,,,a,,...a,, are the elements of
diagonal entries.

7 2 -10
1 -2 2 -1
9

-1 1 4

A =44 =74 +114> - 4-101 A+51
=(4"-44"' -54°)-24 +114° - 4-101
=4 (A4 -44-5)-24’ +114° - 4-101
=0-24>+114% - 4-101
=—(24° -84 -104)+34> 114101
=0+34>-114-101
= (347 -124-151)+ A+5I
=3(A4*—44-5I)+A+5] = A+5]

Therefore, A’ —4A4*—T74* +114> - 4101 = A+51 .
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Lesson 7.4. Diagonalisation of a matrix

Learning objectives
Given a matrix, learners should be able to diagonalise that
matrix accurately.

Prerequisites
® Operation on matrices

Teaching Aids

Exercise book, pen and calculator
ﬁ Activity 7.4 Learner’s Book page 361

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

@O @999

Answers

4 -6
1. A=
57

Eigenvalues:
-4 -6 1 0
-1
B O S i
=(-4-1)(5-4)+18=0

AM-1-2=0=>A=-lorA=2

_ SV

Eigenvalues are -1 and 2
Eigenvectors:
For A=-1

(Bt B
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Transformation of Matrices

=6 S e

3x+6y=0

= —3x—6y = 0 =>3x=-6y=>x=-2y
3x+6y 0

Eigenvector associated to 4 =-1 has the form

-2 - (=2
yJ,yeRo.Take u=( J
Yy 1

Eoe
(M) fer

3x+3y=0

—6x—-6y 0
= = = 2bi— 2=l
3x+3y 0

Eigenvector associated to 4 =2 has the form

_y - —1
,yeR,. Take u=
y 1

-2 -1
. From 1), P=( j
1 1

p—lzi(l lJz(—l —lj
—-1\-1 -2 1 2
D=P‘1AP=(_1 —1)(—4 —6](—2 —lj
1 2){3 5 1 1
4-3  6-5 (-2 -1 1 1)-2 -1
:[—4+6 —6+10J(1 1}[2 4](1 1}
-2+1 -1+1 -1 0
=(—4+4 —2+4]=(0 2}
Matrix D is a diagonal matrix. Also, elements of the
leading diagonal are the eigenvalues obtained in 1).

305




Advanced Mathematics for Rwanda Schools Teacher’s Book Six

SO ENE

To diagonalise matrix 4, we perform the following steps:

1. Find the eigenvalues.

2. |If there is a non-real eigenvalue, the matrix cannot be
diagonalised.

3. If all eigenvalues are real, find their associated
eigenvectors (they must be linearly independent).

4. If the number of eigenvectors is not equal to the order
of matrix 4, then this matrix cannot be diagonalised.

5. If the number of eigenvectors is equal to the order of
matrix 4, form matrix P whose columns are elements
of eigenvectors.

6. Find the inverse of P.

7. Find D, diagonal matrix of 4 by relation; D =P 4P.

Theorem

A nxn matrix is diagonalisable if and only if it has »
linearly independent eigenvectors.

Exercise 7.4 Learner’s Book page 364

8 0 4 0 7 0
1. a) (0 —ZJ b) . 1] c) (0 _3)

2 0 = 0 8
d) 0 1 e)| 0 -5
0 0 16

2. a)2and —4 b) §={(1,1,0),(0,1,1)}
c) A is not diagonalisable.
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Lesson 7.5. Echelon matrix

Learning objectives

Given a matrix and using elementary row/column operations,
learners should be able to transform that matrix into its
echelon form accurately.

Prerequisites
® Elementary row/column operations.

Teaching Aids
Exercise book, pen and calculator
Activity 7.5 Learner’s Book page 364 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRECNCVNCNC)

Answers

8 3
A=
1 2
Change first element of first row to 1.
. 1 -11
n=r—1Ir
1 1 2 1 2

The first non-zero element in second row is 1 but it is not
in a column to the right of the other in first row. So, this

has to be changed to O.

1 -11
=1 —7
2 2 1 0 -—13

Now, second element in second row has to be changed
to 1.

14 (1 -1
"7
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Now, the first two conditions are satisfied.

For the third condition:

The first non-zero element in second row is not the only
non-zero entry in its column. So —11, in first row, has to
be changed to O.

1 I 0
r=r+l11r,
1 1 2 O 1

Now, all conditions are satisfied.

SO ENE

A matrix is in row echelon form (ref) when it satisfies the
following conditions:

® The first non-zero element in each row, called the
leading entry (or pivot ), is 1.

® Each leading entry is in a column to the right of the
leading entry in the previous row.

® Rows with all zero elements, if any, are below rows
having a non-zero element.

A matrix is in reduced row echelon form (rref) when it

satisfies the following conditions:

® The matrix is in row echelon form (i.e., it satisfies the
three conditions listed above).

® The leading entry in each row is the only non-zero
entry in its column.

Exercise 7.5 Learner’s Book page 367

1 -1 2 0 1060
l.Jo 1 4 -5{and|0 1 4 0
0 0 0 1 0 0 0 1
1 =2 39 100 1
2.1l0 1 3 s5land|0 I 0 -1
0 0 2 4 00 1 2
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Transformation of Matrices

2 2 4 2 1 040
0 3 6 9
3. and0120
0 0 0 1 00 0 1
0O 0 0 O 00 0 O
4
1 -3 4 10 1070
401—§—2and01—§0
7 7
o o0 o 1 00 0 1
1010l
1 2 3 -2 3 3
16
5011—liand0110—
3 9
0001i 0001i
9 9
61tan9]d10
0 0 1

Lesson 7.6. Matrix inverse

Learning objectives

Given a square matrix and using elementary row/column
operations, learners should be able to find the inverse of that
matrix correctly.

Prerequisites
® Use of elementary row operations.
® Properties of inverse matrix.

Teaching Aids
Exercise book, pen and calculator
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Activity 7.6 Learner’s Book page 367

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

® Critical thinking
® Communication
® Self confidence
® Cooperation, interpersonal management and life
skills
® Peace and values education
® Inclusive education
Answers
1 1 11 0 0
1. Mm=/0 1 2|0 1 0
1 2 410 0 1
We need to transform matrix 4 such that all elements
of leading diagonal become 1 and other elements
become zero
1 111 00 1 1 1 1 0 0
non-r01 2|0 10 norn-n012[0 1 0
01 3(-101 0 0 1|-1 -1 1

n—o>n-n0 1 2 0O 1 O

Rontn

010 -2 1
012 3 =2
0 I -1 -1 1
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0o -2 1
2. Matrixobtainedinl)is| 2 3 —2|.Multiplyingitby
-1 -1 1

the given matrix, gives
0 -2 1)1 11 0+0+1 0-2+2 0-4+4
2 3 210 1 2|=|2+40-2 2+3-4 2+6-8
-1 -1 1)1 2 4 -1+0+1 -1-1+2 -1-2+4
1 00
=0 1 0
0 0 1

Observation: Multiplying matrix obtained in 1) by
matrix A gives identity matrix.

Therefore, the new matrix is the inverse of the matrix
A.

Synthesis

To calculate the inverse of 4, denoted as 4™, follow
these steps:

Construct a matrix of type M =(4|1), that is to say, 4
is in the left half of and the identity matrix 7 is on
the right.

Using elementary row operations, transform the left half,
A, to the identity matrix located to the right, and the
matrix that results in the right side will be the inverse of
matrix.

Exercise 7.6 Learner’s Book page 369

-1 2 -4

1. |1 -1 3 2. No inverse
0 0 1
1 -3 2

3. [-3 3 -1 4. No inverse
2 -1 0
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Lesson 7.7. Rank of matrix

Learning objectives

Given a matrix and by using elementary row/column
operations, learners should be able to find the rank of that
matrix accurately.

Prerequisites
® Transformation of matrix using elementary row/column
operations.

Teaching Aids
Exercise book, pen and calculator

Activity 7.7 Learner’s Book page 369

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

® Critical thinking
® Communication
® Self confidence
® Cooperation, interpersonal management and life
skills
® Peace and values education
® Inclusive education
Answers
4 -6 0 4 -6 0
1 -6 0 1 0 -9 1
- I’z—)l’2+—l’1
0O 9 -1 2 0o 9 -1
0O 1 4 0 1 4
4 -6 0 4 -6 0
R+ 0o -9 1 0 9 1
1 0 0 0 K5 37
r, o1 +=r — 0 0 —
9 0 0 37 9
9 0 0 0

2. There are three non-zero rows.
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SO ENE

To find rank of matrix,

® Transform matrix in its row echelon form using
elementary row operations.
® The number of non-zero rows is the rank of matrix.

Exercise 7.7 Learner’s Book page 372

1. Rank 4 2. Rank 3
3. Rank 3 4. Rank 2

Lesson 7.8. Solving system of linear equations

Learning objectives

Given a system of linear equations and by using Gaussian
elimination method, learners should be able to find the
solution of that system correctly.

Prerequisites
® Elementary row operations.

Teaching Aids

Exercise book, pen and calculator

Activity 7.8 Learner’s Book page 373 ‘g
In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life

skills

Peace and values education
Inclusive education

ONCENCNCRCONC)

Answers

x+y+z=6 1 1 1)x 6
1. Thesystem {2x+y-z=1 <2 1 -1|y|=|1
3x+2y+z=10 3 2 1)\z 10
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I 1 1
Thus, 4=12 1 -1
3 2 1
1 1 1 :6
2. 121 -1 :1
32 1 :10
I 1 1 :6
3. From |2 1 -1 : 1 |, usingelementary row
32 1 :10
operations; r, - r, —2n,r, >, -3, , we get
1 1 1 : 6
0 -1 -3 : -11
0 -1 -2 : -8
1 1 1 : 6
Now, r, >r—r ,yields |0 -1 -3 : -11
0 0o 1 : 3
4. We have the system
x+y +z=6
—y-3z=-11
z=3
Then,

—y-9=-11=>y=2
¥+2+43=6=x=1  S={(123)}

Synthesis

For the system
a X ol a; X, AP co0TF a,x, =¢

Ay X, +AypX, +...+d,, X, =C,

a. X + a,,x, +...+ a..x, =c¢c,
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Transformation of Matrices

The Gauss elimination method is used to transform a
system of equations into an equivalent system that is in
row echelon form.

To facilitate the calculation, transform the system into a
matrix and place the coefficients of the variables and the
independent terms into the matrix as follows:

a, a, .. a, :c
a, da, .. a, .c
21 22 2 2
(4:C)=|. ) "
a, a, .. a, :c,

And then, transform the system in the form where the
elements above and below the leading diagonal of matrix
A become zeros. The system is now reduced to the
simplest system.

Exercise 7.8 Learner’s Book page 376

1. §={(-4,-5.2)}

2. No solution

3. Infinity number of solution.
4

. Infinity number of solution.

Lesson 7.9. Power of matrix

Learning objectives

Given a square matrix and by using diagonalisation method,
learners should be able to find the power of that matrix
accurately.

Prerequisites
® Finding eigenvalues and eigenvectors of a matrix.

Teaching Aids
Exercise book and pen
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Activity 7.9 Learner’s Book page 377

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONC/REC NCVNCNC)

Answers

1. A*=A44=PDP'PDP"' = PD*P"'

2. AA=4"A=PD*P'PDP"' =pPD’P"'

3. A*=4’4=PD’P'PDP"' = PD*P"'

4. A =A'A=PD'P'PDP"' =PD'DP"' = PD’P""
A"=A"'4A=PD"'P'PDP"' =PD"P"' = A" = PD"P"'

S ENE

The power of matrix 4 is given by 4" = PD"P™" for an
invertible matrix P whose columns are elements of
eigenvectors of matrix 4, and D is diagonal matrix of 4.

Where,
A0 0
pro O H
o o0 -

A, are eigenvalues

Exercise 7.9 Learner’s Book page 378
-3 4 20 0 . (2800 —3900
1. P= . D = , A =]
4 3 0 -5 -3900 5075

12 30) ., (-245 488
, D= , A" =
11 0 -1 —244 487

2. P
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Transformation of Matrices

1 33 2 00 32 0 633
4, P=|0 1 0|, D=0 3 0|, A=/ 0 243 0
0 1 1 0 0 3 0 0 243

Summary of the unit

1. Kernel and range
® The kernel of a linear mapping f:E — F denoted
Ker(f) is a subset of E whose image f is O-vector
of F.ie, Ker(f)={veE:f(v)=0}.
A linear transformation f is called singular if there exists
a non-zero vector whose image is zero vector. Thus, it

is non-singular if the only zero vector has zero vector as
image, or equivalently, if its kernel consists only of the

zero vector: Ker(f)={0}.
A linear transformation f:E — F is one-to-one (1-1) if
and only if Ker(f)={0}.

® The nullity of fdenoted n(f) is the dimension of
Ker(f).i.e, n(f)=dimKer(f).

® The image or range of a linear mapping 7 : E — F isthe
set of points in F to which points in E are mapped on.

i.e, Imfz{ueF:f(v)zu}, vekE.
A linear transformation f: E — F is onto if the range is
equal to F.

® Therank of f denoted rank(f) or r(f) is the
dimension of image of f .
i.e, rank(f)=dim(Im f).
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2.

318

Elementary row/column operations

When these operations are performed on rows, they are called
elementary row operations; and when they are performed on
columns, they are called elementary column operations.

Operation description Notation

Row operations

1. Interchange row iand j — rT;
2.Multiply row ibys =0 —  newr, = sr,

3. Add s times row itorow j —>  newr, >r, +sr,
Column operations

1. Interchange column 7 and j - ¢ <>c
2.Multiply column iby s =0 —  newc, = sc,

3. Add s times column itocolumn j —  newc, —>c; +s¢,

Two matrices are said to be row equivalent (or column
equivalent) if one can be changed to the other by a sequence
of elementary row (or column) operations.

Two matrices 4 and B are said to be similar if B=P'4P
for some invertible matrix P.
Diagonalisation of matrices
a) Eigenvalues and eigenvectors
The eigenvalues of f are the roots (in K') of
the polynomial; det(f —AZ). This polynomial
is a polynomial associated with f* and is called
characteristic polynomial. For any square matrix 4, the
polynomial det(4—AI) is its characteristic polynomial.
The homogeneous system (f —AI)u =0 gives the

eigenvector u associated with eigenvalue 4.



Transformation of Matrices

b) Diagonalisation

To diagonalise matrix A4, we perform the following steps:

1.
2.

6.
7.

Find the eigenvalues.

If there is a non-real eigenvalue, the matrix cannot
be diagonalised.

If all eigenvalues are real, find their associated
eigenvectors (they must be linearly independent).

If the number of eigenvectors is not equal to the order
of matrix 4, then this matrix cannot be diagonalised.

If the number of eigenvectors is equal to the order
of matrix A4, form matrix P whose columns are
elements of eigenvectors.

Find the inverse of P .

Find D, diagonal matrix of 4 by relation D =P 'AP.

Applications

a)

Echelon matrix

A matrix is in row echelon form (ref) when it satisfies the
following conditions:

[ >)

[ >)

[ >)

The first non-zero element in each row, called the
leading entry, is 1.

Each leading entry is in a column to the right of the
leading entry in the previous row.

Rows with all zero elements, if any, are below rows
having a non-zero element.

A matrix is in reduced row echelon form (rref) when it
satisfies the following conditions:

[ >)

[ >)

The matrix is in row echelon form (i.e., it satisfies
the three conditions listed above).

The leading entry in each row is the only non-zero
entry in its column.
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b) Matrix inverse

c)

d)

A is a square matrix of order n. To calculate the inverse

of 4, denoted as A_l, follow these steps:

© Construct a matrix of type M =(4|I), that is to
say, 4 is in the left half of M and the identity
matrix 7 is on the right.

© Using the Gaussian elimination method, transform
the left half, 4, to the identity matrix located to the
right, and the matrix that results in the right side
will be the inverse of matrix 4.

Rank of matrix
The rank of matrix is the number of linearly independent
rows or columns. Using this definition, the Gaussian
elimination method is used to find the rank.
A line can be discarded if:
© All the coefficients are zeros.
© There are two equal lines.
© Aline is proportional to another.
© Alineis a linear combination of others.
In general, eliminate the maximum possible number of
lines, and the rank is the number of non-zero rows.
Solving system of linear equations
Consider the following system;

a,x, +a,x, +..+a,x, =c

a, X, +a,x, +...+612nxn =,

a,, X, +a,,x, +..+a, x, =c,

The Gauss elimination method is to transform a system of
equations into an equivalent system that is in triangular
form.



Transformation of Matrices

To facilitate the calculation, transform the system into a
matrix and place the coefficients of the variables and the
independent terms into the matrix as follows:

a, a,...a, ¢

n

ay Qy...a,, :C,

(4:C)=

a a - a .C

ml m2 " mn m

Where

The matrix (4:C) is called augmented matrix.

Remarks

®

®

5.

If rank(A4)+# rank(A4:C), the system is said to be
inconsistent and there is no solution.

If rank(A)=rank(A:C)=r, the system is said to be
consistent and there is solution.

» If r=n, as there are n unknowns, then the system
has a unique solution.

» If r<mn, the system has infinite solutions. (It is
undetermined system).

Power of matrix

The power of matrix 4 is given by 4" =PD"P™ for an
invertible matrix P whose columns are elements of
eigenvectors of matrix 4 and D is diagonal matrix of 4.

Where,

A" 0 -~ 0
L
0O 0 - A

A, are eigenvalues
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End of Unit Assessment answers Learner’s Book page 383

1. a) A*=51+1
c) A°+9
e) A*—64*-351-38

b) 1*-31-18
d A+17-81+62

- (4
2. a) Eigenvalues: 2 and -5, eigenvectors: u =(1J and

-

bP_41
)_123

3. a) Eigenvalues: 1 and 4, eigenvectors: u =

a:@

At

e

s (2 1), (10
) =y o 4
1366 2230 1 2
A6= A =
c) (1365 2731}“{( ) (—1 oj
. 2434 24234
3\ -1+34 1424

4. a) Eigenvalues: 3 and 5
b) §={(1,-1,0),(1,0,1),(1,2,1)}

300
c)|0 3 0
0 0 5
21 =2 1 0 0
b. A—[Z 3 4|, D=0 1 0
1 1 -1 0 0 2

6. To be proved
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Transformation of Matrices

I 0 -1 =2 1 0 1
7.2 |01 23 b) o 1 0
00 0 O 0 0 0
00 0 O
I 01 01
I 0 -1
c)|01 010 d) ( j
01 2
000 0O
8. a) Rank 2 b) Rank 2
c) Rank 3 d) Rank 2
9. a) §={(-2.510)} b) No solution
-2 3 5 . 2 5 -14
1o.a)% 1 4 -5 by {1 -3 4
6 -29 40 -3 7
2 1 0
c) 1 2 0 0
2
4 -1 2

11.Characteristic equation: 1*-=54*+71-3=0

From Cayley-Hamilton theorem, we have

A =54 +74-31=0.

Now, A®—54"+7A4° 34+ A" —54’ +84° —24+1

=AY (A =547 +T4-31)+ A4 ~54" +TA-34)+ A + A+

=0+0+ A" +A+1
5 4 4 2 11 1 0 0 8

=0 1 O+/0 1 O|+/0 1 0|=|0
4 4 5 1 1 2 0 0 1 5

whn W W
o O W
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Learner’s Book pages 387 - 444

Key unit competence

® Determine the characteristics and the graph of a
conic given by its Cartesian, parametric or polar
equation.

® Find the Cartesian, parametric and polar equations
of a conic from its characteristics.

Vocabulary or key words concepts

Conic section:  Curve obtained by intersecting a double
cone with a plane.

Parabola: Conic section obtained when the plane
is parallel to generator but not along the
generator.

Ellipse: Conic section obtained when the plane
cuts the cone obliquely.

Hyperbola: Conic section obtained when the plane is

parallel to the axis but not along the axis.
Guidance on the problem statement
The problem statement:

“How can one find the equation representing a curve which
generates a parabolic antenna? What can you say about
motion of planets around the sun? How can one find the
equation of their orbits around the sun?”

These questions lead us to the applications of conics.
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List of lessons

No | Lesson title Number of periods
1 Generalities on conic sections 3
2 Definition and equation of a parabola 3
3 Tangent line and normal line on a parabola | 3
4 Definition and equation of an ellipse 3
5 Tangent line and normal line on an ellipse | 3
6 Definition and equation of a hyperbola 3
7 Tangent line and normal line on a 3
hyperbola

8 Definition of polar coordinates 3
9 Polar equation of a conic 3
10 | Polar equation of a straight line 3
11 Polar equation of a circle 3
12 | Applications of conics 2
Total periods 35

Lesson development

Lesson 8.1. Generalities on conic sections

Learning objectives

Given a double cone and a plane, learners should be able
to define a conic and draw the shape of conic sections
accurately.

Prerequisites
® Double cone
® Plane

Teaching Aids
Exercise book, pen, calculator and instruments of geometry
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Conics

Activity 8.1 Learner’s Book page 388

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONC/RECNCNCNC)

Answers

1. The plane is parallel to a generator of the cone but not
along the generator

2. The plane cuts the cone obliquely
<.
—

3. The plane is parallel to the axis but not along the axis

};’ \/
/\
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4. The plane is parallel to the base but does not pass
through the vertex

v

Synthesis

Conic is the name given to the shapes that we obtain by
taking different plane slices through a double cone. The
sections of a right circular cone by different planes give
curves of different shapes: parabola, ellipse, hyperbola,
circle, single point, single line, pair of lines.

A conic section is the set of all points which move in a
plane such that its distance from a fixed point and a fixed
line not containing the fixed point are in a constant ratio.

y L
L~

Conic section

] r/”

M / o,
I_ Focal axjs ..". X
Vertex \ Focus (F) 0

Directrix

Figure 8.8: Conic section

328




Conics

From figure 8.8, we have
‘ﬁ‘ _ e‘W‘ where M is a foot of perpendicularity of

line joining P to directrix, P point lying on conic and F
focal point.

Focal axis is a line passing through the focus and
perpendicular to the directrix.

Vertex is a point where the conic intersects its axis.

Exercise 8.1 Learner’s Book page 391

1. Single point: This is formed when the plane passes
through the vertex horizontally, i.e. parallel to the
base.

2. Single line: This is formed when the plane passes
through the vertex and along the generator.

3. Pairof lines: This is the section formed when the plane
passes through the vertex. In this case, the section is

a pair of straight lines passing through the vertex.

Lesson 8.2. Definition and equation of a parabola

Learning objectives
Through examples, learners should be able to define a
parabola and determine its equation accurately.

Prerequisites

® Distance between two points.

® Distance from appoint to a straight line.
® Curve sketching.

Teaching Aids
Exercise book, pen, calculator and instruments of geometry
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Activity 8.2 Learner’s Book page 392

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

1. Choose some point having coordinates (x,y). The
distance between this point and (5,3) is given by
V=) +(r-3)"

The distance between point (¥,») and (2,1) is given
by y(x—2) +(y-1)" .

Equating these distances, as the point (x,y) is to be
equidistant from the two given points, we have

Jr=5 +(y=3) =(x=2) +(y-1)’

Squaring both sides, we get

(x—S)2 +(y—3)2 = (x—2)2 +(y—1)2
Expanding, we have

¥ —10x+25+y* —6y+9=x"—4x+4+y* -2y +1
Cancelling and combining like terms, we get
4y+5=-6x+34

Or
4y =—-6x+29

This is the equation of a straight line with slope —%

and y intercept 29
4
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2. Choose some point on the curve having coordinates

(x,»).

The distance from the point (x,y) on the curve to
the line x=-3 is \/(x+3)2+(y—y)2 =\/(x+3)2 :
The distance from the point (x,») on the curve to the

point (3,0) is \/(x—3)2+(y_())2 :\/(x_3)2+y2 _
Equating the two distances yields

Jx+3) = (x=3) +)?

Squaring and expanding both sides, we get

X +6x+9=x"—6x+9+y’
Cancelling and collecting like terms yields y* =12x
which is an equation of a curve.

3. Curve

y =12x

S ENE

A parabola is set of points P(x,y) in the plane equidistant
from a fixed point F, called focus and a fixed line d, called
directrix. In the figure below pgr = pps , where M ed .
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Conic section

] e/

",
Vertex \ Focus (F) 0

Focal axjs

Directrix

\\

~

The equation of a parabola, whose focus at point (,0)
and directrix with equation x=-a, is given by y*> =4ax.

The standard forms of the equation of parabola with
vertices at the point ¥ (h,k) are as follows:

1. (y—k)2 =4a(x—h), parabola opens to the right.
2. (y- k)2 =—4a(x—h), parabola opens to the left.
3. (x- h)2 =4a(y—k), parabola opens upward.

4. (x—h)’ =-4a(y—Fk), parabola opens downward.

Exercise 8.2 Learner’s Book page 398

1. Focusis (—2,0), directrix is x=2
2. a) Sketch:
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b) Sketch:

y axis
4

c) Sketch:

[y axis
10
8
L]
4
2
8 G -4 -2 o
-2
-4
-6
d) Sketch:
y axis
4
ol dr+ =1
2
/—\ X axis

o 2 4 B a 10
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. . 25
3. a) Focus (é,oj; directrix x=—7 ; length of latus
4

rectum 25; equation of latus rectum x=—/; ends
25 25
of latus rectum E,_é and (———j
47 2 4" 2

b) Focus (0,2); directrix ¥ =-2; length of latus
rectum 8; equation of latus rectum y =2 ; ends of
latus rectum (4,2) and (-4,2).

5 . .
c) Focus (0,—2]; directrix y:%; length of latus

rectum 5; equation of latus rectum y=-=; ends

(3
4. (y-2) =12(x-1)

5. a) x’'=-8y b) y2=4(x+4)

b

of latus rectum (E —Ej and
2 4

c) 4x’ +4xy+y’ +4x+32y+16=0
6. a) . b) (ﬂ,lj;(?,,l)
4 16
7. (13)

Lesson 8.3. Tangent line and normal line
on a parabola

Learning objectives

Given equation of parabola, learners should be able to find
equation of tangent line and normal line at a given point and
draw them accurately.

Prerequisites

® Equation of tangent at a point on a curve.

® Equation of normal line at a point on a curve.
® Differentiation.

Teaching Aids
Exercise book, pen and calculator
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Activity 8.3 Learner’s Book page 399 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRENC NCNCNC)

Answers

1. T=y-y,=m(x-x,)
Differentiating with respect to x yields
2yQ=4a:>Q=2—a and m=2—a
dx dx y v,
Then,

2a
T=y-y,="(x-x,
= (x-1,)

<y, -y, =2a(x-x,) <y y—4ax, =2ax—2ax,
& y,y—4ax, =2ax—2ax, since y,y, = yve =4ax,

& y,y=2ax-2ax, +4ax <y y=2ax+2ax,

& y,y=2a(x+x,)

Therefore, T=y,y=2a(x+x,)
2. Equation of normal line:

N=y-y, :—%(x—xo), with m:%

X=X,

Then,

N=y-y,=-3¢

(x—xo) < 2ay-2ay, =-y x+y X,

:>2ayoy_2ayoyo :_yoy0x+yoyoxo
= 2ay,y-2ay; =~y x+ X,
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= 2ay,y—8a’x, = —4ax x +4ax;
&y, y—4ax, =-2x,x+2x°,
S Y,y=2,y,=-2x,(x-x,)
Therefore, N=y,y-y,y, =-2x,(x-x,).
3. The tangent line of »* =2x at (0,0):
Since the tangent line at point (x,,,), on parabola
y* =4ax , is given by

T =yy=2a(x+x), here, y* =4ij. So a=%.

Then the tangent lineis T=0y = 2(%)(x+0) or
tangent line has equation x=0.

y
(=
A Il e =_2/x_,
= /
1l
g
P
X
A
4 3 -2 1 0 F
a
3 \\‘

The line x=0 touches the parabola y* =2x once at
(0,0), as it is its tangent at (0,0).

Synthesis

The tangent line at point (x,,,), on parabola y* =4ax,
is given by T = y,y =2a(x+x,), and the normal line at

the same pointis N =y,y—y,», =-2x,(x—x,).
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Exercise 8.3 Learner’s Book page 401

1. -6

2. Focus is F(-2,4), vertex is ¥ (-2,-3), equation of
axis is x+2=0, equation of directrix is y+2=0,
equation of tangent at vertex is y+3=0.
2y=x+8, y+2x+1=0

4, y+tx=2at+at’;0,+2

Lesson 8.4. Definition and equation of an ellipse

Learning objectives
Through examples, learners should be able to define an
ellipse and determine its equation accurately.

Prerequisites

® Distance between two points.

® Distance from a point to a straight line.
® Curve sketching.

Teaching Aids
Exercise book, pen, calculator and instruments of geometry

Activity 8.4 Learner’s Book page 401

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRC NCYNCNC)
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Answers

1. Choose some point on the curve having coordinates
(%)
The distance from the point (x, ) on the curve to the
point (3,0) is d, =/(3=x)" +(0—y)’ =y(3-x)" +37 .

The distance from the point (x,y) to the line x=§

i 2
S d, :\/[?—xj +(y-y) =?—X'

Since i:%: d, :%dz, then,

2

3(25
3-x) 4y =2 22—
( .X) +y 5(3 .Xj

Squaring both sides and expanding, we get

9—6x+x>+y° =25—6x+ix2
25
Collecting like terms and transposing give

%xz +y* =16
2 2
Dividing each term by 16, we see that X Y _1.
. L . 25 16
This equation is of an ellipse.

2. Sketch of the curve:

x Yo
L~ . ~25 16!
// \\
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SO ENE

We define an ellipse with eccentricity e (where 0<e<1)
to be the set of points P in the plane whose distance from
a fixed point F'is e times their distance from a fixed line.

o2 ur

0 F( le,O) X a )E

For any point P(x,y) on the ellipse, we have
PF =ePM, M e D, where D is the directrix with

n a
equation x=—.
e

ﬁ=d1 =\/(ae—x)2+(0—y)2 :\/(ae—x)2 +y° _
Wzdz =\/(ae—x)2+(y—y)2 :%—x.

Since PF =ePM , then,

2 2
(ae—x) +y =a—ex
Squaring both sides and expanding, we get
a’e® — Daex +x° +y' =a’ - 2aex +e’x’
Collecting terms
(l—ez)x2 +y’' =a’ (l—ez)

Dividing each term by a’ (l—ez), we get

X2 y2 B
b e R
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Writing b” =a’(1-¢), this gives

x2 y2

a_2+b_2 :1

This is equation ellipse centred at (0,0) in standard form.

2 2
For the ellipse —+2-=1, » =a*(1-¢*) with e<1, we
a b
have two foci at (+ae,0) and two directices x=tZ.
e

When the centre of ellipse is located at some point
other than (0,0), say the point (xo,yo), the equation of

2 2
(x=x,) +(y;2ya) =
a

ellipse in standard form is

Exercise 8.4 Learner’s Book page 407

—

(0:2) and (042

2. 3x*+7y* =115

3. x—2—|—y—2=
12 16
4. a) Sketch

Minor axis (CD)

Major axis (AB) Fo
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=

o

b) Curve

c 1

1
LI b
:MlnoraX|s D) N

-6 -5 -4 -3 2 -1 \\ 1 2
1
1
1
Aot Fo B

1 L o ~4
:Major axis (AB)
1

c) Curve
B y
Majorléds (AB)? : \

[0
!C Minorjaxis~= CD) \D
SR
\ il
1/

o1

A

X
= > =n - 0 2

16x* +9y° —64x—54y+1=0

2 2
=2 3
9 16

Foci are (2,3+x/7) and

(2.3-47)
V3
3

2 3
a)e=7 b) e= C)ezg
Torl3
13:5
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Lesson 8.5. Tangent line and normal line on
ellipse

Learning objectives

Given equation of ellipse, learners should be able to find
tangent line and normal line at a given point and draw them
accurately.

Prerequisites

® Equation of tangent line.
® Equation of normal line.
®@ Differentiation.

Teaching Aids
Exercise book, pen, calculator and instruments of geometry

ﬁ Activity 8.5 Learner’s Book page 408

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

NN NCONCONC)

Answers

1. Equation of tangent line 7= y—y, =m(x—x,) where

o
dx e,
Differentiating with respect to x gives
2 2 dy dy D x
— =) O —=———
a2x+b2ydx 0 dx a’y
2
Then, m ———2ﬁ
a 'y,
2
And T=y-y, =——2—"(x—x0)
a
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eadyy-ayy,=-bx,(x-x,)
sayy+bxx=bxx +a’y,y,,
since b’x x, +a’y,y, =a’h’

Thus @’y,y+b’x,x=a’h’

Dividing each term by «?b*, we get

yoy
R
2. The tangent line to the curve x2+%=1 at (0,3) is

Therefore, T = "2
a

0
given by Ts%#%y:l or T=y=3,

Curve:
Ty T=y=3
) X’ +y— =1
9
X
4 3 2 1 0 4
Synthesis
The tangent line at point (x,¥,), on ellipse —+;—2=1,
a
)’oy
by: T = =1
is given by: a2 =
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Exercise 8.5 Learner’s Book page 411

Iyt

El
2

y=-1.155x+4

1

2

3. k=—4at(-2,-1); k=4at(2,1)

4. At(0,0):T=y=-2x, at(0,2):T=y=2x+2,

6-+/6 6+6 _6++/6
a) <m< ===
4 4 4

6-+/6 6-++/6

or >
4 "oy

b) m

c) m<

Lesson 8.6. Definition and equation of a
hyperbola

Learning objectives
Through examples, learners should be able to define
hyperbola and find its equation accurately.

Prerequisites

®@ Distance between two points.

® Distance from a point to a straight line.
® Differentiation.

Teaching Aids
Exercise book, pen, calculator and instruments of geometry

ﬁ Activity 8.6 Learner’s Book page 411

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

NI C O NCINC)
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Answers

If the difference of the distances from any point P(x, )
on conic to the two foci is 2a, thus

I =188, =2a<::>\/(c—x)2+(0—y)2 —\/(—c—x)2+(0—y)2 =2a

& \/(c—x)2 +y° —\/(c+x)2 +y° =2a
Transposing one term from the left side to the right side
and squaring, we get

<::>(c—x)2+y2 =4a’ +4a (c+x)2+y2 —i—(c+x)2-|-y2

2

& =2ex+x* =4a’ +4a (c+x) + 3y +c* +2cx + x°

& 2cx=4a" +4a (c+x)2 +y° +2cx

<:>—4(cx+a2):4a (c+x)2+y2 c>—(cx+a2)=a (c+x)2+y2
Squaring again both sides and expanding, we have
&P +2cxa’ +at =a’ (02 +2cx +x° +y2)
& xP +2exa’ +at =a’c® +2cxa’ +a’x’ +a’y’
oy -a'x’ -d’y' =d'c* -a* @xz(c2 —az)—azy2 =a2(02 —az)
Since c=va’*+b* thus ¢*—a*=b> and
x’ (c2 —a2)—azy2 =a’ (c2 —a2) o xX°b —a’y' =a’h’
Dividing both sides by a’b*, we get

2 2
Sy

This is equation of hyperbola.

Synthesis

We define a hyperbola to be the set of all points P in the
plane, the difference of whose distances from two fixed
points, called foci, is a constant equal to 2a.
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Directrix Dire.

o
os®

il
1

Focal aXis |

Z
<]
g
-
o
o
s\
‘onjugate axi)/ \
Z
[<]
2
g

AN
//
//

d N
7z N

In standard form a hyperbola is given by the

2 2
equation x—2 - z—2=1; this hyperbola has two foci
a

2
(£¢,0),¢* =a* +b* and two directrices x = +2
a
- . Na’ +b’
Eccentricity of the hyperbola is e =£=a—, e>1.
a a

If the hyperbola has centre at (4,k), then the equation

is (x_h)2 _ (y_k)2 -1
2 2 :
a b

Exercise 8.6 Learner’s Book page 415

1. a) Curve
y
: ~ 5
NI ' /'//'
~ - 3 ,///'
~ ~— ) L 7
~. -~
~ P X
7 % 5 4 03 2 2 N
~~ N ~
PP el . ™S
~ - )
P . Y
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Vertices: (0,%2)

J13

Eccentricity is e= N
Foci: (0,v13) and (0.—V13)

Asymptotes: yzgx and y=—2x.
3 3
b) Curve

1Ty
11
10

X N 9 P

”
\ ~ 8 /4
D 7 s
NS -
Nl i
1SN 7
4
/ 31’ ™ <
v ~ | SNL
//’/./ Q\\ N
7 ~_

R S 1

, <
2
3
-4

Vertices: (5,4) and (-1,4)
13

Eccentricity is e= =

Foci:(2+1/13,4) and (2-+13,4)
16

2 8 2
Asymptotes: y=—x+— and y=——x+—
3 3 3 3
c) Curve

AN 161y 74
N\ 14 /)
N " 74
N\ . Y74
AN ’ 7
NN A
O\ A7
N S~ J,
N\ /
-10 -8 -6 -4 N2, ” 0
\‘, =2
/ N\
/ N
777 TN
4 2NN
// 14 >
y MR
/. s \\
7 Na
V/ 0 N
/ N
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Vertices: (-2,3) and (-2,-9)

Eccentricity is e:ﬂ
Foci:(—2,—3+2\/ﬁ) and (—2,—3—2\/5)
Asymptotes: y=3x+3 and y=-3x-9

2. Foci are (0,-5) and (0,5), vertices are (0,—4) and

(0,4), asymptotes: ¥ = igx

3. a) Length of transverse axis is 2a =6 ; conjugate
axis is 2b=8.

Eccentricity Y4 T2 @ +b’ .

"3
(£ae,0)= (irS,O) , coordinates of vertices
V(+a,0)=(£3,0).

, coordinates of foci

b) Length of transverse axis is 2a =23 ; conjugate

axis is 2b= 2\/5 .
/ 2 2
Eccentricity a_+b = ‘/;_5 coordinates of
a

foci (iae,0)=(i\/§,0), coordinates of vertices
V(ia,O):(i\/?,o).

c) Length of transverse axis is 2b =8 ; conjugate
axis is 2a=2.

[ 2 2
Eccentricity +b */_ , coordinates of foci

(0,+be) = (0 \/_ ) coordlnates of vertices
V(0,£b)=(0,%4).
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5. x*—y" —4x+8y-21=0

(-2 (-4 _
9 9
Vertices: (—1,4).(5,4)

Foci: (2-3v2,4), (2+3v2,4)
Asymptotes: y—4==%(x-2)
6. a) 7x*+24xy—56x—6y+68=0

= 1

b) 9x* -16y" —36x+96y—252=0
7. 21x° —4y2 -84=0

Lesson 8.7. Tangent line and normal line on
hyperbola

Learning objectives

Given equation of hyperbola, learners should be able to find
equation of tangent line and normal line at a given point and
draw them accurately.

Prerequisites

® Equation of tangent line.
® Equation of normal line.
® Differentiation.

Teaching Aids
Exercise book, pen, calculator and instruments of geometr

Activity 8.7 Learner’s Book page 416

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

CONCNCRCNCRCY

349




Advanced Mathematics for Rwanda Schools Teacher’s Book Six

Answers

Equation of tangent line 7= y—y, =m(x—x,) where

Differentiating with respect to x gives
2
2 2 dy o dy _b”

_x__

2 v dx ay
b2

Then, m=—2£
a 'y,

2
And T=y-y, =%i(x—xo)

edy,y-a’y,y,=bx,(x-x,)

< ad'yy-b'xx=-b'xx,+a’y,y,, as

b’xx, —a’y,y, =a’h’

a’y,y-b’x x=-a’b’

Dividing each term by —a’5*, we get
yOy xox x()x ygy — 1

A

X X
Therefore, T = ;2 —%ﬂ

Synthesis

The tangent line at point (xo,yo), on hyperbola

x’ y2 XoX yoy_l
a b’ '

a—z—b—z_l is given by T =—-

Exercise 8.7 Learner’s Book page 420

1. 4 2. y=—sx+5
. Y 4

3. 15x+4y+9=0 4. %\/_ 9)( \/—_9J
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Lesson 8.8. Definition of polar coordinates

Learning objectives

Through examples, learners should be able to define
polar coordinates, convert polar coordinates to Cartesian
coordinates, and sketch a curve in polar form accurately.

Prerequisites

® Polar form of a complex number.

® Converting a complex number from polar form to
algebraic form.

® Curve sketching.

Teaching Aids
Exercise book, pen, calculator and instruments of geometry

Activity 8.8 Learner’s Book page 420

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C O NCNC)

Answers

1. a) |7|=+1+1=+2 b) |z|=v1+1=+2

2. cosﬁzizﬁzi%+2kﬂ

NG

Z o okn
4

1
sinf=—=20=
V2 3—7T+2k7z

As —r <0< r, we take 9:%.
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SO ENE

To form a polar coordinate system in the plane, we fix a
point O called the pole (or origin) and construct from 0
an initial ray called the polar axis. Then each point P
in the plane can be assigned polar coordinates (r,@)as
follows:

® 1 is the directed distance from O to P .

@ 0 isthe directed angle, counterclockwise from
polar axis to the segment OP.

To convert rectangular coordinates (a,b) to polar

coordinates is the same as to find the modulus and

argument of complex number z=a+bi.

y

P(x.y

N
\
sin@

P
d
o

0
rcos@ X

From the above figure »=OP, x=rcos@, y =rsin@; ox
is a polar axis.

Exercise 8.8 Learner’s Book page 425

1. a)ande); bandg; c)andh); d) and f)
2. a) (2,2kr) and (-2,(2k+1)7).keZ
b) (2,(2k+1)7) and (-2,2kx).k€Z

SRR

c) (2,—+2kﬂ) and (—2,%+(2k+1)n], eZ

k
RY/4 RY/1
d) (2,7 2kﬂ') and (—2,7+(2k+1)7rj,keZ
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3. a) (3,0) b) (=3,0) o) (-1.43)
d) (1V3) e) (3,0) f (1.3)
9 (-3.0) ) (-1.33)
4, a) x+y=1 b) x=3 c) x=y
2 2
—3y=3 242 = * LY
d) x-3y e) x +y =9 f) 16+25 1
g **+(y-2)'=4 h) (x=3)+(y+1)" =4

i) y2 =3x

Lesson 8.9. Polar equation of a conic

Learning objectives
Through examples, learners should be able to find polar
equation of a conic or change from polar equation to Cartesian
equation accurately.

Prerequisites

® Cartesian equation of a conic.

® Conversion formulae from polar form to Cartesian form
and vice versa.

Teaching Aids

Exercise book, pen and calculator
Activity 8.9 Learner’s Book page 426 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCYRNC NCNCNC)
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Answers

1. Polar coordinates
x=rcosf, y=rsing, r’=x"+y°, tan0=§,x;t0
Y =l+2x oy =2x+l oy’ -2x =1
& rPsin® @—2rcosf =1

2. a) r= & 2r+rcosf=6

2+cos@
S2xX*+y +x=6

o2/ )y =6-x
Squaring both sides gives
4(x*+37)=(6-%)" o 4x? +4)* =36—-12x+x°
& 3(x* +4x)+4y’ =36 < 3(x +4x)+4)y’ =36
S 3(x+2) +4y =48 o 3(x+2) +4y° =48
Dividing each term by 48, we get

2 2
I
16 12
b) This is equation of a horizontal ellipse of
centre (-2,0), major axis 8, minor axis 43,

eccentricity
L N _ \/164f12 _ L vertices (2,0),(-6,0),
P 2

foci (0,0),(—4,0).

Synthesis

Using polar coordinates, there is an alternative way to
define a conic. In polar equation of a conic, the pole is the
focus of the conic. We use the following relations:

x=rcosd, y=rsinf, r*=x’+)°, tanﬁzl,x;g()
X
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The polar equation of conic with eccentricity e, focus at the

ep
l1+ecos@
where (r,6’) are polar coordinates of any point P lying on

the conic.
The given conic is an ellipse if e<1, a circle if , a
parabola if e=1, a hyperbola if e>1.

origin, whose directrix x =—p has equation » =

Exercise 8.9 Learner’s Book page 427

1. a)r=

= r
1+cos@ b)

:1—2sinl9
2. a) 3x*+4y*—4x=2  p) x’=2-4y
=1+ecosg<:>r+ercosl9:k

S xr+y +ex=k Sx*+y’ =k—ex

Squaring both sides, we get

X +y =k 2kex+e’x’ o x —ex +y" +2kex—k’ =0

& (1-¢’)x" + +2kex—k* =0 as required.

Lesson 8.10. Polar equation of a straight line

Learning objectives

Given Cartesian equation of a straight line, learners should
be able to find polar equation of that straight line or change
from polar equation to Cartesian equation accurately.
Prerequisites

® Cartesian equation of a straight line.

® Conversion formulae from polar form to Cartesian form
and vice versa.

Teaching Aids
Exercise book, pen and calculator
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‘; Activity 8.10 Learner’s Book page 427

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

Polar coordinates are x=rcos,y =rsinf.

Replacing x and y by their values from polar coordinates
in 3x-2y+6=0, we get

3(rcos@)—-2(rsind)+6=0 < 3rcosd—2rsind=-6
< r(3cos@-2sinf)=-6 < —r(2sind-3cosd)=-6

= Zsin¢9—3cost9:é <:>l=lsin9—lcosé’

r r
Synthesis

The polar equation of a straight line is

l:Acost9+Bsin6?, A,BeR and 4 and B are not
r

all zero.
From general equation of a line in Cartesian plane, we get
the polar equation of the given line.
In fact, Ax+By+C=0< Ax+By=-C < Ax+By=-C
& Arcos@+ Brsinf =-C
< r(Acos@+Bsinf)=-C

<:>Acos9+Bsin9=—£
r
Therefore, the polar equation of a straight line

Ax+By+C =0 is Acos@+Bsin9=—£.
r
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Excercise 8.10 Learner’s Book page 428
1_ = 4 2_ = ;
cos@++/3sin @ cos@—sinf
3. r= \/5 4. r= L
J3cosO—2sind cos@—2sind

Lesson 8.11. Polar form of a circle

Learning objectives

Given a Cartesian equation of a circle, learners should be
able to find polar equation of that circle or change from polar
equation to Cartesian equation correctly.

Prerequisites

® Cartesian equation of a circle.

® Conversion formulae from polar form to Cartesian form
and vice versa.

Teaching Aids
Exercise book, pen and calculator
Activity 8.11 Learner’s Book page 429 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCNCORORORC)
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Answers

From the figure below,
OC=p,0P=r,CP=R

)
J

‘fx:”:...’..R
......... : C(p a)

\\\‘ ] /r

.
.y
» ... Y
3 -
" ...
. -
N
./
a3
oy
.'
.,

3
X
F

R A
&

Polar axis

Cosine law here is: CP* = CO” + 0P —20C OPcos(6-a)
>R =p’+r’=2prcos(-a)
=>r’=R-p’+2prcos(f-a)

Synthesis

The polar equation of a circle with centre (p,a) and

radius R is
2

r’=R*—p’+2rpcos(0-a)

Excercise 8.11 Learner’s Book page 430
1. r==6cosf 2. r=4sind
3. r=-cosé 4. r=-2sin6d
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Lesson 8.12. Applications of conics

Learning objectives
By reading textbooks or accessing internet, learners should
be able to apply conics in real life problems perfectly.

Prerequisites
® Equations of conics.

Teaching Aids
Exercise book and pen

Activity 8.12 Learner’s Book page 430

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Research and problem solving

Peace and values education

Inclusive education

@99 @O

Answers

The Pythagorean concept of a spherical Earth offers a
simple surface that is mathematically easy to deal with.
Many astronomical and navigational computations use it
as a surface representing the Earth.
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The idea of a planar or flat surface for Earth, however,
is still sufficient for surveys of small areas, as the local
topography is far more significant than the curvature.
Plane-table surveys are made for relatively small areas,

and no account is taken of the curvature of the Earth. A
survey of a city would likely be computed as though the
Earth were a plane surface; the size of the city. For such
small areas, exact positions can be determined relative to
each other without considering the size and shape of the
entire Earth.

The simplest model for the shape of the entire Earth is
a sphere. The Earth’s radius is the distance from Earth’s
centre to its surface, about 6,371 kilometres (3,959 mi).
While “radius” normally is a characteristic of perfect
spheres, the Earth deviates from a perfect sphere by
only a third of a percent, sufficiently close to treat it as
a sphere in many contexts and justifying the term “the
radius of the Earth”.

Synthesis

The orbits of planets are ellipses with the sun at one
focus. For most planets, these ellipses have very small
eccentricity, so they are nearly circular. However, the
Mercury and Pluto, the innermost and outermost known
planets, have visibly elliptical orbits.
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Excercise 8.12 Learner’s Book page 433

1. a 6cm b) 10 cm
2. a) () 15 i) 735 -13=133mm

b) (i) 1 i) AC has equation y=—x+10
3. (x=35) +(y-13) =9

\/gm

5. The minimum altitude is 272 miles above the Earth

The maximum altitude is 648 miles above the Earth.
2 2

6. > Y ~1
900 14400.3636

7. Then the equation for the elliptical ceiling is:
X =5)
625 400
each whispering point is y =21.

=1 and the height of the ceiling above

Summary of the unit

1. Generalities on conic sections

Parabolas, circles, ellipses and hyperbolas are called conics
because they are curves in which planes intersect right
circular cones.

2. Parabola

A parabola is the set of all points in plane that are equidistant
from a fixed line (called directrix) and a fixed point (called
focus) not on the line.
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Important result relating to different parabolas

Equation y* =4ax x* =4ay
Focus (a,0) (0,a)
Directrix X=-a y=-a
Principal axis(the line through

the focus perpendicular to the | ¥ =0 x=0

directrix)

Vertex (point where the
parabola crosses its principal
axis)

Length of latus rectum (length
of chord through a focus and

i o 4a 4q
perpendicular to the principal
axis)
Equation of latus rectum xX=a y=a
Ends of latus rectum (a,%2a) (£2a,a)

Replacing x with (x—h) has the effect of shifting the graph of

an equation by || units to the right if h is positive, to the left
if h is negative.

Similarly, replacing y with (y—k) has the effect of shifting the
graph by [k| units up if k is positive and down if k is negative.

Equation (y—k)2=4p(x—h) (x—h)2:4p(y—k)
Focus (h+ p,k) (h,k+p)
Directrix x=h-p y=k-p
Principal axis(the line
th h the f
roug ' e focus y=k e
perpendicular to the
directrix)
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Vertex (point where
the parabola crosses | (h.k) (h,k)
its principal axis)

Parametric equations of parabola are
x=at’ )
where t is a parameter.
y=2at
The tangent line at point (xoayo), on parabola y* =4ax, is
given by
T=y,y=2a(x+x,)

3. Ellipse

Ellipse is a set of all points in the plane, the sum of whose
distances from two fixed points (called foci) is a given positive
constant.

Important facts to different ellipses

Equation of Standard 2 yz

b2

2 2
+y—2:1, O<a<b

+—=1La>b>0

form

QN| =
QN| =
S~

Coordinates of centre (O 0)
Coordinates of (

vertices

Length of major axis | 2, 2b

Equation of major y=0 x=0

axis

Length of minor axis | 2p 2a

Equation of minor x=0 y=0

axis

Eccentricity (ratio of T2 r_
. y( i bzzaz(l—ez)ze: a-b a2=b2(1—e2):>e= b —a

semi-focal separation a b

and the semi-major
axis)
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Coordinates of foci (ae,0) and (~ae,0) (0,be) and (0,~be)
o(wa-po) e (06" —a’)

Equation of

directrices e e

Length of latus 2p? 242

rectum 4 b

Equations of latus x=zae y=1tbe

rectum

Parametric equations of ellipse with centre (x,,y,) are

X=Xx,+acost .
where ¢ is a parameter and ¢ (-7, 7].

y=y,+bsint
2 2
The tangent line at point (x,,%,), on ellipse x_2+z_2:1, is
given by 4
_ XX W)
LR
a b

4. Hyperbola

Hyperbola is a set of all points in the plane, the difference
of whose distances from two fixed points (foci) is a given
positive constant

Important facts to different hyperbolas

Equation of Standard Xty oy
L A L SR

form a b a b
Coordinates of centre | (0,0) (0,0)
Coordinates of vertices | (,0) and (-a,0) | (0,b) and (0,—b)
Length of t

e'ngt of transverse 2a b
axis
Equation of t

quation of transverse | | _ =0
axis
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Equation of conjugate

: x=0 y=0
axis

(ae,0) and (—ae,0) | (0,be) and (0,-be)

Coordinates of foci
<:>(J_r\/a2+b2,0) <:>(O,i\/a2+b2)

b
Equation of directrices | x= +2 y==*—
e e
2 2
Length of latus rectum & 2L
a b
Equations of latus - tge J=+he
rectum
Eccentricity b =d’(1-¢) a*=b’(1-¢%)

Parametric equations of hyperbola whose centre (xo,yo) are

where ¢ is a parameter and
y=y, +btant

T T T 3r
te |-=,H U ==
E ]

2 2
The tangent line at point (x,,,) , on hyperbola x_z_y_2:1’
a b

{x:xo +asect

is given by
_XX VoY
5. Polar coordinates

To form a polar coordinate system in the plane, we fix a point
O called the pole (or origin) and construct from O an initial
ray called the polar axis. Then, each point P in the plane can

be assigned polar coordinates (7,8) as follows:

® r is the directed distance from O to P.

® 0O is the directed angle, counterclockwise from polar
axis to the segment OP .
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366

In polar coordinate system, the coordinates (7”,9),

(r,0+2kr), keZ and (-r,0+(2k+1)7) represent the
same point.

Coordinate conversion

The polar coordinates (r,8) of a point are related to the

rectangular coordinates (x,y) as follows:
_ i 2_ .2 2 _Jy
x=rcos@, y=rsin@, r =x"+y°, tanld=—,x#0
X

Polar equation of a conic
A conic curve with eccentricity e, focus at the origin, whose

directrix x=—p has equation r=—=2— where (7,6)
1+ecos@

are polar coordinates of any point P lying on the conic.
It is an ellipse if e<1, a parabola if e=1, a hyperbola if
e>1,

Applications
Eccentricities of orbits of the planets

The orbits of planets are ellipses with the sun at one focus.
For most planets, these ellipses have very small eccentricity,
so they are nearly circular. However, the Mercury and Pluto,
the innermost and outermost known planets, have visibly
elliptical orbits.



Conics

End of Unit Assessment answers Learner’s Book page 441

1. a) Parabola, focus(O,—z), principal axis is x=0.

b) Ellipse, foci(£1,0), semi-major axis ~/2 , semi-minor
axis 1.

1 . .
c) Parabola, focus(—E,OJ, principal axis is y=0.

d) Hyperbola, foci(0,+4), transverse axis x=0,
conjugate axis ¥y =0, asymptotes y ==*x.

15 L .
e) Parabola, focus(?,l], principal axis is ¥ =1.

f) Hyperbola, foci(ix/ﬁ,O), transverse axis is ¥ =0,
conjugate axis x=0, asymptotes y =+2x.

2. a) Intersection: @,—2
10~ 20

lv axis

154

104

¥ axis
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b) Intersection: @,5 , —@,5
2 2
Ly axis
10 5 a & 10 xa)(ii.

c) Intersection: {(-2.1),(-2,-1).(2,1),(2,-1)}

ly axis
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d) Intersection: {(2,\/5),(2,—\/5),(—2,\/5),<—2,—\/§)}

ahyaxis

(x=4)  (r=3) _

+ =1
32 36

4, 8xy—4x—-4y+1=0

5.

a) Theline y =kx intersects the given conic once, when
there is a unique solution.

As AC-B* =0, the given conic is a parabola.
Solving the equations of line and conic taken together,
we get equation (2—k)"x* +6x+1=0.

If k=2, we get a linear equation: 6x+1=0.

1 1
>x=——andy=——
6 T3
1 1
That is, the line touches the conic at (_E’_Ej'

If k=2, we have quadratic equation which can be solved
using discriminant;

A=b*~dac=A=9-(2-k) =(5-k)(1+k).

We have a unique solution if A=0, i.e. k=5o0r k=-1.
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Therefore, the line ¥ = kx intersects the given conic once
if k=2ork=5o0rk=-1.

b) Theline y =kx cuts the given conics in two points if
A>0, —-1<k<5 and k#2.

c) Theline ¥y =kx does not intersect the given conics if
A<O.

Thus, k<-lork>5.
6. a)

b)

l\r axis

4\ B}
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7. a) (y+2) =4(x+3),V(-3,-2),F(-1,-3),D=x=-3
b) (x=1)' =8(y+7),V (1,=7),F (1,-5),D=y=—-9

(x+2)2 +(y+1)2 _
6 9

c) LF(-2,43-1),7 (-2,43-1),C(-2,-1)

d) (x—32) +(y—23) :1’F(3,3)andF(1,3),V(i 3+2,3),C(2,3)

o 2 -@=1,F(5,2)andF(-1,2),V(4,2)andV(o,2),c(2,2),

4
As(y—2)=i§

(x-2)

f (y+1) =(x+1) =LF (-2 ~1)and F (1,2 1),
V(-1,0)andV (-1,-2)
C(-1-1), A= (y+1)=£(x+1)

8. a) (3v3,3) b) (—%%} o) (442,442)
d) (5,0) e) [—%%} f) (0,0)
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117z RY/4

i 5 4,—— 2,—

(i) a) (5.7) b) ,6) c)(,2
d) (842 —5”j e) 6—”} f) (Jz,ﬁ)

"4 3 4
(s 4 S_EJ (_2 z

(iDa) (-5.0) b) |4 . 0 (23

d) (-m,ﬁj e) | -6 —5”) f) (—Jz 7 ”j

4 "3 4

. a) X’ +y°=5; circle b) y =4; straight line

¢) »* =1+2x; parabola d) x* -3y -8y =4; hyperbola
e) 3y—4x =35; straight line

f) 3x” +4y* —12x = 36; ellipse

g) X+’ +4x=0; circle

. a) Proof
b)
Planets Perihelion Aphelion
(astronomical units) | (astronomical units)
Mercury 0.3075 0.4667
Venus 0.7184 0.7282
Earth 0.9833 1.0167
Mars 1.3817 1.6663
Jupiter 49512 5.4548
Saturn 9.0210 10.0570
Uranus 18.2977 20.0623
Neptune 29.8135 30.3065
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c)
Planets Polar equation for the ellipse with
eccentricity e and semi-major axis a :
a(l—ez)
l+ecosd
Mercury 0.3707
"= 1+0.2056 cos @
Venus 0.7233
" 140.0068c0s 0
Earth 0.9997
" 140.0167cos 0
Mars L 15107
1+0.0934cos @
Jupiter 51908
" 140.0484c0s 0
Saturn 95109
" 140.0543c0s6
Uranus 19.1394
" 140.0460c0s 0
Neptune 30.0580
" 140.082c0s6
12. 7.25m 13. x—2+y—2:1
25 9
10, X0 15. 10315 inches
16 7
16, % y

1.1025 7.8975
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Learner’s Book pages 445 - 493

Key unit competence

Calculate and interpret the parameters of a random
variable (discrete or continuous) including binomial and
the Poisson distributions.

Vocabulary or key words concepts

Random variable: A variable which can assume numerical
values each of which can correspond to
one and only one of the events.

Discrete random variable: Random variable which takes
only finite values between its limits.

Binomial distribution: Probability distribution for which
probabilities are of successive terms of the
binomial expansion (¢+ p)".

Poisson distribution: Discrete distribution used as a model
for the number of events in a specific time
period.

Continuous random variable: Random variable for which
the possible values are all real values in
some interval.

Guidance on the problem statement

The problem statement: “A life insurance company has
determined that on the average it receives 10 death claims
per day. Find the probability that the company receives at
least five death claims on a randomly selected day.”
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This problem is solved using a special distribution called
Poisson distribution that will be studied in this unit.
List of lessons

No | Lesson title Number of periods

1 Probability density function of a discrete | 3
random variable

2 Expected value, variance and standard 3
deviation of a discrete random variable

3 Cumulative distribution function of a 3
discrete random variable

4 Binomial distribution 4

5 Expected value, variance and standard 4
deviation of a binomial distribution

6 Poisson distribution 4

7 Probability density function of a 4
continuous random variable

8 Cumulative distribution function of a 4
continuous random variable

9 Expected value, variance and standard 4
deviation of a continuous random variable

Total periods 33

Lesson development

Lesson 9.1. Probability density function of a

376

discrete random variable

Learning objectives

Through examples, learners should be able to identify a
discrete random variable and to find its probability distribution
correctly.

Prerequisites
Finding probability of an event.

Teaching Aids
Exercise book, pen and calculator



Random Variables

Activity 9.1 Learner’s Book page 445

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

All balls are 6 with 4 red balls and 2 black balls

2 2 2 1
Probability of O red balls: P(BBB)= X 6T

6 6 27
Probability of 1 red ball:

P(RBB)+P(BRB)+ P(BBR) = % 2x2y2x3,2,2,2,4 2

6 6 6 6 6 6 6 6 9
Probability of 2 red balls:

P(RRB)+P(RBR)+P(BRR) —X—X—F—X—X—F—X—X—=—

666666666 9
Probability of 3 red balls: P(RRR)=+x+x~ ="
6 6 6 27
x o123
L2 | 4|8
P _ —_ —_ _
7 9 9 | 27

x takes on whole numbers only. The sum of obtained
probabilities is 1. This is the probability of the sample

space.

Synthesis

A variable X which can assume numerical values each of
which can correspond to one and only one of the events
is called a random variable (or stochastic variable). A
random variable X is said to be a discrete random variable,
if it takes only finite values between its limits.
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It is convenient to introduce the probability function
P(X =x)=p,, also called the probability distribution

satisfying

1. P(X = xl.) >0

2. Y P(X=x)=1, where the sum is taken over all
values of x, .

The probability density function (p.d.f), F(x),isa

function that allocates probabilities to all distinct values

that X can take on.

Exercise 9.1 Learner’s Book page 449

3
1. X is arandom variable if D_P(X =x,)=1.
i=1
3 123
D P(X=x)=P(X=2)+ P(X =3+ P(X=4)=+ Z+==]
i=1

Therefore, X is a random variable.

1 4

2. a)p=ﬁ b) P(Xzz)zg

3. a=—
2

Lesson 9.2. CGumulative distribution of discrete
random variable

Learning objectives
Given a discrete random variable, learners should be able to
find its cumulative distribution precisely.

Prerequisites
® Probability density function of a discrete random variable.

Teaching Aids
Exercise book, pen and calculator
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Activity 9.2 Learner’s Book page 449

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

Cumulative probabilities are found by adding the
probability up to each column of the table. In the table, we
find the cumulative probability for one head by adding the
probabilities for zero and one. The cumulative probability
for two heads is found by adding the probabilities for
zero, one, and two. We continue with this procedure until
we reach the maximum number of heads, in this case
four, which should have a cumulative probability of 1.00
because 100% of trials must have four or fewer heads.

Then,
Heads 0 1 2 3 4
Probability 1 4 6 4 1
16 16 16 16 | 16
Cumulative 1 5 11 15 16
Probability 6 | 16 | 16 | 16 16

Synthesis

To find a cumulative probability we add the probabilities
for all values qualifying as “less than or equal” to the
specified value. Then,

The cumulative distribution function of a random variable
X is the function F(x)=P(X <x).
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Exercise 9.2 Learner’s Book page 451

1. Cumulative distribution function

0, x<0

%,03x<1
F(x)={4

—, 1<x<2

4

, x=>2

2. Cumulative distribution
X 2 3 4 5 . 12

Fe) 13 6 10l
36 36 36 36

3. Probability distribution

x 1 | 2 | 3] 4] s
Plx=x)| 1 1 | 1 7 1 71
s s |5 |5 s

Lesson 9.3. Expected value, variance and
standard deviation of a discrete
random variable

Learning objectives

Given a discrete random variable, learners should be able to
calculate the expected value, variance and standard deviation
correctly.

Prerequisites
® Probability distribution of a discrete random variable.

Teaching Aids
Exercise book, pen and calculator
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Activity 9.3 Learner’s Book page 452

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

® Critical thinking
® Communication
® Self confidence
® Cooperation, interpersonal management and life
skills
® Peace and values education
® Inclusive education
Answers
. P(X=x) | xP(X=x) | ¥’P(X =x)
1 0.2 0.2 0.2
2 0.5 1 2.0
3 0.3 0.9 2.7
Sum 1.0 2.1 4.9

Synthesis

The expected value of random variable X, which is the
mean of the probability distribution of X, is denoted and

defined by s =E(X)=3 xP(X=1x,).

The variance of randoml;ariable X is denoted and
defined by

o® =Var(X)=E(X*)-[E(xX)] or

var(X) = E(X*)-[E(xX)]

The standard deviation of random variable X, is

o=SD(X)=\Var(X)-
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Exercise 9.3 Learner’s Book page 454

1. a)1.9 b) 2.4 c) 0.4 d) 9.23

2 26 152 2/38

2. z b) — — d) ——
a) 3 ) 5 c) N ) 9

3. Expected value: 3.5, variance: 2.9, standard
deviation: 1.7

Lesson 9.4. Binomial distribution

Learning objectives

Through examples, learners should be able to identify a
binomial distribution and find its probability distribution
accurately.

Prerequisites
® Powers.
® Combination of » objects taken from »n objects.

Teaching Aids

Exercise book, pen and calculator
ﬁ Activity 9.4 Learner’s Book page 455

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRNC MO NCNC)

Answers
1. Probability of the sequence SSSSFFFFFF is

P(S)P(S)P(S)P(S)P(F)P(F)P(F)P(F)P(F)P(F)=ppprqqqaqqq
:p4q6
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2. From 1),
P(S)P(S)..xP(F)P(F)..= pp...x 4q..

rtimes n—r times

— g
3. Different combinations that produce 4 heads are
given by '°C, p*q°.
4. Different combinations that produce » heads in n
trials are given by "C. p"q"™"

Synthesis

The probability of obtaining » successes in n
independent trials is b(r:n,p)="C.p'q"™" for 0<r<n
where p is the probability of a success in each trial. This
probability distribution is called the binomial distribution
since the values of the probabilities are successive

terms of the binomial expansion of (g + p)"; that is why
b(r:n,p)="C.p'q"".

Each trial has two possible outcomes: success (p) and
failure (g).

The outcome of the n trials are mutually independent and
there will be » successes and n—r failures.

Exercise 9.4 Learner’s Book page 459

15

1. = 2. 0.92 3. 0.65536
64
4. 0.19 5. 0.51
6. a) 0.39 b) 0.35 c) 0.93
41
. . 0.77
7. a) 0.26 b) 1679616 c)
a) 8183 b) 16807
8192 32768
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Lesson 9.5. Expected value, variance and
standard deviation of a binomial
distribution

Learning objectives

Given a binomial random variable, learners should be able
to find expected value, variance and standard deviation
correctly.

Prerequisites
® Binomial distribution

Teaching Aids

Exercise book, pen and calculator
ﬁ Activity 9.5 Learner’s Book page 460

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONC RO NCNCNC)

Answers

1. E(X)=ixiP(X=xl.)=0x(1—p)+1xp=p
i=1
For n trials, E(X)=np
2. E(Xz):Ozx(l—p)+12p:p and for n trials
E(Xz)znp
var(X)=E(X*)-[E(x)]
=np—[np]
=np—n’p’
=np(1-p)
=npq
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SO ENE

Basing on the results from activity 9.5, the expected value
(or mean) of a binomial distribution of a discrete random
variable X is denoted and defined by u=E(X)=np
where n is the number of trials and p is the probability of
success.

The variance of a binomial distribution of a discrete random

variable X is denoted and defined by o =Var(X)=npq
where n is the number of trials, p is the probability of
success and ¢ is the probability of failure.

The standard deviation of a binomial distribution of a
discrete random variable X is denoted and defined by

azJVar(X):@.

Exercise 9.5 Learner’s Book page 463

1. np>npg,asq<1

2. Mean is 30, standard deviation is 5

3. a) E(X)=25 b) var(X)=1875

4. a) 0.117 b) 0.974

5. approximately 1 6. 11 7. =17

Lesson 9.6. Poisson distribution

Learning objectives

Through examples, learners should be able to identify a poison
distribution and solve problems using poison distribution
correctly.

Prerequisites
@ Use of exponential and factorial notation.

Teaching Aids
Exercise book, pen and calculator
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ﬁ Activity 9.6 Learner’s Book page 464

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRENC NCNCNC)

Answers

1. Dividing both sides of (1) by €’

1—00+€1+02+93+ +9n+

S0’ 11?217 31T mle?
0% B¢’ G’ G’ g"e’

= + + + S -
0! 1! 2! 3! n!

2. If we take 1 =6, we have
1—/10+2'1+2'2+/13+ +ﬂ'"+
C0let et 21t 31t T plet T

3. Using the general term, ’1"1 , and putting n=x, we

nle
/fo e—llx
have P(sz)zx!e‘ or P(X=x)= .

Synthesis
The probability density function of Poisson distribution is
denoted X ~ P(4) and defined by

e Ar

P(X=x)= , x=0,1,2,...

Where A is a parameter which indicates the average
number (the expected value) of events in the given time
interval and e~2.718...

For Poisson distribution with parameter 4, E(x)=4
and Var(x)=4.
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Exercise 9.6 Learner’s Book page 468

1. Wrong statement, because G=\/I
2. 0.827008 3. 0.052129
4. 0.160623 5. 0.128387
6. 0.00000546

4 e (20)'
7. - 7

XZ(; x!

8. Considering the given table:

2 0 1 2 3 4 5 6 | Total

f 103 | 143 | 98 | 42 8 4 2 | 400

x-f 0 143 126|126 | 32| 20 12| 529

Mean = ﬁ =1.32
400

Number | Probability Theoretical
of cells 0.2674(1.32)" | frequency
P(x)= -

0 02674x(132)" - 02674x400=107
0! -

: 02674x(132) _ . | 035xd00=141
1! -

> 02674x(132)° . 0233x400=93
2! o

3 02674x(132) 01025400 =41
3! o

* 02674x(132)" . 00338x400=14
4 o
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5 0.2674x(1.32) 200595 0.00893 x 400 = 4
51! e

6 02674x(132)° | 0-00196x400=1
6! e

The expected (theoretical) frequencies are
107,141,93,41,14,4,1 .

Lesson 9.7. Probability density function of a
continuous random variable

Learning objectives

Through examples, learners should be able to identify a
continuous random variable, and to find its probability
distribution accurately.

Prerequisites
® Integration.
® Curve sketching.

Teaching Aids
Exercise book, pen, calculator, instruments of geometry.

Activity 9.7 Learner’s Book page 470

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVREC NCNCNC)
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Answers

1. The area under the curve of f(x) is given by;

J._Olk(x +1)° dx + _[01 kxdx . Then

j‘_o k(x+1) 2dx+rkdx:1 :kﬁ(x2+2x+1)dx+kj;dx:1

U

k x?+x +x} +k[x] =1

=k l—1+1 +k=1 :>4k 1 or k—E
3 3 4

%(x+1)2 ~1<x<0
2. Graph of f(x)= ;
Z 0<x<1

X -1 -0.3 -0.7 0
f(x) =y |0 0.37 0.07 0.43

X 0 1
f(x) =y 0.43 0.43
{+) 3
J \*}_Z
7(0)=2()
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Synthesis

A random variable Xis said to be continuous if its possible
values are all real values in some interval.

A function f(x) defined on an interval [a,b] is a
probability density function for a continuous random
variable X distributed on [a,b] if, whenever x, and x,

satisfy a<x, <x, <b, we have P(% <X <x,) If

If X'is a continuous random variable, then the probablllty
that the values of X will fall between the values a and b
is given by the area of the region lying below the graph of
f(x) and above the x—axis between a and b and this
area is equal to 1.

Normally, j f(x)dx=1.

Exercise 9.7 Learner’s Book page 474

1. a) c:3 b) p(lej:l
2 2) 16
2. 0.693
3. a) k:l
) 1
b) 1) p(x<1)=7 i) p(x=1)=0

i) p(x>2.5)=0.3125

iv) p[(0<x<2)/xz1]=p(1§—’;2)
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Lesson 9.8. CGumulative distribution of continuous
random variable

Learning objectives
Given a continuous random variable, learners should be able
to find its cumulative distribution accurately.

Prerequisites
® Finite integrals

Teaching Aids
Exercise book, pen and calculator
Activity 9.8 Learner’s Book page 475 ﬁ

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ONCVRENC NCNCNC)

Answers

1. For x<1, f(x)=0 and then F(x):LXde:O

2. Fori1<x<3, lx and then

1 1 1 1 1
F(x)=j Zxdx={§x2} =§x2—§=T
3. For x>3, f(x)=0 and then
x | o ]
F(x)=F(3)+] 0dx= — and F(3)==—=1
4. Hence,
0, x<l1
2
F(x)=1""L1<x<3
1, x>3
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SO ENE

The cumulative distribution function of a continuous
random variable X is defined as: F(x) :fwf(t) dt .

Where F(x)=0, for x> and F(x)=1, for x -+,

Exercise 9.8 Learner’s Book page 477

0, x<-1
0, 0
~(x+1)", -1<x<0 '
X
1 wa): (l—xf PXx): Ig, 0<x<4
1_ 2 ,O<x<1 1, x>4
1, x>1
0, x<0
x2
—, 0<x<2
6

+2x—2, 2<x<3

1, x>3

Lesson 9.9. Variance and standard deviation of a
continuous random variable

Learning objectives

Given a continuous random variable, learners should be
able to find expected value, variance and standard deviation
correctly.

Prerequisites

® Probability density function of a continuous random
variable.

Teaching Aids
Exercise book, pen and calculator
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Activity 9.9 Learner’s Book page 477

In this lesson, the following generic competence and
cross-cutting issues are to be addressed:

Critical thinking

Communication

Self confidence

Cooperation, interpersonal management and life
skills

Peace and values education

Inclusive education

ORI C MO NCNC)

Answers

1. 4 [ xf(x)de =6] x (1-x)ax
=6I;(x2—x3)dx =6{§x3—%x4l

=6{l_l}=o,5
3 4

2. B=L1x2f(x)dx =6jolx3(1—x)dx
:6I1(x3—x4)dx =6{lx4—lx5}l
0 4 5
=6B—ﬂ:03
3. B-4°=03-0.25=0.05

Synthesis

The mean, u, (or expected value, E(X) ), of X'is denoted
and defined by;

u:E(X):ixf(x)dx

a

Also, expectation of function g of X'is

E(s(+) = [ 2 (3)as
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The variance Var(x) or ¢” is denoted and defined by

o* =Var(X)=E(X*)-[E(x)] .

The standard deviation is

O':SDz,/Var(X) .

Properties of £(.X) and Var(X)

Ya,beR

1. E(a)=a

2. E(aX)=aE(X)

3. E(aX+b)=aE(X)+b
4. E(X+Y)=E(X)+E(Y)
5. E(aX’+b)#aE(X*)+b
6. var(a)=0

7. var(aX +b)=a? var(X)

8. var(aX +b)=a var(X)

Exercise 9.9 Learner’s Book page 482

1. a) k=144
b) mean is 0.443, variance is 0.0827
3
2. a)C=5 b) E(X)=0,Var(X)=%
3. a) a=0.01

b) E(x)=10, Var(x)=16.6667
E(9x)=9E(x)=90  Var(9x)=9"Var(x)=1350
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Summary of the unit

1. Discrete and finite random variables
1. Probability density function

A random variable X is said to be a discrete random
variable, if it takes only finite values between its limits;
for example, the number of learners appearing in a festival
consisting of 400 learners is a discrete random variable
which can assume values other than O, 1, 2, ...,400.

The probability density function (p.d.f), F(x), is a
function that allocates probabilities to all distinct values
that X can take on.

If the initial probability is known, you can find
successive probabilities using the following recurrence

relation P(X=x+1)=(';)fj(§jP(X=x).

2. Expectation, variance and standard deviation

The expected value of random variable X, which is the
mean of the probability distribution of X, is denoted and
defined by

,u:E(X)le::xiP(X:x,.).

Also, the expectation of any function g(X) of the
random variable X is

u=E(g(X))=2g(x)P(X=x)

i=1
The variance of random variable X is denoted and
defined by

o =Var(X)=Y [~ uf P(X =x).

i=1
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This can be simplified to
o’ :Var(X):E(Xz)—,u2
The standard deviation of random variable X, denoted

by SD(X), is the square root of the variance. That is

o=8D(X)=Var(X).

Properties for mean and variance

Va,beR
1. E(a)=a 2. E(aX)=aE(X)

3. E(aX+b)=aE(X)+b 4. E(X+Y)=E(X)+E(Y)
5. E(aX2+b)¢aE(X2 +b 6, var(a)=0

7. var(aX)=a’ var(X) 8. var(aX +b)=a’ var(X)

Binomial distribution (Law of Bernoulli)

For binomial probability distribution, we are interested
in the probabilities of obtaining » successes in n trials,
in other word r successes and n-r failures in n attempts.
Binomial distribution is denoted

b(r : n,p) ="CPq"",r=012,...,n

The constant n, p, g are called parameters of the binomial
distribution.

The following assumptions are made:

© There is a fixed number (n) of trials.

© The probability of success is the same for each trial.
© Each trial is independent of all other trials.

Note that p+¢=1

For N set of # trial, the successes O, 1, 2, ..... [ , hare
given by N(p+q)" , Which is called binomial distribution.

The expected value (or mean) of a binomial distribution
of a discrete random variable X is denoted and defined



4.

Random Variables

by p#=E(X)=np where n is the number of trials and
p is the probability of success.

Thevariance of a binomial distribution of adiscrete random
variable X is denoted and defined by o* =Var (X ) =npq
where n is the number of trials, p is the probability of
success and ¢ is the probability of failure.

The standard deviation of a binomial distribution of a
discrete random variable X is denoted and defined by

G:,/Var(X)=\/%.

Uncountable infinite discrete case: Poisson distribution

The Poisson distribution is a discrete distribution often
used as a model for the number of events (such as the
number of customers in waiting lines, number of defects
in a given surface area, airplane arrivals, or the number
of accidents at an intersection) in a specific time period.

Poisson distribution is a limiting form of the binomial
distribution (p+¢)" under the following conditions:
(i) » —> %, j.e., the number of trials is indefinitely large.

(i) »—0, i.e., the constant probability of success for
each trial is indefinitely small.

(i) mp is a finite quantity, say 4.
Typical events which could have a Poisson distribution:

(i) Number of customers arriving at a supermarket
checkout per minute.

(ii) Number of suicides or deaths by heart attack in a
minute.

(iii) Number of accidents that take place on a busy
road in time t.

(iv) Number of printing mistakes at each unit of the
book.
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(v) Number of cars passing a certain street in time t.
(vi) Number of a —particles emitted per second by a
radioactive sources.
(vii)  Number of faulty blades in a packet of 1000.
(viii)  Number of person born blind per year in a certain
village.
(ix) Number of telephone calls received at a particular
switch board in a minute.
(x) Number of times a teacher is late for class in a
given week.
The probability density function of Poisson distribution is
defined by

—l/flx

P(X =x)= , x=0,1,2,...

where 4 is a parameter which indicates the average number
(the expected value) of events in the given time interval. We
write X ~Po(4)
@ Iftheinitial probability is known, you can find successive
probabilities using the following recurrence relation;
A
P(X=x+l)=mP(X=x)_
® For a Poisson distribution of a discrete random variable
X, the mean u (or expected value) and the variance

o are the same and equal to A. Thus, u=o0’ =1

5. Continuous random variables

398

a) Probability density function

A function defined on an interval [a,b] is a probability
density function for a continuous random variable X

distributed on [a,b] if, whenever x; and x, satisfy

a<x <x,<b, Wehavepx1<)(<x2 If
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Properties of p.d.f 1 (x)

a)  f(x )>Ofora|lx
o [

all x

The cumulative distribution function of a continuous

random variable X is defined as: F(x I 1t

where F(x)=0, for x> —0 and x — +o0 for x — +oo.

b) Expected value, variance and standard deviation

The mean 4 ( or expected value E£(X) ) of Xis denoted
and defined by

,u=E(X)=j.xf(x)dx

Also, expectation of function & of X'is

b
= jg(x)f(x)dx
The variance Var(x) or o’ is denoted and defined by

o* =Var(X)=E(X*)-[E(x)].

The standard deviation is

o=8D=Var(X).

Properties of £(X) and Var(X)

Va,beR

1. E(a)=a 2. E(aX)=aE(X)

3. E(aX+b)=aE(X)+b 4. E(X+Y)=E(X)+E(Y)
5. (aX2+b)¢aE(X)+b 6. var(a)=0

7. var(aX)=a’ var(X) 8. var(aX +b)=a’var(X)
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End of Unit Assessment answers Learner’s Book page 488

400

29
32

a) 0.0145 b) 0.1887

¢) 0.0000000000000000000001
0.0863

4. Probability that it will work (O defective components) is

0.896 . Probability that it will not work perfectly is 0.104
0.00038

6. a) {HHH,HHT,HTH,HTT,THH,THT,TTH,TTT)

11.
12.

13.
15.

16.
18.
19.

b) p(HHH)=0.166375,
p(HHT) = p(HTH) = p(THH ) =0.136125,
p(HTT)=p(THT)= p(TTH)=0.111375
p(TTT)=0.091125

c) £(0)=0.911125, f(1)=0.334125, /' (2)=0.408375,
£(3)=0.166375

d) 0.908875 e) 1.650000
176

;¥100=17 8. 0.99863
0.0376 10. M
a+b
a) 0.5905 b) E(X)=17Var(x)=6.3
a) 0.9997 b) 0.005
% 14.2) 48,098  b) 0.655
a) 0.0498x1000 b) 0.3526x1000

17, ¢ " (100)

x!

2.3026
0.51
a) 0.147 b) 0.0408 c) 0.762



Random Variables

20.a) 0.122 b) 0.138 c) 0.224 d) 0.0273
21.

X 0 1 2 3 4 | Total
f 122 60 15 2 1] 200
x-f 0 60 30 6 4| 100
Mean = m =0.5

200

o (e)fO'S(O.S)x

The number of x deaths is given by 200><—'
for0, 1,2, 3, 4. x'
Death/Frequencies 0 1 2 3 4
Probabilities

e—O-Sx(o_s)" 0.27 | 035] 023 | 0.10 0
P(x)="""2

x!

Expected (Theoretical)
frequency

—0.5 x 121 61 15 3 0
200xL8)_(03)

x!

The expected frequencies are 121,61,15,3 and 0.
22.0.9998 23. 0.5620

24.

X 0 1 2 3 4 5 6 | Total

f 143 90| 42| 12 9 3 1| 300

x-f 0 90| 84 | 36| 36| 15 6| 267

Mean = ﬁ =0.89
300

The number of x mistakes per day is given by
(e)—0.89 (0.89))6

x!

300 x for0O, 1, 2, 3, 4,5, 6.
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Mistakes per day 1 1 2 3 415

Probabilities

e x(0.5)" 1041 037 0.16|0.05 001 0
P

Expected (Theoretical)
frequency

200 ()" (03)°
x!

123 | 111 48 15 310

The expected frequencies are 123,111,48,15,3 and 0.

25. a) 0.25 b)%

26. a)k=% b) 0.75

27. a) 0.125 b) 0.727

28. a) k=% b) E(x)=1%
c) P(leS3)=%

29. a)() k=3 (i) E(x)=1-

(i) =075  b) p(x<u—0)=0.207

2 , 1 2
; _= =F =2, =—,0=—
30. ()a) k= b) u=E(x)=2,0" =7, 0=
c) ¥z0.63
3, 3 35
i = :E =—, =—, e —
(i) a) k=3 b) #=E(x) 2% 0% 0
o 207«5@0‘668
400
1 1 5
i k:6 :E =—, 2:—’ = —
iii) a) b) 1 =E(x) 5 =559 0,
c) ﬁz0.626
25

31. a)a=12, b=1 b) 0.0523
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Learner’s Book pages 494 - 496

1" o -2 3-2x
L (3] —ae ) (@)
& 27 =20 — 3y 4+ 6=6—4x
or x=0
5 ={0}
2. A quadratic function has a double root if and only if
A=0.

For our case, A=b>*—4ac=9—-4m.

9
A=0&9-4m=0 or m:Z.

Therefore, x*+3x+m=0 admits a double root when
9

m=—-.
4

For m:%, x2+3x+m=0:>x2+3x+%=0
The root is x=—%.
3. If the angle between ﬁ:(k,3) and \7:(4,0) is 45°, thus
4k

k> +9416

cos45° =
Or

cos45° = L < cos45° =

4Jk* +9 k*+9
2
Since cos45° =§, then,

2k
Dl & 2k =\2Vk* +9
2 K49

Squaring both sides yields
4’ =k +18 ©k*=9 = k=43

The value of k is 3 since cos45° >0.
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404

2cos’ x—cosx—1=0<2cos’x—2cosx+cosx—1=0

< 2cosx(cosx—1)+cosx—1=0

< (cosx—1)(2cosx+1)=0 cosx—1

=cosx—1=0 or 2cosx+1
<cosx=1 or COSXx=——

= x=2km Or x=i277[+2k72,keZ
= x=2kr or x=2T7z+2k7r or x=—277[+2kﬁs4?ﬂ+2k7z

Hence, S={2k 2T”+2kn 4?+2k7z keZ}

liml—cosx _ 1-cosO _ 1-1 :9 IF.

=0 sinx sin0 0 O
Remove this indeterminate form by Hospital’s rule

_ l-cosx .. (1-cosx) sinx

lim — =lim ( ) =1lim =0

0 sinx 0 (sin x) 20 COS X
l1—cosx

Then, lim =0

=0 §in X
From sequence {u,} where u,., =3(u,+2) and u, =0,

we list;

u,=0
=3(u,+2)=6
:3(ul+2) 3(6+2)=24
uy =3(uy +2)=3(24+2)="78
w, =3(uy +2)=3(78+2) =240

Therefore, the first five terms of the given sequence are
0,6,24,78 and 240 .

The sequence {u,} is arithmetic if u,, —u,=d,d eR

and is geometric if =L =7 reR
u

n



Evaluation answers

Since u,,, =3(u, +2), thus

u,, —u, =3(u, +2)—u, =2u,+6 and this is not a
constant.

So, {u} is not an arithmetic sequence.

= 3( 2) — +— and this is not a constant.
u u u

n n n

Thus, {u,} is not a geometric sequence.

Therefore, {u,} is neither arithmetic nor geometric
sequence.

. Let f(x)zx/x2+2\/x2— —\/x2—2 x> -1

a) Existence condition: x*—=1>0 and x*=2vJx*=1>0

x* =120 x e(—o0,~-1]U[L,+)

W =2Ux* =120 x* > 24x* -1

oS xt>4xr -4 o x'—4x7+420 <:>(X2—2)220
o VxeR,(x -2) 20

Hence,

Domf = (—o0,—1]U[1,+0)

b) f(x):\/x2+2\/xz———\/x2—2 xP -1
f2(x):(x2+2m)—2\/x2+2\/ﬂ\/x2—2 x2—1+(x2—2m)

fz(x):2x2—2 xt—4x*+4

2

& (x):2x2 -2 (x2 —2)
& (x)=2x2 —2|x2 —2|
2x7 —2(x2 —2), x€j|—00,—\/§:|U|:\/§,+OO|:

/(%)= 227 +2(x* =2), xe |-V2,-1]u[142]
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) B 4,xe]—oo,—\/5]u[\/5,+oo[
/ (X)_ 4x2—4,xe]—\/§,—l}u[l,\/§[

B 2, xe}—oo,—\/g]u[\/i,—koo[
:f(X)_ xz—l,xe}—ﬁ,—l}u[l,ﬁ[

From Domf =(—o0,-1]U[1,+0), we get that

B 2,xe}—oo,— Z]U[\/E,+oo[
=/(x)= x2—1,xe]—ﬁ,—1]u[1,\5[

8. Let P(T)=p,then P(H)=3p.
But P(T)+P(H)=1.

Therefore, 4p =1 or pZ%.
Thus, P(T):% and P(H)=
9. Tangent line:

Alw

T=y-y,=y(x-x,)

Here, x, =2 and y, =4;

f'(x)=3x2—4x

vo=1(2)=3(4)-4(2)=12-8=4

Then, T=y-4=4(x-2) ©y=4x-8+4 < y=4x-4

Normal line:

1
N=y-y =——(x—x,);
o (x=)

1 1
Thus, N=y—-4=——(x-2) < y=4x+_-+4
us, y 4(x ) y 5
= —4x+2
Y 4

10.a) Equation of sphere S whose centre ( x,,y,,z,) and

radius » has equation (x—x,) +(y—y,) +(z=2,) =
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For our case,
S=(x=6) +(y-5) +(z+2) =70
Or S=x*+1>+2° —12x—10y+4z=70-36-25-4
Or S=x"+)y’+2°-12x-10y+4z=5
b) x4y +7+4x-8y+6z+7=0x" +4x+) -8y +2’ +62=-T
& (x+2) +(y—4) +(z2+3) =—6+4+16+9
& (x+2) +(y—4) +(z+3)" =22
Centre is C(-2,4,-3), radius r =22
1

~5 -1 y-1 z+I1
c) Letusfind AB=|—4 |, the line ABEX1 :y4 :ZS
5
—4x+4=y+1 y=—4x+3
= AB = < AB =
Sx-5=z+1 z=5x-6

Substituting y,z with their values in S gives

x4 (—4x+3) +(5x—6)" +4x—8(—4x+3)+6(5x—6)+7=0
& xt+16x" = 24x+9+25x" —60x +36+4x+32x—24+30x-36+7=0
< 42x" ~18x-8=0 < 21x—9x—4=0

A=81+336=417

9+/417
X2 :T
x, =57 and x, =-14.7
For x=5.7, we have y=-19.8 and z=22.5.
Intersection point is then, (5.7,-19.8,22.5)
For x=-14.7, we have y=61.8 and z=79.5
Intersection point is then, (—14.7,61.8,79.5)
11. Let ¢(¢) =qe"
Here ¢, =50 and ¢(5)=20.
q(S) =20=20="50e""

1.2
k Z—glng <k =0.18326.

2 2
oZoet o Sk=nZ
5 5 <
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12.

13.

14.

15.

90% of the sugar being dissolved, it means that 10% of
the sugar left i.e. bkg.

Thus,

1

q(t) — 5 = 508—0.1832& — 5 o e—0.18326t — B

<:>—0.18326t:1n% < 0.18326t=-1n10 < =12.5647
In fact, sin ycos(x—y)+cosysin(x—y)

= sin y(cosxcos y+sin xsin y)+cos y(sinxcos y —sin y cos x)

=W+sinxsin2y+sinxcos2y—w
=sinxsin’ y+sinxcos’ y = sinx(sin2 y+cos’ y)
=sinx as required.

J(1+x) -1
hm&:g’ I.F.
x>0 X 0

Remove this /.F. by Hospital’s rule.

(W) 1 :

2 (1+x)3 -1

. :£i£13§[(1+x)3—q53(1+x)2
s

:%[(HO)S—I} F3(140)’ = 400

If the mean is 50, thus, 56+37+546+52+x+48 =50

& 2474+ x=300 & x=300-247 = x =53

Intersection points for y* =2px and x*=2py:

2
¥ =2px=y=42px and x2=2py:>y:;—
p

2 4

X X
Then, V2px =——<2px=—
2p 4p

S8p’x=x' <8p’x—x'=0 <:>x(8p3—x3):0

—=x=0o0r8p -x =0

=x=00r x=2p

To be able to sketch the curve, let p =2 . Then we have
y>=4x and x* =4y



Evaluation answers

w s
o
P

J.( 2p. ——jdx
0
2p
=27 [ rae— L [ v
0 2p
2 2p 372p
el -4
3 ], 2rL3)
3
_2 fap-2p-ap -2
3 6p

A=8p2_4p3 _4p3 _4p

2

3 3p 3p 3
Therefore, the area enclosed by the curves

2
y2 =2px and x? =2py is 4% sq. unit
0.0,
1 & _
Cov(x y) ;Z(x,-—x)z(y,_y)z
i=1
1 & —\2
= V = - -
o, ~Var() = [+3:(5,-7)
1 & _
Var(y) ;Z(yi_y)z
i=1
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Mean:
f:7+8+9+11+15:10
5
_ 33+25+17+9+6
y= =18
5
Xi i X=X | Y=Y ()Ct.—f)2 (yi—y)2 (xi—f)(yl.—)_;)
7 33 -3 -12 9 225 —45
8 25 -2 -9 4 49 ~14
9 17 -1 -1 1 1 1
11 9 1 7 1 81 -9
15 6 5 15 25 144 -60
SUM 40 500 —127
Cov x y 1 —_ 2 A—_ ?

(x,-% \/7sz

o, =\/—Z(y,. -y) = 5(5)0 J100 =10

nig
1 _ _ -127
Cov(x,y)=— ()c,.—)c)z(yi—y)2 =
ns 5
Cov(x,y) —-127 089
o0, 5(2\6)10
_ Cov(x, _
b) LVE)’_)’: O(_z J’)(x_x)
-127
Lyx =y-18= 0 (x—lO)

<:>y—18=—3.2(x—10) < y=-32x+50
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c) Scatter diagram
y

a0t

351

301

251

y=-32x+50
201

| 1x
0 35 40
3x+2y-5z=2 =5\ x 2
17.a) < x+2y =3 &1 2 y|=|3
2x— y+ z=-3 2 z -3
A A A
If A#0, then x=—-,y=—,z=—=
A A zS
3 2 -5
2 -5 3 -5
A=l 2 0|=- +2 =-2+54+6+20=29
-1 1 2 1
2 -1 1
2 2 -5
2 =5 2 -5
A =3 2 =13 L +2 | =—6+15+4-30=-17
-3 -1
17
> x=——
29
3 2 -5
2 -5 3 -5
A =1 3 =— +3 =-2+15+9+30=52
7 -3 1 2 1
2 3
2
=729
3 2 2
2 2 3 2 3 2
Zﬁ&z = 1 :2 :3 = + :2 - :3
-1 -3 2 -3 2 -1
2 -1 3
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C6-2-18-8+9+12=—1 — y—__L

29
sol(L17s2 1
29 29 29

b) The area of a parallelogram whose adjacent sides

are Zz=6f+3}'—2l; and 13=3;—2}'+6l; is given by

A:szl;
_l: - -
L A T I T R P
Oraxb=|6 3 -2|=i 7 F
2 6B 6™ 2
3 -2 6

i(18-4)-j(36+6)+k(-12-9) =14i—42] - 21k

A=J(14) +(=42)’ +(=21)" =196 +1768 + 441

=+/2401 =49
Therefore, the area of the given parallelogram is
49 sq.unit

cx(6—x)2; 0<x<6
0, elsewhere

18. We are given F(x):{

a) Since x is a random variable, thus, If(x)dle
All

6
=1=[ex(6-x) dx @1=fcx(36—12x+x2)dx
0 0

476
@1:{18x2—4x3+%} & 1=c[18(36)-4(216)+324]

0

< 108c =1
1
cC=—
108
b) i) The meanis E(x)= Ixf(x)dx
6 All
:E(x)=$0x2(6—x)2 dx
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36x —12x* +x )d

1 6

sl
L{ —3x* +—}
108
1

108

& E(x)=——(2592-3888+1555.2)=2.4
< E(x)= 1(1)8(2592) 2.4
E(x)=24

ii) The variance Var (x)=E(x")- [E(X)]2
or E(xz):J.xzf( )dx:>E<x2 =L6x3 6— x) dx
All 108O

6
<:>E(x2) 103 (36x 12x4+x5)dx

80

1 x  x® °
@E(x2)=— ox* —122- 4+

108 56,

= E(x) :L[9(6)“ —12g+gr =72

108

0

Then, Var(x)=7.2-(2.4)" =1.44
iii) Standard deviation of x is o =Var(x) =144 =1.2

e " sinxdx | let u=sinx and dv=e "dx.

19. a)From I, =

S o [N

) I _
Hence, du =—-sinxdx and v=——¢e ™
n

T

5 2
Therefore, I, = [—le”x sin x} +lJ‘e"”‘ cos xdx
n 0

n 0
nw l
ol =——e 2 +—J,
n n
<:>nln—Jn:—e77 (1)
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From J, =|e ™ cosxdx, let t=cosx and dz=e "dx.

ot—uly

—nx

1
Then, dt =cosxdx and z=——e
n

1 B
Therefore, J, =| ——e ™ cosx ——J.e’”" sin xdx
n 0

n 0
=/ =l—lln

n

n n

snd +1 =1 (2)

Equation (1) and (2) give the simultaneous equations

nl,—J, = —e 2
nJ +1, =1 (3)

And (3) indicates two relations between 7, and J,.
b) Multiply first equation of (3) by » to eliminate J,

nzln -nJ, = —ne 2 5 _nz
=nl +1 =1-ne ?
nJ,+1,=1 o

_nz
1—ne 2

Which gi I =
ich gives /1, =——

(4)

nrw
From (1), J,=nl, +e *
7]171' nr 77’[7[

2 5 2 T 5 5
n-ne ?+ne? +e ?

Then J, = >
n° +1

Or J,=— (5)

20. Tosolve y"—y'—=2y=6x with ¥(0)=y'(0)=1

Homogeneous equation :
y'=y'=2y=0

Characteristic equation
A=2-2=0 < (A+1)(21-2)=0
SA=-lor A=2.



Evaluation answers

General solution for solution for homogeneous equation is
Y =ce e,

The complementary (particular) solution is given by
y=Ax+B.

Or y'=4det y"=0.

The equation y"-y'-2y=6x becomes
—A—-2Ax—-2B=06x

Identifying the coefficients, we get

~A-2B=0 == =
=
24=6

3
Thus, complementary solution is y=—3x+5

The general solution of the given equation is
y=ce+ce’” —3x+%

From the initial conditions y(0)=y'(0)=1, we get the
values of ¢, and ¢, as follows:
y'=—ce " +2c,e” -3
¢ +c +§=1 “ :_g
p(0)=r(0)=1=1"2"270 S8
-, +2¢,-3=1 c,=—
Therefore, the required solution is

y:—ée_x +1e2x —3x+i
3 6 2
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Answers for Summative Evaluation Two

Learner’s Book pages 497 - 499

37
Xyt ===

. 4
L3
_

From 2" equation, we get xzzi; putting this equality
in 1st equation, we get

3Y , 379, 37
— |+ = -—F+y' ==
2y 4 4y 4

& 9+4y* =37y =4y* -37)° +9=0
=(-37)" ~16(9)=1369-144 =1225

, 37435 2 _37-35 1
= =9 or = —
e oy ETRT Y
1 1
Solving for v, we get: y,=-3,y, =3,); =—E,y4 ZE
. . . 3
Substituting y with its values in x:2—, we get:
1 d
X, :—E,xz 25,x3 =-3,x,=3

And then, the solution set is

{303l
2. 1n(e:3 ]+ln E

xe

)5
8

=InxIne—Inxe’

:lnx—(lnx+lne2):lnx—lnx+21ne:2

Vd
3. arctanx+arctanv3 =—

T T 4 T V4
—arctanx+—=—>=arctanx=——=x=tan| —— |=> x=—-tan—
3 4 12 12
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f(x)=———=["(x)= z

pxe’ =2xe" In(1+x) 2x[1—(1+x2)1n(1+x2)]

|:exz T ) (l—ch)e’CZ

Jx-1 _lim(\/;—l)(\/;+l)(3/x_2+€/;+l)

SR N ()
) ) T

=1lim =lim ==

1ol (x—l)(\/;+l) ol \/;4—1 2
ciz=2=4i-z—(1)

Let z=a+bi —(2)

Using (2) in (1) we get:
i(a+bi)-2=4i—(a+bi)= ai+bi’ —2=4i—a—bi

-b-2=-a |a-b=2 |a=3
= (-b-2)+ai=—a+(4-b)i= = =
a=4-b a+b=4 b=1

z=3+1i
sin2x +sin2x sin x + 2sin x cos x

l+cosx+cos2x l+cosx+cos’x—sin’x

_sinx+2sinxcosx _sinx(1+2cosx) _sinx

=tanx
cosx+2cos’ x cosx(1+2cosx) COS X
1424344440 . n(n+l) o oa+l 1
lim 5 = lim = lim —
n—+oo n n—>+o0 27’1 n—>+ow 2]’1 2

y=In(4x-11), x,=3

Tyyu'xx)

where:{ 0= 1) =203)

o We=(x)=y0)
4
—n(4x-11)= y'=

(=t = =gy

y(3):O,y'(3):4
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Then, TEy:4(x—3):>sz:4x—l2

|
10. f(x)=h **L, f is defined if: >0
x—1

x—1
x —® -1 1 +a
x+1 - 0 + + +
x—1 0 +
x+1 + 0 [ =
x-1

Domf = ]—oo,—l[ u]l, +oo[

2
11. F(x)=x7+x—xlnx:>F'(x)=x+1—(lnx+x~l)=x—lnx
X

12. @) ee ' ze=m e =z 2 2x-1=1=22x=2=x=1
s ={1}
b) e +e"? =6e
:>ez"e_2+exe_2=6e_2:>e_2(ezx+ex)=6e_2:>ezx+ex—6=0
Let t=¢",(>0)
=1 +1-6=0=(t-2)(t+3)=1t=2 or t=-3
t=-3 is to be rejected since >0

Fort=2=¢e"=2=Ine*=m2=>x=n2

S={ln2}
13, f(x)=S—
e +e
Let: /' (x)=u(x) be the inverse of f(x)
f(u)=x
e —e" e =1 xe™+x
= =x = =
e +e e" e"
:>e”—e’“=x(e“+e’”) =" —l1=xe +x
. . :ezu(l—x):x+l
24 —7=xe +—u
e e
:>ezu:x—+1:>2u:1nx—+1:u:l(lnx—+lj
—X 1-x 1-x
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X —-X

e —e

The inverse function of f(x)=———is
1 x+l ¢ e

T(x)=—In

/ () 2 1-x

14. 5log, y—3log,(x+4)=2log, y+3log, x
= 5log, y—2log, y =3log, (x+4)+3log, x

= log, y° —log, y* =log, (x+4)3 +log, x’°
5
= log, y_2 =log, x* (x+4)’
Yy

=y z[x(x+4)]3 = y=x(x+4)
15. Point P is 90 m away from a vertical flagpole, which is
11 m high

11m

90m

From the above figure, tan P _1
P=tan" 11 ~6.9°
90

Thus, the angle of elevation is about 6.9°
16. Solving equations

a) z' —(8i—1)z" =8 =0 (1)
Let z° =y, equation (1) can be written as

¥ —(8i—1)y—8i:O

A=[~(8i-1)] —4(-8i)
=—63+16i
Finding square roots of A

Let (a+bi)’ =—63+16i
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a’—b* =-63 a’—b* =-63
< <2ab=16 < <2ab=16
2 2
@ +b = [(-63) +(16) (& b7 =65
a’—b*=-63
=
a’+b* =65

20°=2=a’=1=a=+1
—a*+b> =63
<
a’+b*> =65
2h* =128=>b> =64 => b =18
Square roots of A are (1+8i)

» :w:&':zz =8i=z==%(2+2i)
y2 =wz_ljzz :_1:>Z:il
1+log, (—x+2y)=log, {2x—3y}
b) 35x+y: 81
37xf7y

log, 2+log, (—x+2y) =log, (2x—3y)
= 35x+y =34X3x+7y
log, 2(—x+2y)=log, (2x-3y)
= 35x+y :34+x+7y
{2(—x+2y)=2x—3y {—4x+7y=0
= =
Sx+y=4+x+Ty 4x—-6y=4

y=4
x=7

s={(7.4)}

x* =1

x’—4
a) Domain of definition

Domf ={xeR:x’ —4#0}=R\{-2,2}

17. Given f(x)=
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b) Limits at boundaries

) 1
5 X (1 - ) 1— 1
-1 2 2
lim 5 = lim = lim X —1
xoto x° 4 xoxw 1 4 xodo i
) 2
x? X
X —0 -2 -1 1 2 +0
©o1 0 0 +
x* -4 + 0 - 0 *
1 = 0 50 T
x -4
ox =1 .oxt -1
lim =400 lim =—®
_ 2 4 2
x=>-2" X7 — 4 x—>-2" X - 4
2
.ox =1 Coxt =1
lim =—00 lim +00
-2 s 2
x=2" x7 — 4 x—2" X - 4

c) Asymptotes
Vertical asymptotes: x=-2 and x=2
Horizontal asymptote: y =1
d) Variation table
()= 2 (x’ —42)—2x2(xz -1)
(+*-4)

_ 2x* —8x—2x° +2x= —6x
(x2 —4)2 (x2 —4)2
f'(x) =0=>x=0
Variation table
x —m =2 0 2 +00
f(x) + ~ 0 A
f[x_] -1 +mo

N\

N

1

e) x intercepts: f(x)=0=x’-1=0= x =11

y intercept: £(0)=

A=
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f) Curve
Additional points

-5-4.2|-3.6

-3.4/-3.2| -3|-2.8|-2.6/-2.4/-2.2|-1.8|-1.6

1.4

-1.2

-0.8

0.6

1.1/1.2/ 1.3

1.4/1.5/ 1.6/ 1.8 2.1 2.7 4.6/-2.9/-1.1

-0.5

-0.2

0.0

0.1

0.2

08 112

14/16/18/2.2 2.4 2628 3 32

3.4

3.6

4.2

=|IR||=| =

0.1} 0.0-0.2

-0.5-1.11-29| 4.6/ 2.7/ 2.1/ 1.8/ 1.6/ 1.5

1.4

1.3

1.2

1.1

b S AN AN
F——F——F—F—

|
[T T

8

|
-6-5—4-3-IZ-10

EN b & & » =

71

18. a) 4men and 5 women

(i)

(i)

(iii)

b) (i) There are °C, =84 of selecting 3 books from 9

books. There are °C,x'C,=28 of selecting 1
dictionary and other 2 books.

Number of possible committee with no

restrictions is °C, =84

Number of possible committee with 1 man and 2

women is ‘C,x°C, =40

Number of possible committee with 2 men

and 1 woman if a certain man must be in the

committee is °C,x °C, =15

So, required probability is ?_:__
u

(i) There are °C,x>C, =30 of selecting 2 novels and

422

1 poem book.
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) .. .30 5
So, required probability is —=—.
“ P y 84 14
. x24+x+2
19. a)Given f(x)=——
x+1
c X +x+2
ax+b+ =
x+1 x+1
ax(x+l)+b(x+l)+c_x2+x+2
x+1 x4+l

ax’> +ax+bx+b+c B X +x+2
x+1 x+1

ax’ +(a+b)x+b+c X2+ x+2

P
x+1 x+1

:ax2+(a+b)x+b+c=x2+x+2

a=1 a=1
=Ja+b=1 =b=0

b+c=2 c=2
Then,

2

If(x)dx=I(}Hi]dx:jxdx+2_|‘%dx=%+21n|x+l|+c
X

2vdy_y? jﬂ:(i_ljx:d_y_y x
Y :

e T e\ T 2 oy
y X
X, y)="———
f( y) 2x 2y
y x 'y '
floon) =22 o )22 X
()= ey = (o) =52 o

_o Y X — 4
= f(mx,ty)=t (Zx ZyJ = f(tx,ty)=1"f(x,)

Then, f(x,y) is homogeneous function of degree O

To solve the given equation, put §= I=>y=z

dy dz
—=z+x—
dx dx
Then,
dz zx «x dz zZ'x—x
ZHX—=——— Sz+x—=
dx 2x 2zx dx 2xz
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dz z* -1 dz z*-1
S zHx—= &S x—=
dx 2z dx 2z

a’z_zz—l—Zz2 - dz -z"-1

X—=—"""" X—=
dx 2z dx 2z
2z 1 2z 1
dz=—dx - dz=|—dx
| X J‘zz +1 “ J-x

e -In|z" +]|=Infx|+Ink < In|z*+1|=~In|k

2
<:>ln|zz+1|=ln‘(kx)71‘ @(lj tl=k'x", since z=2
x x
2 2 2
oL =, c=k" o2 Y !

2
X X

2
= y2 +x2 =CX
20. a) Let X represent the random variable “the number
of calls between 09:00 hrs and 10:00 hrs on

weekday”. Then X ~ Po(X) and

P(X:x):e’i 4 ,x=0,12,3,....
x!

The probability that the office receives 6 calls
between 09:00 hrs and 10:00 hrs on this

6
Wednesday is P(X =6)=¢" % =0.146

b) The average number of calls between 09:15 hrs
and 09:30 hrs on weekday is 1.25. Let Y represent
the random variable “the number of calls in the
given 15 minutes”

Then, the probability that the office will receive
exactly 3 calls between 09:15 hrs and 09:30 hrs is

3
P(Y=3)=¢"* (125) 0033
31

c) The required probability is
°C, (0.09326) (0.90674)’ = 0.0648
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Answers for Summative Evaluation Three

Learner’s Book pages 500 - 502

1. 3-5x—x"2>0
A=(-5)"—4(-1)(3)=37

54437 i —5-4/37

X, =

: 2 2 2
Sign table

2 0 5-37 5437 oo

2 2
3-5x—x* 0 + 0 N
S_[—s—ﬁ —5+\/f}
2 72

2. Equation of a circle passing through the points
(0,1),(4,3) and (L-1)

General equation of a circle is x> +)* +ax+by+c=0
Using the tree points, we have

1+b+c=0 b+c=-1=>b=-1-c¢
16+9+4a+3b+c=0 =14q+3bh+c=-25
1+1+a-b+c=0 a—-b+c=-2
b=-1-c¢ b=-1-c¢
& q4a+3(-1-c)+c=-25 < 14a-3-3c+c=-25
a—(—l—c)+c=—2 atl+c+c=-2
4qg—-2¢=-22
a+2c=-3

Sa=-25=a=-5
a+2c=-3
= -5+2c=-3
=2c=2=c=1
b=-1-c=-1-1=-2
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3.

426

Then, the equation is x* +y* —=5x—2y+1=0
xP—x+1

—kox —x+l=kc—k
x—1

o xt+(-1-k)x+1+k=0

This equation has repeated roots if the discriminant is
zero; A=0

A=(-1-k) —4(1+k) =142k +k* —4—4k =k* ~2k -3
k*=2k-3=0

A=(-2)" —4(-3)=4+12=16

244y g g 22

or k, =——=-1
2 3ok

Thus, the given equation has repeated roots if k e {-1,3}
Consider the following augmented matrix

k, =

! r, =1 —3n
3 2 1 0

1y =1y— 27,
2 3 3 :-3
I 1 -1 -1
0 -5 4 :3 =5 47,
o I -1 :-1

1 1 -1 : -1
0 -5 4 :3

0 0 -1 :=2
The simplified system is

x+y—-z=-1
—5y+4z=3
—z="2=>z=2
—Sy+4z=3=-5y+8=3=y=1
xX+y—z==l=x+1-2=-1=x=0
Hence, §={(0,1,2)}

x*+2

lim ~_2ic

o 3x—6 o
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6. U =72-6n, S =378
U =72-6=66

S, =§(U1 +Un)=%(66+72—6n)=69n—3n2

But S, =378, then 69n—3n”> =378
=3n" —69n+378=0 = n* —23n+126 =0
:(n—14)(n—9):0
Then, n=9 or n=14

7. (x=1)(x=2)+(y+3)(y-4)+(z+1)(z-1)=0
Sx=2x—x+2+y —4y+3y-12+2° —z4+2z-1=0

S x'-3x+2+y —y-12+2"-1=0

@x2—3x+2—2+2+y2—y+l—l—12+zz—02—120
4 4 4 4
) 9) 9 2 1) 1 2 3
<:>(x _3X+Z _Z+2+ v —y+z —2—12+(z —Oz)—l_O

2 2
ofx-3] 258, y—l +_1_48+(z—0)2—1=0
4 2 4

2

2
N +(Z_O)z+—9+8+—1—48_i:0
2 4 4 4
2

1Y ) 54

Sl lx—— |+ y——| +(z-0) =—

(x 2 (y 2) (-0 =7

Centre is (ELOJ and radius is |24 :ﬁ
22 4

2
8. This argument is not valid. The conclusion is false

because not only human beings are mortal. It is a
converse error.
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Mortals

Peter? Human beings

Peter?

9. f(x):sinzxtanx

2
sin x sm X
f( ) 2smxcosxtanx+1 —2s1nxpes/ —

;a(; 1+x°

i ) 242x7 +1
= 2sin? x+ 2 f =s1n2x[—sz
1+x 1+x

- (2x2+3j
=S x 2
1+ x
10. a) Equation of the line joining the points 4(3,4,1) and
B(5,1,6)

Direction vector is 4B =(2,-3,5)
Parametric equations

x=3+2r

y=4-3r where r is a parameter
z=1+5r
Or symmetric equations

x=3 4-y z-1

2 3 5

b) If Z=0,1+5r:0:r=_§

13
5

1\ 23

and y=4-3|——|=—
g (sj 5

13 23
Then, the point is (? ?,Oj
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11. Given the function f(x)=cos3x

f(x)=cosx f(0)=1
x)=-3sin3x 0
S'(x)= /'(0)=
x)=-9cos3x -9
S(x)= /"(0)=
"(x) = 27sin3x "(0)=0
f"(x)= /"(0)=
/Y (x)=81cos3x rY(0)=81
) (x)=—243sin3x rY(0)=0
% (x)=-729cos3x £9(0)=-729
cosx=1+9x+_—9x2 2x3+ﬂx4+2x5+i29x6+...
1! 2! 3! 4! 5! 6!
9x* 27x* 8l1x°
=1- + - +
2 8 80
x*+1
12. X +4x° +3x

x* +4x* +3x =x(x2 +4x+3)=x(x+1)(x+3)

x”+1 x”+1
x3+4x2+3x x(x+ )(x+3)

x2+1 A B N C
x(x+1)(x+3) x x+1 x+3

A(x+1)(x+3)+Bx(x+3)+Cx(x+1)
x(x+1)(x+3)
x’ +1=A(x+1)(x+3)+Bx(x+3)+Cx(x+1)

Let x=0, :1=3A:>A:§

Let x=-1, >2=-2B= B=-1

Let x=-3, :>10=6C:>C=§
2 +1 11 5
Then, # - 4
x +4x +3x 3x x+1 3x+9
2
Hence; J'x—” _ dx Jrt i
X +4x* +3x x+1 3x+9
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:lj.ldx— deJréJ. ! dx
37 x x+1 3 x+3

L infx—tnfr -1+ 2nfx+ 3] +c
3 3

2-2i
13. z= ‘
1+
_,_(2=2)(1-i) _2-2i-2-2
(1+i)(1-1i) B 2 -
T
=2 __T
-2 ag(z)--2
. T
=2cis| ==
Then, z ms( 2)
Inl6 Inl6
14. Given that /= [ 3 e and J= [ &
¢ 4 o € +4
Inl6 " x 6/ x Inl6
[+J:J‘ e +3+ 1 dx:J‘ e +4 dXZde:[x]
o le'+4 e +4 . e +4 ) 0

Inl6 X Inl6 X
1-37= ]| % w3 dv= [ | = |dx
e'+4 e +4 e +4

0
=[In(e" +4)] " =In(e""* +4)In (e +4)
=1n(16+4)—1n4=1n20—1n4
:ln@:hﬂ

4
15. U={(a,b,c,d):b+c+d =0} and
w={(a,b,c.d):a+b=0,c=2d|
We need to solve
b+c+d=0
a+b=0=>a=-b
c=2d
b+c+d=0
=b+2d+d=0

=b=-3d
a=-b=a=3d
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Then UnW ={(3d,-3d,2d,d):d e R} and
dim(Unw)=1

16. The quarterly, monthly,...
dividing the nominal annual rate by 4,12,

.rates of interest are found by

Interest rate

Number of
compounding

Value of investment after one year in Frw

a) Annually 1 100, 000><(1+0.08) =108,000
0.08)’ A
b) Quarterly 4 100,000 x 1+T =100,000x1.02* =108,240
0.08) b
c) Monthly 12 100,000 1+— —100,000x1.0067 =108,300
d) Weekly 52 100000x(1+ j =100,000x1.0015" =108,320
. 008 s
e) Daily 365 100,000%| 1+ _1mxmmx10mn =108,330

17. Advertisement sports (x,) and volume of sales in
hundreds (,)

Xi Vi xl_z in XV

1 41 1 1681 41

2 50 4 2500 100

3 54 9 2916 162

4 54 16 2916 216

5 57 25 3249 285

6 63 36 3969 378
6 6 6 6
Dox =21 > y,=319 | D x’=91 | > y’=17231 ny =1182
i=1 i=1 i=1 i=1 i=1

a) Mean x=2=za )7=£
6 2 6
- :2_(1]2 _3s
6 (2) 1
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Standard deviation for x, is o, —\/7 '10

, 17231 (319) 1625
o2 =

"6 6 36
Standard deviation for y, is o, = 1625 =ﬂ.
36 6
b) Correlation coefficient is given by r =M
Uny
ny,
cov(x,y)= : -X7y
1182 (21)(319 7092 6699 393 131
cov(x,y)=—--| =
6 6 )\ 6 36 T36 12
Then,
131
1 131 36 393
F=——t—— =——X = ~ (.95
J10 5\/_ 1256825 56825
6 6
c) Regression line for ¥ on x
( ) 131
__cov(x,y _ 319 12 21
y-y=—"-""(X)oy-—="% | x——
o e 35(x 6)
12
319 131( 21) 131 131 21 319
—— = | X — | &Y= X X—+——
6 35 6 35 35 6 6
131 601
Sy=—x+—o
35 15
d) If x= 7y—£ 7+ 001 ~ 66
35 15

18. Given the vertices of the triangle: 4(1,2,3),
B(-2,1,-4) and C(3,4,-2)

a)(i) 4B =(-3,-1,-7) = ||E3|| =J9+1+49 =/59
AC=(2,2,-5)= [AC| =Va+4+25 =33
BC=(5.3,2)=[BC|=25+9+4 =38
The perimeter is V59 +/33 ++/38 units of length
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1 1 2
b) Centre of gravity §(A+B+C)=§(2,7,—3)=(§%,—1j

—6—2+35j

c) A(E,R‘) =cos”' (W

- 2
=cos ' [ 32 j =132.5" =cos™ (—7j =52.3"

2242 J1947

Thus, ¢ =52.3°
I 15-3-14 3

£ AB,BC)=cos”' | ——— | =cos™ (—j=132.5°
( ) ( V59%x38 j 2242

=32

= cos 1( 2242j ~132.5°

Therefore, 6, =47.5
B — 10+6-10 10
&(AC,BC)=COS_1 (— —cos | ——— |=80.2°
J33%38 J1254

Therefore, 6, =80.2°
(or 6, =180" —52.3° —47.5° =80.2°).

d) The area of triangle ABC is given by %Hﬂ?xﬁ”

ik
lHZExZEH:l 3 -1 -7
2 2y 2 s

:%H(s+14)i—(15+14)}'+(—6+2)7‘H

V361+841+16 /1218
2

8q. units

- %\\19?—29}—412” -

1
19. F(x)=x+|x|+1-———
£(x) = p+1-—
a) Domain of definition
Existence condition: x+2#0< x= -2

Then, Domf =R\{-2} or Domf =]-o0,=2[ U ]-2,+[
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434

b)

c)

/(x) without the symbol of absolute value

x+x+1- , x>0
f(x)= ’ﬁ
x—x+1- Xx<0or x#-2
x+2
2x+1- 2,xZO
<::>](~(x): X+
1- ,Xx<0or x#-2
x+2
2x+1- 2,xe[0,+oo[
Or f(x)z . Xt
1—x+2,xe]—oo,—2[u]—2,0[

Limits on boundaries of domain of definition and
asymptotes

li =liml-
lim £ (x)=lim1-——

Thus, V.A.=x=-2
Table of sign for determining sided limits:

= 0

x — -2 +2
x+2 — 0 +
1 + -
x+2

From table of sign, we deduce that
lim f(x):+oo and lim f(x):—oo
x—>-2"

x—-2"

lim f(x)=lim1-
X—>—00 X—>—00 x+
Hence, for x — -0, there is H.A.=y=1
1
lim =lim| 2x+1- = 400
f(x) ( * x+2j

X—>+00 X—>+00

=0

Thus, for x — +oo, there is no horizontal
asymptote.
Let us check if there is an oblique asymptote
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For x > +o0, f(x)=2x+1—

| x+2'
As lim =0, y=2x+1 is oblique asymptote.
xot0 X +2
. . 1 1 . . 1
i )=ty 26015 =5 =i )=ty 1
Therefore, f is continuous at x=0
d) Interval of increasing
1
1 24— ,x€e|0,+0
2x+1—x+2,xe[0,+oo[ | (x+2)2 [ [
f={ Sf0=
1-——,x€|-o0,-2[U]-2,0] ——,xe]-0,-2[U]-2,0]
x+2 (x+2)

As f (x)>0,V eDomf, f isincreasing on its
domain of definition.
e) Concavity

x+2
(x+2)4 (x+2)

f)  Table of variation

x - —2 0 +x
fx) + + +
S (x) + -
+© +x
1
P il
f(x) S~
0 \_// -
Hd=x=1 Vd=x=-2 04 =y=2x+1
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g) Curve sketching
Additional points:

For x<-2
X -5 1-4.5 -4 | -3.5 -31-25]-22
y 1.3 14| 15 1.7 2 3 6
For x>-2

x |-1.8|-1.5]-1 -0510 0.5 |1 15 |2 25 |3

y |4 -1 0 -0.7105 |16 (2.7 |3.7 48 |58 |6.8

Curve

sx=-2

VA

\4‘ B i A A R 4
—t—
e,

&
£
S
&1
vl
o
e, ST
v,
i’m
o, 2
ICH

.
P S S N S
— - - 5 F

20. a) Let P(x,y) be any point on the parabola using focus-

directrix (F —M ) property of the parabola: FP = PM .

3 |x—2y+3|
1 +(-2)
) (x—2y+3)2
=
x> +4y* +9—4xy+6x—12y
5
S 5x+10x+5y" +20y +25=x"+4y" +9—4xy + 6x—12y

Therefore, \/(x +1) +(y+2)

<:>(x+1)2+(y+2)

S X +2x+1+ Y  +4y+4=

< 4x’ +y’ +4xy+4x+32y+16=0 which is the
required equation of the parabola.
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b) Let P(x,») be any point of focus and the given point
(0,4) be dented by 4.

Then, PA:%X distance of P from the line y=9.
<:>,/x2+(y—4)2 :§x|—%®x2+(y—4)2=gx(y—9)2

<:>x2+y2—8y+16=g(y2—18y+81)

S 9x°+9y" — T2y +144 =4y — 72y +324
< 9x”> +5y* —180 =0 which is the required equation

of locus.
2 2

c) The equation of hyperbolais x* —4y? :4<:>x7—y—:1

1
Here, a* =4,b° =1 then, a=2,b=1,
Therefore, axes are 4 and 2.

b*=a*(e’—1) or 1=4(e*—1) which gives :£
( ) ( ) g e 2
Thus, Eccentricity = —25

Since, coordinates of foci are given by (+ae,0), then

J5
they are [inT,O or (i\/g,())
2b*  2xl1

Length of latus rectum is —=—+-=1
a 2

Alternative method:
2 2

From x__y_:l, a=2,b=1,
4 1

For hyperbola ¢? = 4> +»*

Here, ¢ =4+1=5 or c=+/5

© Axes are 2a=4 and 2b=2

© Coordinates of foci F(ic,O)z(i\/g,O)

. 5
© Eccentricity e=£=£
a 2 S
© Length of latus rectum is equal to &z%zl
a
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438

Learner’s Book pages 503 - 506

: | 20_ o
. (X-l‘;j —(x+x )

_ 20 r 1 207r 20 —20+
= — r r 2 2r-2
C,x (x ) = Crx X = O( rx r=20

For the independent term, 2r—20=0 or r=10

20!
Then, the independent term is *’C,, =W:184756

If 6x° +7x”+ax+b is divisible by x—2, the remainder
is 6(2)’ +7(2)" +2a+b=72
48+28+2a+b=72

=2a+b=-4
Also, 6x’+7x*+ax+b is exactly divisible by x+1 then

6(-1) +7(=1) —a+b=0
—6+7-a+b=0
=>-a+b=-1

2a+b=—4 2a+b=—4
{—a+b=—1 {a—bzl

3a=-3=>a=-1

a=-1
—a+b=-1=1+b=-1=b=-2 {b:—z
sinx++3cosx=1
Let \/gztanazazg
) ) sin o
sinx+tanacosx=1=sinx+ cosx=1

cosa
=> sin xCcoS & +sin & cos x = cos &

. . s s
= sin(x+a)=cosa = sm[x+gj=cosg

) ( ﬂj 1
=sin| x+— |=—
3 2
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L o okr Ly
x+§: 56 N keZ X = 6

2 okr X o okr

6 2

S ={—£+2k7r,1+2kﬂ}, keZ
6 2

A matrix has no inverse if its determinant is zero
II-x 2 8
2 2-x -10|=0
8 -10 5-x
= (11-x)(2-x)(5-x)-160-160-64(2 - x)-100(11-x)-4(5-x) =0

=110-65x+5x> = 22x +13x> = x* =320-128 + 64x 1100 +100x - 20+ 4x =0
= -’ +18x% +81x—1458 =0

=’ —18x* -81x+1458 =0
9 is one of the roots

1 -18 -81 | 1458
9 9 -81 | -1458
1 -9 -162 0

x*—18x" —81x+1458 = (x—9)(x —9x—162)
X =9x-162=0= (x+9)(x-18)=0=>x=-9 or x=18
Thus, the given matrix is singular if x €{-9,9,18}

{log(ery):l

log, x+2log, y=4
log(x+y)=1<log(x+y)=logl0=x+y=10

log, x+2lo =4
s giy < log, x+2_log22 Y _4
< log2x+2m=4
log, 4 < log, x+log, y =4log, 2

< log, xy =log, 2*
=xy=16

Now,
{x+y:10:x=10—y

xy=16
439
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(10-y)y=16=10y-y*~16=0= y* 10y +16=0

(v-2)(»-8)=0
y-2=0=2y=2=x=10-y=10-2=8
y—8=0=>y=8

—x=10-8=2

x*-x-3=0
We know that for the equation of the form ax*> + bx+¢ =0,

if « and B are the roots, then, a+ﬂ:_é and aﬁz%
Here, a+ =1 and af =-3 ’

(0{+ﬂ)3 =’ +3a’f+3af’ + 3
@(a+ﬂ)3—3a2ﬂ—3aﬂ2=a3+ﬂ3
<:>a3+,33=(a+,3)3—3aﬂ(a+,3)

oo’ +f =(1) -3(-3)(1)=10
Then, @’ + /4’ =10

X +4y" —4x+8y+4=0

©x’ —4x+4)y’ +8y+4=00 2" —4x+4+4(y" +2y)=0

<:>(x—2)2—|—4[(y—|—1)2—1J:0<:>(x—2)2+4(y+1)2—4:0

<:>(x—2)2+4(y+1)2:4<:>(x_42) +(ytl) -1
The centre is (2,-1)

a’=4,b" =1

2 2
The eccentricity is e =, |~ _zb _ Aol N3
a 4 2

Foci are (2e+2,-1) and (—2e+2,-1)

Or (\B+2,—1) and (_\/§+2,_1)
Tangent and normal line to the curve
3x? —xp—2)*+12=0 at point (2.3)

(3x2 —xy—2y° +12)':6x—(y+xy')—4yy'



10.

Evaluation answers

6x—y—xp'=4yy'=0=>xp+4yy'=6x-y

6x —

:>y'(x+4y)=6x—y:>y'=x+4§
/ :6(2)_322
YT aG) 14

9 14
TEy—3—a(x—2) N=y-3 —?(x—2)
= —ix—2+3 = :—Ex+§+3
IRV YT
LI s
RV VT
J.l ! 2a’x—l
0(2x+k) 3

r 1 dx——l[ 1 T_ 1(1 1)__ L1
0(2x+k)2 2| 2x+k ], 2\2+k k 442k 2k

—2k+4+2k

! 41
T 2k(4+2k) 3 2k(4+2k) 3
=4k +8k=12=4k* +8k-12=0=>k* +2k-3=0

= (k+3)(k-1)=0=k=-3 or k=1

zb =1
.2 .
zZ, =01sﬂ=01sk—ﬁ, k=0,1,2,3,4,5
6 3
z,=cis0=1
J3 . 1 3
Z,=ClI8S—=—+i— Z,=ClS—=——+i—
2 2 2
37
ZSZCIS——_I Z4:CIS4—7Z-:—l—i£
3 2 2
5701 43
Z,=ClIS— =——[——
3 2 2
ol L3 1 N3 1 B B
2 ’ 27 7 2 272 2
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11. u, and d be the first term and the common difference

respectively

wu +(uy +d )+ (u, +2d )+ (u, +3d )+ (u, +4d ) +(u, +5d ) =72
= 6u, +15d =72

But u, =7u, or

u+d=T7(u+4d) = u, +d —Tu, —28d =0 = —6u, —27d =0
6u, +15d =72

{—6u1 ~27d =0

-12d=72=d =-6
6u, +15d =72 = 6u, —90=72 = u, =27

lim cosxIn(tanx)
COS X

. COS . 1 * . 1 P ==
12. lim(tanx) Y= Jim ()T = im et _ o7
xoZ xoZX o
2 2 2
lim cos xIn(tan x) = 0x o0 IC
oz
2
(tanx)'

. . In(tanx) A
lim cos xIn(tan x) = lim (tan x) = lim—80X_ ['Hopital'srule
oz P «LE SInXx

2 2 2 2
CoS X cos” x
. cos’ x
= lim —; -
x—)% cos” xtan xsin x
. 1 1
=lim— -~ _

7 tan xsin x T . T
2 tan —sin —
2 2

Then, lim tan x) =€ =1

x>
2

=6.2, 0,=3.03315, y =2.04, 0, =0.461519 and

13. x
7. =0.957241

0 (o)

X

The regression lineof y on x is y—y =

< cov(x,y)= 1,00,
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15.

16.

Evaluation answers

y—?zrxy “(x-X)e y="2(x-X)+y

_0.957241x0.461519

3.03315
= y=0.145x+1.141

Let S be the sample space, then n(S)="C, =1326
Let E be the event of getting two Kings.
n(E) = 4C2 =6

(x—6.2)+2.04

1
Then, P(E)=L=—
1326 221
Let @ be the angle between vectors (2, 5) and (-1, 3)

(2,5)-(-1,3) ~2+15 133290

cosd =

Tl l-13) VarsVieo 290
f=cos™ 134290
90

2

J =40.24deg =0.70rad

y=x"-5x+4 and y=-2x +5x+1

Intersection:
X =Sx+4=-2x>+5x+1=3x*-10x+3=0

= (x-3)(3x-1)=0=>x=3 or x:%

The curves intersect at x=3 and x :é

v
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The area of the region enclosed between the two curves

is:

J.j}(—sz +5x+1-x +5x—4)dx = L (—3x2 +10x—3)dx

3
/3
= [—x3 +5x7 — Sx} X

:_33+5(3)2—3(3)+G]3_5@2+3@

L 27-45-9+ 24
27 9

256 .
=——8q. units
27

17. a)i) P(AuC)=P(A4)+P(C)-P(4NC)

But P(4nC)=0 since 4 and C are mutually

exclusive events
21 13
P(AuC)=P(A)+P(C)=—+—=—
(40€)=P(4)+ P(C)=T+5 =12
Since 4 and B are independent events,

P(ANB)

P(400B)=P(4)P(B) = P(B)=—

2
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i) B and C are independent events if
P(BNC)=P(B)P(C)
P(B)P(C):gxl:i

P(BAC)=P(B)+P(C)-P(BUC)

P(BNC)=P(B)P(C)
Thus, B and C are independent events.

b) Let X,,i=1,2,3 be the event “patient have the virus”
and let D be the vent “selected patient recovers”.
We need P(X,|D)

11
P(D|X,)P(X e 1

P(X,|D)= (3 ol 3):1 1 g E;) I 1 2
ZP(D|Xt) 777777

~ 272788 8 8
18. a) Given the points 4(2,-3,-1),B(3,-4,2) and
C(4,-5,2)

i1 2
ABxAC=|] -1 =2
k 3 3
B R ) T B I T
=i —J +k
3 3] 7B 3] |- —2‘
=i(-3+6)—j(3-6)+k(-2+2)

— ——
(ii) The area of triangle 4BC is given by EHABXACH

R B i [E NGRS S
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b) We have points 4(2,11), B(0,5,3)
(i) Direction vector is 4B =(-2,4,2)
Parametric equations:
x=2-2r
y=1+4r, I isa parameter

z=1+2r
(i) Given C(5,-4,2)
Vectors CD is perpendicular to vector AB if
CD-AB=0
Let D(x,y,z) be the point on line 4B then
Eﬁz(x—iy+4g—2)and
CD-AB=-2(x-5)+4(y+4)+2(z-2)
=-2x+10+4y+16+2z-4

=-2x+4y+2z+22

But

x=2-2r

y=1+4r

z=1+2r
Then
—2(2-2r)+4(1+4r)+2(1+2r)+22=0 o4
= -4+4r+4+16r+2+4r+22=0 y=-3
=24r+24=0 =]
=r=-1

And point D has coordinates (4,—3,—1)

(iii) If the plane 7 contains the line 4B, the vector CD
is perpendicular to the plane 7 since this vector
is also perpendicular to the line 4B. So this is a
contradiction, no plane can contain the line 4B and
be parallel to CD.

19. U= cisz?” = cos2—ﬁ+isin2—7[
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Evaluation answers

1 1 2r .. 2w
a) —= 7 7 = COS— —isin—
U cos?ﬂ'sin? 5 5

1 1 1 2r .. 2w 27 .. 21w
—|U+— |=—| coOS—+isin—+cosS— —iSin—
U 2 5 5 5 5

1 2r 2r .
=—| 2cos— |=cos— as required
2 5 5

5
2 .2

b) U’ :£00s1+is1nlj
5 5

Sx2x .. 5x2« ..
=C0S +isin 5 =cos2zw+isin2r =1

c) Since U = cisz?ﬂ

Uozcisoxzﬂ,Ulzcislxzﬂzl, Uzzcis2X27r:cis
5 5
. 2 ) . 4x2 .
U3=01s3>< ﬂ=01s6—ﬂ,U4=c1s X ﬂ=0158—ﬂ-
5 5 5 5

These are five fifth roots of unit. Then, their sum must

be zero. Hence, U*+U’ +U* +U +1=0
27

d) U4+U3+U2+U+1:cisg?ﬂ+cis6?”+cis4?ﬂ+cis?+l

4
U4+U3+U2+U+1=cos8?ﬂ+cos6?ﬂ+cos?ﬂ

27 (. 8 . 67 . 4mr . 2w
+coSs— +1+1i| sin— +sin — +Sin — + Sin —
5 5 5 5
Take the real party
87 6r 47 27
cos—+cos—+cos?+cos?+1=0

We know that cosa =cos(2z —a), then

87 8 27
coOS— =coS| 27 —— | =cos—
5 5 5

4
Also, cos2a :2cos2a—1:cos?ﬂ=2cosz?ﬂ—l
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2 2 2 2
cosZ42c08> 2 —14+2c0s> ZE —14+cosZE+1=0
5 5 5 5

2 2
:40052?”+2cos?”—120

But x:U+i=2cosz—ﬁ
U 5

Then, 4cosz2?7[+2c052—7[—1:x2 fx—lorx’+x-1=0

e) x*+x—1=0

A=1+4=5
~1++/5 ~1-+/5

x1= ’x2:

2 2
X, :ﬁ is to be rejected.

2

- 2 -1 2 -1
For x, = 1+\/§,2cos—ﬂ= +\/§:>cos—”: +\/§

2 5 2 5 4

20. a) Taking 5 men together, 4 women together, 3 children
together we have 3! ways.

But 5 men can be permuted among them in 5! ways,
4 women can be permuted among them in 4! ways
and 3 children can be permuted among them in 3!

ways
The total ways is 3!5!4!13!1=103680 ways
b) Xci N .
4(7c,)=5("c,,)
X X X! X!
C,=C,< =

yi(x=y) (y+D)(x—y-1)!
= (y+)(x—y-1)!=p!(x-y)!
:>(y+1)y!(x—y—1)!=y!(x—y)(x—y—l)!
=>y+l=x-y

=-—x+2y=-1
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Evaluation answers

x! 5 x!

yi(x=y)! - (y=1)l(x=y+1)!
:>4(y—1)!(x—y+1)!:5y!(x—y)!
:>4(y—1)!(x—y+l)(x—y)!:Sy(y—l)!(x—y)!
:>4(x—y+1):5y

4(ch)=5(xcy,1)@4

=>4x—-4y+4=S5y

=4x-9y=—4
—x+2y=-1 —4x+8y=-4
=
4x-9y=-4 4x-9y=—4
—y=-8=y=8
—x+2y=-1

=-x+16=-1
=>x=17
Thus, §={(17.8)}
C) n—ZCm +2(n—2cm_1)+ n—ZCm_z — nCm
(n—2)! N 2(n—2)! . (n—Z)!

_ n(n—l) N 2n(n'—l) N n(n—l)

m'(n—m' B'(n—m)' m'(n—m)'
(n—m)(n—m—l) m n—m m(m—l)
=n!(n—m)(n—m—1)+ 2n!m(n—m) n!m(m—l)
m!(n—m)!n(n—l) m!(n—m)!n(n—l) m!(n—m)!n(n—l)
_ n! _(n—m)(n—m—1)+2m(n—m)+m(m—1)}
m!(n—m)!: n(n—l)

_ n! n—nm—-n—mn+m’+m+2mn—2m>+m’ —m
m!(n—m)!_ n(n—l) }
=m!(n—m)! nz—nj :m

="C as required

m
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